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ABSTRACT

It is well known that there is an incidence poset associated with every directed
graph. The problem is that this poset doesn’t encode enough information to recreate
our directed graph. In his thesis, Crowell solved this problem by considering tripartite
posets whose middle elements covers and exactly covered by one element, and which
possess a bijection between the maximal elements and the minimal ones. Crowell
proved a categorical equivalence between the category DiGraph and the category
DiGraph posets [1]. We extend this idea to lattices and we establish a dual categorical
equivalence between the categories DiGraph Posets and DiGraph lattices. This will
implies a dual categorical equivalence between the categories DiGraph and DiGraph

lattices.
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CHAPTER 1

INTRODUCTION

In this thesis, most work will be original, and all original work was completed under
the supervision of Dr. James Hart. While all proofs provided in the thesis are my
own, some definitions in Chapter 2 and 3 are pulled from source material. Any math-
ematics that come from a source material will be cited, and any definition, theorem,
and lemma not preceded or followed by a citation is original.

In Chapter 2, we will provide the preliminary knowledge in Graph Theory, Order
Theory, and Category Theory necessary to understand the thesis.

In Chapter 3, we introduce the categories DiGraph and DGP, and we construct the
category DGL.

In Chapter 4, we build our functors between the categories DGP and DGL, and we

show those functors yield a dual categorical equivalence between these two categories.



CHAPTER 2

BACKGROUND

2.1 Graph Theory

In this thesis, only some basic understanding of graph theory definitions is required.
We define directed graphs, homomorphisms, and isomorphisms between directed

graphs as Crowell [1] defined them.

Definition 2.1.1 A finite directed graph (or DG-object) is a quadruple G =

(V(G), A(G), s,t) consisting of a non-empty finite set V(G) of elements called vertices,
a finite set A(G) of elements called arrows, as well as a pair of functions s : A — V
and t : A — V called source map and target map of G respectively. Given this, for
each a € A, we refer to s(a) as the source of a and t(a) as the target of a. We say
the arrow a point from the vertex s(a) to the vertex t(a). We assume V and A are

disjoint sets here.

Definition 2.1.2 Suppose that G = (V(G), A(G), s1,t1) and H = (V(H), A(H), sa, t2)
are finite directed graphs. A directed graph morphism (DG-morphism) from G to H

is a pair of maps ¢ = (v, @4) with the following properties.
ooy :V(G) — V(H) and v : A(G) — A(H).
e For all x € A(G), we have Sy(pa(z)) = @y (Si(z)) and ta(pa(z)) = pyv(ti(x)).

Definition 2.1.3 Two digraphs G = (V(G), A(G), s1,t1) and H = (V(H), A(H), s2, t2)

are isomorphic provided there is a DG- isomorphism between them. A DG- isomorphism

is a pair (p,1) where
e v = (v, pa) is a DG-morphism from G to H and ¢ = (Yy,1,4) is a
DG-morphism from H to G.



e by o py = ly(g) and py oy = ly ().
e hy0ps=1sg) and pa0Pa = lamy.



2.2  Order Theory

Order theory is a branch of mathematics that investigates the intuitive notion of
order using binary relations. In This section, we will introduce some definitions and
prove some theorems about partially ordered sets (or posets) that will play a key role
in the development of the subsequent future results.

We start by stating some definitions in order to prove the results of this section. All
the definitions and theorems in this section are coming from [2] and [4], however, all

proofs provided are my own.

Definition 2.2.1 A Poset (or partially ordered set) is a system P = (P, <) consisting
of a set P and a binary relation < on the set P satisfying the following conditions:
1. For all z € P, we have z < x (reflexibility).

2. If z <y and y <z, then x = y (antisymmetry).

If # <yandy <z, then x < z (transitivity).

The binary relation < defined above is called a partial ordering on the set P.

Definition 2.2.2 Let P = (P, <) be any poset. The order dual of P is defined
to be the system PP = (P, <) where z <? y <= y < z. We usually denote the
order dual of a poset P by simply writing P.

The duality principle state that:

A statement ¢ is true for all posets if and only if its dual is also true for all posets.

Definition 2.2.3 Let P = (P, <) be any poset and suppose X C P. X is a lower set
of P provided a € X and b < a together imply that b € X. The principal lower set

generated by the element z is the set L x ={y € p:y < z}.

We say that X is an upper set of P provided X is a lower set of the order dual of
P; that is X is an upper set of P provided a € X and b > a together imply that b €
X .The principal upper set generated by the element z istheset tz ={y € p:y > z}.




Definition 2.2.4 Let P = (P, <) be any poset and suppose X C P. An element
u € P is an upper bound for X provided u €1 a for all a € X. When X has a smallest
upper bound, we call this element the join (or supremum) of the set X and denoted
V X. We will let j(X) be the set of all the upper bounds for X.

An element [ € P is a lower bound for X provided [ €| a for all a € X. When X has

a greatest lower bound, we call this element the meet (or infimum ) of the set X and

denoted A X. We will let m(X) be the set of all the lower bounds for X.

If X ={zy,....,2,}, then it is common to practice to set \/ X = z; V ... V z,, and

ANX =a1 A .z

Definition 2.2.5 A poset P = (P, <) is called a lattice provided \/ X and A X
exist in P for every nonempty finite X C P. It is worth noting that every finite

lattice must have a largest and smallest element.

For any poset P = (P, <), we will let L(P) = (Low(P),C) and U(P) = (Up(P), Q)
where Low(P) and Up(P) denote the families of lower sets and upper sets respec-
tively, for P. It is easy to see that £(P) and U(P) are both lattices in which finite
joins are set-unions and finite meets are set-intersections. For simplicity, let T denote

the largest element of the lattice, and let 1. denote the smallest element of the lattice.

Definition 2.2.6 Suppose P = (P, <) and Q = (Q,C) are lattices. A mapping
f P — @ is a lattice homomorphism provided f preserves all finite nonempty
meets and joins; that is, we have f(\/ F) =\ f(F) and f(AF) = A\ f(F) for all fi-

nite nonempty F' C P. A lattice homomorphism is bounded provided it also preserves
the largest and smallest element (when such exist).
Note here that lattice homomorphisms are different than order homomorphisms. Re-

call that for any two posets P = (P, <) and Q = (Q,C), a function f: P — @ is



an order homomorphism provided z <y = f(z) < f(y) for any z,y € P.

Definition 2.2.7 We say a lattice P = (P, <) is distributive provided we have
xV(yANz)=(xVy A(zVz) foral z,y,z € P.

It is worth noting that a lattice P = (P, <) is distributive <= x A (yV z) =
(x Ay)V (x Az) forall z,y,z € P.

Note here that for any lattice P = (P, <), y > (yAz) and z > (y A z). Con-
sequently, we also know that zVy > a2V (yAz) and =V z > 2V (yAz). This
allows us to conclude that zV (y A z) < (xVy) A (zV z) in any lattice. Therefore, P

is distributive provided the reverse inequality also hold.

It is easy to see here that L(P) and U(P) are distributive for any poset P = (P, <).

Definition 2.2.8 An element j in a lattice P = (P, <) is join-prime provided for any
finite F' C P, the inequality 7 <\/ F implies j < x for some = € F.
It is worth noting that the smallest element of a lattice (when it exists) cannot be

join-prime.

We will let JP(P) denote the subposet of join-prime elements for the lattice P.

Definition 2.2.9 Let P = (P, <) be any poset and suppose a < b in P. We say
that b covers a provided T a N | b = {a, b}, that is a < b and there are no elements
“between” a and b. In a finite lattice, every element except the smallest element must
cover at least one element.

In a poset with smallest element, an element a is called an atom of P provided a

covers the smallest element.
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A poset P = (P, <) with smallest element b is atomic provided | = contains an atom

for every x € P — {b}. Note that finite lattices are necessarily atomic.

We are now ready to prove some results.

Lemma 2.2.10 Suppose P = (P, <) and Q = (Q,C) are posets and suppose
f: P — Q. The following statements are logically equivalent.

1. The function f is an order homomorphism.

2. If X is a lower set of Q, then its preimage under f is a lower set of P.

3. If Y is an upper set of Q, then its preimage under f is an upper set of P.
Proof. We are going to prove 1| — 2 — 3 — 1.
(1 = 2) Suppose that f is an order homomorphism and let X be a lower set
of Q. We want to prove that Preg(X) is a lower set of P. Let ¢,d € P such that
¢ € Prep(X) and d < c¢. Since f is an order homomorphism, d < ¢ implies that
f(d) € f(c). We know that f(c) € X since ¢ € Pres(X). Since X is a lower set of
Q, we have f(c) € X and f(d) C f(c) together implies that f(d) € X. We conclude
that d € Pres(X).

(2 = 3) Suppose (2), and let Y be an upper set of Q. We want to prove that
Preg(Y) is an upper set of P. Let a,b € P such that a € Pres(Y) and b > a. Con-
sider the lower set | f(b). By (2), we know that Pres(] f(b)) is a lower set of P. Note
that f(b) €] f(b) implies that b € Pres(] f(b). Since Pres(] f(b)) is a lower set in P,
be Preg(] f(b) and a < b together implies that a € Pres({ f(b)). We may conclude
that f(a) €] f(b), and therefore f(a) T f(b). Further, since a € Pres(Y), we know
that f(a) € Y. Using the fact that Y is an upper set of Q, f(a) C f(b) and f(a) € Y
together implies that f(b) € Y. We may therefore conclude that b € Pres(Y).

(3 = 1) Suppose (3). we want to prove that f is an order homomorphism.
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For that, let a,b € P such that a < b. Consider the upper set 1T f(a). From our
assumption, we know that Pres(1 f(a)) is an upper set in P.
f(a) €t f(a) = a € Preg(T f(a))

= be Pres(1 f(a)) [Pres(T f(a)) is an upper set and a < 0]

= [f(b) €1 f(a)

= [(b) 2 f(a)

Lemma 2.2.11 If P = (P, <) is any poset, then m(Q)) = P and j(0) = P, where
J(X) is the set of all the upper bounds for X and m(X) is the set of all the lower
bounds for X.

Proof. Let’s first prove that m(()) = P. For this purpose, suppose by a way of
contradiction that m()) # P. Then there exist z € p such that z ¢ y for some

y € 0. This contradiction prove that m(@)) = P. By similar reasoning, we get
i(0) = P.

Lemma 2.2.12 Let P = (P, <) be any poset. The following statements are true.

1. The poset P has a largest element <= N0 exists.

2. The poset P has a smallest element <= \/ () exists.
Proof. We will prove the first statement, and the second can be proven using similar
reasoning.
( = ) Suppose that P has a largest element. Hence by lemma 2.2.11, m(()) has a
largest element. Therefore, A () exists.
( <) Suppose that A 0 exists. Then, by definition 2.2.4, m(()) has a largest element.
Therefore, by lemma 2.2.11, P has a largest element.

Corollary 2.2.13 Suppose P = (P, <) and Q = (Q,C) are posets. If f: P — Q is
an order homomorphism, then the mapping Low[f] : Low(Q) — Low(P) defined by



Low([f](Y) = Preg(Y) is a bounded lattice homomorphism.

Proof. Recall that L(P) = (Low(P),C) is a lattice in which finite joins are set-
unions and finite meets are set-intersections.

To show that Low[f] is a lattice homomorphism, let /' C Low(Q) finite and non-
empty. Let us prove that Low|[f](\/ F') =\ Low|[f](F), and Low[f](\ F) = \ Low[f](F)

can be proven using similar reasoning.

Lowlf)(V F) = Pres(\/ F)

— Pre;(UF)

—UPreg(F) [ Pre;(UF) = U{Pre;(A); A€ F}

—\/ Preg(F)

=V Low[f](F)
Now want to show that Low|f] is bounded, that is Low|f] preserves the largest and
smallest element when such exist.
Let us assume that Low(Q) has a largest element, then this largest element must be
equal to (). We shall prove that Low[f](Q) = Pre;(Q)) = P, where P is the largest
element of Low(P).
Lemma 2.2.9 tells us that Pres(Q) is a lower set of P since f is an order homomor-
phism and @) is a lower set of Q. Suppose by a way of contradiction that Pres(Q) # P.
This implies that Pres(Q)) C P since Pres(Q) is a lower set of P. Thus, 3 a € P
such that a ¢ Preg(Q). We know f(a) € @) since a € P. Since f(a) € ), we may
conclude that a € Prey(Q). This contradiction proves that Pres(Q) = P, the largest
element of Low(P).
Now let’s prove that Low[f]| preserves the smallest element. It is obvious that the
smallest element of Low(Q) and Low(P) is indeed the empty set since the empty set is
a subset of all sets. With that in mind, we shall prove that Low[f](0) = Pres(0) = .
Suppose by a way of contradiction that Pre;(@) # 0, then 3 a € P such that
a € Preg(0). We know f(a) € @ since a € P. This contradicts the fact that
f(a) € 0. We may therefore conclude that Low][f](0) = 0.
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Lemma 2.2.14 Suppose P = (P, <) is a distributive lattice. The following statements
are logically equivalent for an element j € P.

1. The element j s join-prime.

2. For every finite FF C P, we have j = \/ F implies j € F.
Proof. (= ) Let us assume that the element j is join-prime. Let F' C P be finite
and suppose that j = \/ F'. We shall prove j € F.
Notice here that \/ F' is join prime since we assumed that j is join-prime. Since < is
reflexive and \/ F' € P, we get \/ FF < \/ F.
F is finite, \/ F' is join prime, and \/ F' < \/ F together implies that \/ F' < x for
some = € F.(Definition 2.2.8)
Since z € F, we know that x <'\/ F. We conclude that x = \/ F since \/ F' < z and
x <\/ F. Further, x = \/ F and = € F together implies that j =\/ F € F.
( <= ) Assume that [For every finite F' C P, we have j = \/ F implies j € F |.
Let G C P be finite. Hence, G = {z1,...,2,} for some z; € P, i € {1,...,n}. Let
VG =uz1V..Vuz, Suppose that j <\/ G, we shall prove j < x for some = € G.
j <V G implies that j = j A(\V/ G). Thus,
j = JjAN(x1V..Vx,)

=(Az) V..V (A [Distributive Properties]

=V{jAz1, ..., Nzn}

=\ F where FF'={j Axy,....,5 ANx,}
By our assumption, F is finite since G is finite and j = \/ F' together implies that
j € F. Thus, j = j A x; for some x; € G. But we know that j A x; < x;, therefore

j < z; for some x; € G.
[ |

Lemma 2.2.15 Suppose P = (P, <) is a finite distributive lattice. An element x is
join-prime if and only if x covers exactly one element.

Proof. ( = ) Suppose that the element z is join-prime. Suppose by a way of
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contradiction that x covers two elements a and b. Hence by definition 2.2.9, x = a V.
If we let F' = {a,b}, then x = \/ F. By Lemma 2.2.14, it results that x € F. This
contradicts the fact that a and b are strictly less that = since x covers a and b. We
may therefore conclude that = covers exactly one element.

( <= ) Suppose that z covers exactly one element, let’s name it a. Suppose that
F C P is finite, and suppose that + = \/ F', we want to prove that z € F (lemma
2.2.14). Suppose by a way of contradiction that = ¢ F. Observe that x = \/ F,
x ¢ F, and = covers exactly the element a together imply that y < a for all y € F.
Hence a is an upper bound for F' such that a < z. This contradicts the fact that x is
the least upper bound of F'. We may therefore conclude that = € F', and hence x is

a join-prime element.

Lemma 2.2.16 If P = (P, <) is a distributive lattice with smallest element, then
every atom of P is join-prime

Proof. Let j be an atom of P and let L be the smallest element of P. To prove
that j is join prime, let F' C P finite and let j = \/ F. We want to prove that j € F.
Since j = \/ F and j covers the smallest element, then F' = {1,j} or F = {j}. In
both cases, \/ FF'=j € F.

Theorem 2.2.17 Suppose P = (P, <) is any finite poset and consider the lattice
L(P) of lower sets of P. The join-prime elements of L(P) are precisely the principal
lower sets of P. Moreover, JP(L(P)) is order-isomorphic to P via the maps n, :
P — JP(L(P)) and 9, : TP(L(P)) — P defined by the rules n,(x) =] = and
U, (L) =u1.

Proof. We begin by showing that the join-prime elements of L(P) are precisely the
principal lower sets of P, that is we wish to show that:

J € L(P) is join prime <= J = | z for some z € P.
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( = ) Suppose that J € L(P) is join prime. Suppose by a way of contradiction
that J is not a principal lower set of P. Hence, J = J {] = : for some = € P} =
U F, where F' C Low(P) is finite since P is finite. Moreover, recall that £(P) is a
distributive lattice. Since J is join prime and J = |J F = \/ F, and satisfying all the
conditions of lemma 2.2.14, we may therefore conclude that J € F, which contradicts
our assumption that J is not a principal lower set of P. This contradiction proves
that J is indeed a principal lower set of P.

( <) Now suppose that J =| = for some x € P. Let A =J — {z} =| = — {z}.
It’s clear that J covers A in L£(P) since A C J and both J and A are elements of
L(P). Since L(P) is a distributive lattice, to show that J is join-prime, it’s enough
to show that J covers exactly one element. Now suppose by a way of contradiction
that J covers 2 elements A and C' € L(P) such that A # C and C' # J. Observe here
that since J covers both A and C, then AU C = J. This implies that € C. Since
C € L(P), therefore C' = J. This contradicts our assumption that C' # J. Therefore,
J covers exactly one element. This allows us to conclude that J is join prime.

Now we wish now to show that JP(L(P)) is order-isomorphic to P .

For that, let’s first consider the map 7, : P — JP(L(P)) defined by the rule
np(z) =l . It is easy tosee that <y = Lz C |y = n,(x) C ny(y). Next,
consider the map v, : JP(L(P)) — P defined by the rule ¥,(} ) =z. If | x C | v,
then x €| y, which implies that x < y. Moreover, it’s clear here that n,(9,(} z)) =]
and ¥,(n,(x))) = x. We may therefore conclude that JP(L(P)) is order-isomorphic
to P.

Talking about order isomorphism between these two posets, it is convenient to give
an example. We can represent a finite poset P = (P, <) visually using a Hasse Dia-
gram. In a Hasse diagram, we indicate a < b for a, b € P by placing a lower than b
on the page and connecting them with a line. Hasse diagrams are always drawn with

the fewest lines necessary to represent the partial order. This means that if there is
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already a path of line segments connecting two elements, there is no need to connect
these two elements directly by a single line segment. For instance, in the middle dia-
gram of figure 1 below, there is no line segment connecting {c} and {b,c,d}. We get
{c} C {b, ¢, d} from transitivity of the partial ordering (here it’s the subset inclusion).
{c} C{c,d} and {c,d} C{b,c,d} = {c} C{b,c,d}

Consider the poset P = (P, <) where P = {a,b,c¢,d} and a partial order on P
defined by the set {(c,a), (d,a), (¢, b), (d,b)} C P x P. It is customary to write ¢ < a
in P when (c, a) is an element of the partial order. The below diagrams are the Hasse
Diagrams of P (on the left), £(P) (on the middle), and JP(L(P)) (on the right).
Notice here that since £(P) here is a finite distributive lattice, lemma 2.2.15 tells
us that the join prime elements of £(P) are the elements that covers exactly one

element.

{a,b,c,d}

— ™~
a b {a,c,d} {b,c,d} {a,c,d} {b,c,d}
™~ —

{c.d}
{ }

/ \
c} {d
o \ / {c) )

0
Figure 1: Order Isomorphism between P and JP(L(P))
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Lemma 2.2.18 If every element of a lattice P = (P, <) is the join of a finite set of

join prime elements, then P is distributive.

Proof. Assume that every element of the lattice P = (P, <) is the join of a finite set
of join prime elements. We want to prove that P is distributive, this means that we
want to prove that for all x € P and F C P finite, z A (\V F) < V{zx Ay :y € F}.
Since x and \/ F € P, and since P = (P, <) is a lattice, therefore = A (\/ F') exists
and x A (\/ F) is an element of P. Thus by our assumption, A (\/ F') is the join
of a finite set of join prime elements. Hence, there exists G C P finite such that
j € G is join-prime for all j € G and z A (\/ F)) = \/ G. Now we know that Vj € G,
< VG =2xA(VF) <z Similarly, we know that j < \/ F. By the definition
of join-prime elements, F' € P is finite, j is join-prime and j < \/ F' together imply
that 7 < y for some y € F'. Therefore, for each j € G,j < x and j < y for some
y € F together implies that j < z Ay for some y € F. Thus, for each j € G,
J<\V{zAy:ye F} Thisimplies that \/G=a2A(\/F)<\{zAy:ye F}.

Lemma 2.2.19 Suppose P = (P,<) is a finite lattice. Suppose b € P and let

F C 1l b. The following statements are logically equivalent.

1. We have b=\/ F.

2. If a € P is such that b £ a, then there exists x € F such that x £ a.
Proof. (=) Assume that b = \/ F. Suppose that a € P is such that b £ a. Then
b ¢l a. We want to prove that there exists © € F such that x ﬁ a. For that, suppose
by a way of contradiction that Vo € F, x € | a. This implies that a is an upper
bound of F. Since b = \/ F, then b < a. This contradicts the fact that b ¢] a. We
may therefore conclude that there exists € F such that = £ a.
( <= ) Suppose that a € P is such that b £ a implies that there exists € F such
that £ a. Suppose by a way of contradiction that b # \/ F'. Note here that since
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F C ] b, then b is an upper bound of F. Since b # \/ F', we know 3 ¢ € P such that
¢ =\ F and ¢ # b. Since b is an upper bound of F'; ¢ = \/ F implies that ¢ < b.
Hence b £ ¢. By our assumption, we know 3 « € F such that « £ ¢. This contradicts

our assumption that ¢ =\/ F. We may therefore conclude that b # \/ F.
|

Theorem 2.2.20 A finite lattice P = (P, <) is distributive if and only if every
element is the join of a set of join prime elements.

Proof. (=) Suppose that P = (P, <) is a finite distributive lattice and let b € P.
We want to find F C JP(P) such that b = \/ F. Observe here that if b € JP(P),
then b =bV b= \/{b}.

Now suppose that b > L and let a € P such that b £ a. For each such a, let
X,={yeP:y<bandy % a}. By applying the reflexivity properties, it result
that b < b. Therefore, b € X, and X, # (.

Let Min(X,) be the set of all minimal elements of X,. We begin by showing that
Vi € Min(X,), j is join-prime. Note here that since P = (P, <) is a finite distributive
lattice, using lemma 2.2.14, we wish to show that for every finite G C P, j =
VG = j € G. Suppose by a way of contradiction that j = \/G and j ¢ G.
Then x < j Vx € G. Since j € Min(X,), then j < b. By applying the transitivity
properties, < j and j < b together implies that + < b Vx € G. Observe that
x ¢ X, for all z € G since x < j and j is a minimal element of X,. By construction
of Xo, v ¢ X, and x < b together imply that © < a Vo € G. This implies that
j = VG < a, which contradicts the fact that j € X,. We may therefore conclude
that Vj € Min(X,), j is join-prime.

Now let FF = J {Min(X,):b£La} ={r € P:ax <bandz € JP(P)}. We need
to show that b = \/ F.. It is clear that b is an upper bound for F', hence \/ F' < b.
We wish to apply Lemma 2.2.19 to conclude that b = \/ F'. Observe that F' C| b.
We proved that if @ € P such that b £ a, then there exists x € JP(P) such that
r € Min(X,). Hence, there exists © € F such that £ a. Therefore, applying
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lemma 2.2.19, we obtain that b =\/ F' where F is a set of join prime elements.

( <) Follow directly from lemma 2.2.18

Definition 2.2.21 Let P = (P, <) be a finite lattice and let D C P. We say that D
is Join-Dense in P provided every element of P is the join of a subcollection from D.
Theorem 2.2.20 tells us the join-prime elements constitute a join-dense subset of any

finite distributive lattice.

Lemma 2.2.22 Let P = (P, <) be any finite distributive lattice, and let
Ie L(JP(P)). Ift =\ 1, then I = JP({ x)

Proof. Suppose that I € L(JP(P)) and x = \/ I. We wish to show I C JP({ x)
and JP(} z) C I.

Let y € I, then y < \/ I = z. Since y is join prime and y < z, we know y € JP({ x).
Therefore, I C JP(| x). Now let y € JP(} ). Then y is join prime and y < z.

y<zr = y=yAx

= y=y AN (VI

= y=\V{yAnz:z€l} [Distributivity Properties]

— ye{ynz:z€l} [y is join prime and {y Az : z € I} is finite]
= y =y A Z for some z € |

= y < z for some Z € [

= yel [I is a lower set]

Therefore, JP(| z) C I
|

Corollary 2.2.23 [f P = (P, <) is any finite distributive lattice, then P is order-
isomorphic to L(TP(P)) via the maps o, : P — L(TP(P)) ands, : LITP(P)) —
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P defined by o,(x) = TP ) and ¢,(I) =\ I.

Proof. We first wish to prove that ¢, and g, are order homomorphisms. Consider the
map g, : P — L(JP(P)) defined by p,(z) = TP x). Let z,y € P, and assume
that < y. This implies that JP(] ) € JP(l y). Therefore, g,(x) C 0,(y). This
allow us to conclude that g, is an order homomorphism.

We now show that ¢, : L(JP(P)) — P defined by ¢,(I) = \/ I is an order ho-
momorphism. Let I,J € L(JP(P)), and assume that I C J. This implies that
VI <\/J. Therefore, ,(I) < ¢,(J). This allow us to conclude that g, is indeed an
order homomorphism.

Now we wish to show that ¢, 0 ¢, = Ip and g, 05, = Ig7ppy). Let I € L(TP(P))
and let z = \/I. Applying Lemma 2.2.22, it is easy to see that g, o ¢,(I) = 0,(\/ I)
= JPUVI) = JP( x) = I. Likewise, ¢, 0 0(2)= (TP z))= V(TP 2)) =
VI=uz.

Figure 1 was an example of an order-isomorphism between a finite poset P = (P, <)
and JP(L(P)). Figure 2 below is an example of an order-isomorphism between a
finite distributive lattice JP(L(P)) (on the left) and the lattice of lower-sets of join-
prime elements £(JP(P)) (on the right). The middle diagram correspond to the

join-prime elements of P.
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3 2
1
Figure 2: Order Isomorphism between £(JP(P)) and P

Now, we introduce some new definitions and we prove some crucial theorems for

our future work.

Definition 2.2.24 An element m in a lattice P = (P, <) is meet-prime provided for
any finite F' C P, the inequality m > A F implies m > x for some « € F. Note that
the largest element of a lattice (when it exists) cannot be meet-prime. We will let
MP(P) denote the subposet of meet-prime elements for the lattice P.

Notice that an element of a lattice is meet-prime if and only if it is join-prime in the
order-dual of the lattice. (Join-prime elements are sometimes called coprime elements
for this reason.) With this in mind, we can deduce a number of useful properties meet-

prime elements possess.

e If m is meet prime in a finite lattice, then m is covered by exactly one element.

e If P is a distributive lattice with greatest element t, then every coatom of P is
meet-prime. (An element is a coatom provided it is covered by t.)

e If P is a distributive lattice, then an element m is meet-prime if and only if m = A\ F’

implies m € F for finite F' C P.
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e If P is a finite distributive lattice, then every element is the meet of a set of

meet-prime elements.

Definition 2.2.25 Suppose P = (P, <) and Q = (Q, C) are finite lattices and
suppose f : P — @ is a bounded lattice homomorphism. Define a mapping

7r 1 (Q — P according to the rule 74(y) = \/ Pres(] y). The mapping 7; is called
the upper adjoint of the function f.

The importance of the upper adjoint lies with an intimate connection between the

posets of meet-prime and join-prime elements in a finite lattice.

It is easy to see that 7 is an order homomorphism. Indeed, suppose that a T b.

It follows that Pres(] a) C Pres(] b). Hence we know that 7¢(a) < 74(b).

Lemma 2.2.26 Suppose P = (P, <) and Q = (Q,C) are finite lattices and suppose
f: P — @ is a bounded lattice homomorphism. For alla € P and b € @), we have
a<7s(b) < f(a)Cb.

Proof.( =) Suppose that a < 74(b).

a < 77(b) aV (V Pres(1b)) =V Pres(1 b)

aV (V Pres(1 b)) = f(V Pres(1 b))

a)V f(V Preg(}0)) = f(V Pres(1b)) 1]
a) E f(V Pres(10))

a) CV f(Pres(] b) 1]
JEVHID)

)b

a

el

oA
i
i
I
oA
oA

I

a
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[1] f is a bounded lattice homomorphism.

( <= ) Now suppose that f(a) C b. Fisrt observe that since f(a) € | f(a), then
a € Preg(] f(a)). Therefore, a </ Pres({ f(a)).

fla)Tb = 714(f(a)) T 74(b) [7¢ is an order homomorphism|
— V Pres(l f(a)) < 74(b)
= a <\ Preg( f(a)) < 74(0)

— a < T714(b transitivity
f

Corollary 2.2.27 Suppose P = (P, <) and Q = (Q,C) are finite lattices. If

f P — @ is a bounded lattice homomorphism, then ¢ is a meet homomorphism.
Proof. Suppose that f: P — (@) is a bounded lattice homomorphism and let F' C ()
be finite and non-empty. We wish to show that 7,(A\ F) = A\ 7¢(F).

We know that 77(F) = {r(x) : x € F}. It will suffice to show that 7/(/\ F') is the
greatest lower bound of the set 77(F"). Observe that A F' T x Vz € F. Since 7y is
an order homomorphism, then 74(A F') < 7¢(x) Vo € F. We may therefore conclude
that 74(/\ F) is a lower bound of the set 7¢(F'). Suppose now that y < 7¢(x) Vx € F.
By Lemma 2.2.26, it result that f(y) C = Vx € F. This implies that f(y) C A F.
Hence, Lemma 2.2.26 tells us that y < 7¢(/\ F). We may therefore conclude that
7r(/\ F) is the greatest lower bound of the set 7,(F).

Lemma 2.2.28 Suppose P = (P, <) and Q = (Q,C) are finite lattices and sup-
pose f 1 P — @ is a bounded lattice homomorphism. If m € MP(Q), then
7¢(m) € MP(P).

Proof. Assume that m € MP(Q). Suppose that G C P finite such that 7¢(m) >
A\ G. We want to prove that 7¢(m) > x for some z € G.
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NG <7¢(m) = f(NG)Cm [Lemma 2.2.26]
= Af(G)Cm [f is a bounded lattice homomorphism]|
= f(xz) Cm for some z € G [m is meet prime]
= x < 74(m) for some x € G [Lemma 2.2.26]

Now we wish to show that 7¢(m) # Tp where Tp is the largest element of P.
Since m € MP(Q), then m # Tg, where Tg is the largest element of Q. Hence,
we have m < Tg. Suppose by a way of contradiction that 74(m) J Tp. Then by
Lemma 2.2.25, we have m > f(Tp). Since f is a bounded lattice homomorphism, it
results that m > Tg. This contradict the fact that m < Tg. We may conclude that

7¢(m) C Tp, and therefore it’s not the largest element of P.

Lemma 2.2.29 Suppose P = (P, <), Q = (Q,C) and R = (R, <X) are finite lattices.
If f: P— Q and g : Q — R are bounded lattice homomorphisms, then Ty,; =
Tf O Ty
Proof. Let a € R.
TpoTg(a) = Tp(1y(a))
—\/ Pre;(4 7,(a))
—V{z e P: f(z) C r(a)}
=\V{zreP:g(f(z)) <a} [lemma 2.2.26]
=V{zeP:gof(z)=2a}
= Preges(] a)

= Tgor(a)
|
Definition 2.2.30 Let P = (P, <) be a finite lattice and suppose a, b € P. We say

that the ordered pair (a,b) splits the lattice P provided | a N1 b =0 and | a U 1
b=P.
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/\
/\/

\/

Figure 3: The ordered pair (a, b) splits the lattice P

Consider the lattice P = (P, <) of figure 3 above. Notice here that the ordered pair
(a, b) splits the lattice since fanNtb=0and faUtb=P

Lemma 2.2.31 Let P = (P, <) be a finite lattice and suppose a,b € P. If (a,b)
splits P, then a is meet-prime and b is join-prime in P.

Proof. Assume that (a ,b) splits P, thatis LanNntb=0and | aU1Tb=P. We
show that b is join-prime, that is for all finite /' C P, b <\/ F" implies that b < x for
some x € F.

Since P is a finite lattice, then without loss of generality, let F' = {z,y} C P such
that b < zVy. We claim that b < x or b < y. Suppose by a way of contradiction
that b £ z and b £ y.

bgrandbgLy = z¢tbandy ¢ 1Th

— z€P—-(1Tb)andy € P— (1)

= zx€laandy€la Lantb=0and | aUtb=P]
— zVyeEla

= rzVy<a

= b<a [ since b < (z Vy) <d
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This contradicts the fact that | a N 1+ b = . We may therefore conclude that
b<zorb<y.

Showing that a is meet-prime can be done following similar reasoning.
[ |

Definition 2.2.32 Let P = (P, <) be a finite lattice and suppose a € MP(P) and
be JP(P). Welet jpp(a) = N{z € P:x £ a} and mpp(b) = \{y € P:b £y}

Lemma 2.2.33 Let P = (P, <) be a finite lattice. If a € MP(P) and b € JP(P),
then b £ mpp(b) and jpp(a) £ a.

Proof. Let b € JP(P). We show that b £ mpp(b). Suppose by a way of contradic-
tion that b < mpp(b). Then, b < A{y € P : b £ y}. Since b is join-prime, it results
that b <y for some y % b. This contradiction prove that b £ mpp(b).

Following similar reasoning, we can prove that jpp(a) £ a.
|

Lemma 2.2.34 Let P = (P, <) be a finite lattice. If a € MP(P) and b € JP(P),
then (a, jpp(a)) and (mpp(b),b) split the lattice P.

Proof. We show that (mpp(b),b) splits the lattice P. Since b € JP(P), Lemma
2.2.33 tells us that b £ mpp(b). It results that b ¢ | mpp(b). Therefore, we have
L mpp(b) N1 b= 0. In the other hand, mpp(b) = \/{y e P:b £y} =\{y € P:
y 1k =V{P—10}.

Using that mpp(b) ¢ 1 b and mpp(b) = \/{P— 1 b}, we obtain that

L mpp(b) U T b=P. Having | mpp(b) N1 b =0 and | mpp(b) U1 b =P together
imply that (mpp(b),b) splits the lattice P.

Proving that (a, jpp(a)) splits the lattice P can be done using similar reasoning.
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Theorem 2.2.35 Let P = (P, <) be a finite lattice. The following statements are
true for a € MP(P) and b € JP(P).

1— We have jpp(a) € TP(P)

2— We have mpp(b) € MP(P)

3— We have mpp(jpp(a)) = a and jpp(mpp(b)) = b

Proof. (Proof for 1) Since a € MP(P), then lemma 2.2.34 tells us that (a, jpp(a))
splits the lattice. Hence, lemmma 2.2.31 tells us that jpp(a) € TP(P).

(Proof for 2) Since b € JP(P), then lemma 2.2.34 tells us that (mpp(b),b) splits
the lattice. Hence, lemmma 2.2.31 tells us that mpp(b) € MP(P).

(Proof for 3) Let b € JP(P). We show that jpp(mpp(b)) = b. First observe that
jpr(mpp (b)) = Nz € Pz £ mpp(D)}.
be JP(P) = b <L mpp(b) [lemma 2.2.33]

— be{zeP:xLmpp(d)}

= b>N{zeP:axLmppd)}

= b > jpp(mpp(b))
Lemma 2.2.34 tells us that since b € JP(P), then (mpp(b),b) splits the lattice P,
which implies that either jpp(mpp(b)) < mpp(b) or jpp(mpp(b)) > b. Suppose
by a way of contradiction that jpp(mpp(b)) < mpp(b). This implies mpp(b) >
N{z € P:z & mpp(b)}. Since mpp(b)} is meet prime, then mpp(b)} > x for some
z £ mpp(b)}. This contradiction prove that our assumption is false. We may con-
clude that jpp(mpp(b)) > b.
Since we proved that b > jpp(mpp(b)) and jpp(mpp(b)) > b, we may therefore con-
clude that jpp(mpp(b)) = b.

Following similar strategy, we can prove that mpp(jpp(a)) = a.
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Theorem 2.2.35 tells us that we may define mutually inverse functions jpp : MP(P) —
JP(P) and mpp : JP(P) — MP(P). It is easy to see that these functions are
order homomorphisms.

Consider the lattice P below. In this lattice, it is the case that a € MP(P) and
be JP(P). It is easy to see how (a, jpp(a)) and (mpp(b),b) split the lattice P. Ob-
serve here that jpp(a) € JP(P) and mpp(b) € MP(P). Moreover, you can easily

get that mpp(jpp(a)) = a and jpp(mpp (b)) = b.

Figure 4: The inverse functions jpp and mpp

At this point, we have led the order theory groundwork necessary to prove our

subsequent results.
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2.3 Category Theory

Category theory is a branch of abstract mathematics that focuses on studying the
relationships and structures that exist within various mathematical objects and sys-
tems. A category consists of objects that represent various mathematical entities,
and morphisms that represent the relationships or mappings between these objects.
Categorical equivalence is a concept that asserts that two categories are essentially
the same, even if their objects and morphisms may look different. Functors play a
central role when it comes to proving categorical equivalence between two categories.
They are mappings between categories that preserve the structure and relationships
between objects and morphisms. In other words, they establish a correspondence be-
tween the objects and morphisms in such a way that key properties and relationships
are maintained. Since our goal is to prove a categorical equivalence, it is relevant
here to provide some category theory definitions. These definitions are coming from

[5] and [6].
Definition 2.3.1 A Category C is a class of objects Obj(C) along with a class of
morphisms Hom/(C) between objects such that

1. For every pair of morphisms f : A — B and g : B — C, there exists a unique

morphism go f: A — C' called composition of f and g.

2. Composition of morphisms is associative, that is, for every triplet of morphisms

f:A— B,g: B— C,and h: C — D, we have that (hog)o f = ho(go f).

3. For every object A € C, there exists an identity morphism 14 : A — A such

that for any morphisms f: A — Bandg: D — A, foly = fand 1409 = g.

For notational simplicity, we denote Hom(X,Y") be the class of all the morphisms

from the object X to the object Y in the category C.
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As with directed graphs and posets, we can represent categorical objects and mor-
phisms with a diagram. Those diagrams are physical representations of the objects
and morphisms. Consider the diagram below. We let C be a category with A, B, C,
and D as objects. Let f € Hom(A,C), g € Hom(C,D), h € Hom(A, B), and
K € Hom(B, D). As you can see, we represent morphisms as arrows between the
objects.

We say that the below diagram commute if g o f = k o h. Since functors are used

to prove categorical equivalence between two categories, functors must be defined.

A f s C
h g
B s D

Figure 5: A Commutative Diagram

Definition 2.3.2 A functor F = (Fo, Fpr) from a category C to a category D is a

pair of maps Fp and JF); called object and morphism maps respectively such that :

1. Fo : Obj(C) — Obj(D) associate each object A in C to the object Fp[A] in
D.

2. Fy associate each morphism f € Hom(C) to a morphism g € Hom(D) such

that the following two conditions hold:

o Fulla]l = 15,4

o Fulgo fl = Fulgl o Fulf] for all f,g € Hom(C)
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This definition describe what we call a covariant functor. A covariant functor pre-

serves the direction of morphisms in C, that is if f € Hom(A, B) in C, then Fy[f] €

Hom(FolA], Fo[B]) in D. In the other hand, a contravariant functor reverse the
order of composition, that is, if F is a contravariant functor and if f € Hom(A, B)

in C, then Fy[f] € Hom(Fo[B], Fo[4]) in D.

Definition 2.3.3 A covariant functor F : C — D yield a categorical equivalence if

it satisfies the following three criteria:

1. The functor F is full, that is, for any X, Y € Obj(C) and any g € Hom(Fo|X], FolY]),
there exists an f in Hom(X,Y') such that Fy[f] =g

2. The functor F is faithful, that is, if f,¢g in Hom(X,Y) and Fu[f] = Fulgl,

then f = g.

3. The Functor F is essentially surjective, that is, for every B € Obj(D), there
exists an A € Obj(C) such that Fp[A] is isomorphic to B.

Notice here the a functor being full is equivalent to being surjective along maps, while
a functor being faithful is equivalent to being injective along maps. A functor being
essentially surjective is equivalent to being surjective along objects.

In this thesis, we will define contravariant functors between the categories DGP and
DGL, then we will prove that our functors are full, faithful, and essentially surjective,

which yield a dual categorical equivalence between the categories DGP and DGL.
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CHAPTER 3

THE CATEGORIES DIGRAPH, DGP & DGL

In his thesis, Jordan Crowell [1] proved a categorical equivalence between the category
of directed graphs and the category of directed graph posets. We’re building on that
to prove a dual categorical equivalence between the category of directed graph posets

and a category of new objects we will call directed graph lattices.

3.1 The Categories DiGraph and DGP

In this section, we are going to introduce the categories of Digraph and the category
of DiGraph Posets (DGP) and define the objects lying inside of these categories. We
will then establish the connection between these two categories. All definitions and

theorems in this subsection are coming from Crowell’s work [1].

Suppose P = (P, <) is a nonempty, finite poset that can be written as the union of
maximal chains of length one or three. Let S(P) denote the set of suprema of length-
three chains and let T(P) denote the infima of length-three chains. Let A(P) denote
the set of elements covered by a member of S(P)(or, equivalently, covering an element
of T(P)). The maximal singleton chains represent elements that are both maximal
and minimal in P; it does not not matter how we choose to classify these elements.
Divide this collection into disjoint sets I;(P) and Ir(P). Let Max(P) = S(P)UL(P)
and let Min(P) = T(P) U I,(P). It is the case that Max(P), A(P), and Min(P)

are necessarily antichains.

Definition 3.1.1 We say that P is a directed graph poset provided the follow-

ing conditions are met.
1. There exists a bijection v : Max(P) — Min(P).
2. For all a € A(P), the sets 1 a N S(P) and | aNT(P) are singletons.
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Note here that throughout this thesis, the bijections v will be called vertex maps.
The elements of Maz(P) and Min(P) will be called pseudo-vertices of P, and the
elements of A(P) will be called arrows of P.

Definition 3.1.2 A DGP — object (DGP) is an ordered pair (P,v) where P is

a directed graph poset and v : Max(P) — Min(P) is any vertex map.

Definition 3.1.3 Suppose (P,v) is a DGP, and suppose Max(P) = {1,...,n}. The

vertex map v induces a natural indexing for the set Min(P) = {z1,....,z,} in a

natural way: For 1 < i <n, and z; € Min(P), we will assume z; = v(:). While this

convention is not necessary, it will prove very convenient.

/%
\X

Figure 6: A directed graph poset object (P, v) under the natural indexing.

Above is an example of a directed graph poset object (P, v) under the nat-
ural indexing. Note here that Maz(P) = {1,2,3}, A(P) = {a1,a9,a3,a4}, and
Min(P) = {x1,z2,23}. Observe here that the sets I;(P) and I5(P) of maximal sin-
gleton chains are empty since there isn’t any element of P that is incomparable with
all the other elements of P. It is convenient to draw these diagrams in such a way
that the bijection mapping is “vertical”. Consider the directed graph poset object
(P, v) represented in the above Hass Diagram, it is easy to see that the vertex map

v : Max(P) — Min(P) is defined by : v(1) = 21, v(2) = 22, v(3) = z3.
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Theorem 3.1.3 Every DGP-object (P, v) induces a directed graph G[(P,v)], where
Vp(G) = {(z,v(x)) : © € Max(P)} and Ap(G) = A(P), and the source and tar-
get maps are defined by sp(a) = (zr, v(zx)) where we have {x} =T a N S(P) and
tp(a) = (y,v(y)) where we have {v(y)} =L aNT(P).

For instance, consider the directed graph poset object (P, v) of figure 6 under
the natural indexing. Then G[(P,v)] of figure 7 bellow would be the directed gaph
induced by (P, v).!

as

SN T SN

ay (1,2) (2, 5) (3, x3) as

S T~— S

a4

Figure 7: The directed graph G[(P,v)] induced by (P, v)

Lemma 3.1.4 Every finite DG-object G = (V(G), A(G), s,t) induces a DGP-object
(P(G),vg) where P(G)= (Pg,<) defined below is a directed graph poset and the as-
signment vg : Max(Pg) — Min(Pg) defined by vg (i) = v; is a vertex map.
Suppose that V(G)={vy,va,...,v,}. Let Max (Pg) = {1,...,n}, A (Pg) = A(G), and
Min(Pg) =V (G).
The partial order < is defined by the following rule:
1- We have x =y provided x and y are the same element.
2- We have x < y if and only if one of the following conditions is met:

a. We have y € Max(Pg) and x € A(Pg) and s(x) = v,,.

!Note that the arrows a; and as are loops, but they’re represented this way due to some technical

limitations
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b. We have y € A(FPg) and x € Min(FPg) and t(y) =
c. We have y € Mazx(FPg) and x € Min(Pg) and there exist a € A (G) such that
s(a) = v, and t(a) = x.

Below is an example of a DG-object G = (V(G), A(G), s,t) (from the left) and the
DGP-object (P(G),vg) (from the right) induced by G.

I3 . T 1 2 3 4 )
aq a9 as Q4 as
AN | X
To S, T4 1 X9 T3 Ty s

Figure 8: DGP-object (P(G),vg) induced by DG-object G

Definition 3.1.5 Suppose that (P, v) and (Q, u) are DGP’s. A DGP-morphism is

an order homomorphism map F : P — @ with the following properties.
oF(Max(P)) € Max(Q)
o F'(Min(P)) € Min(Q)
«F(A(P)) C A(Q)
e For all x € Maxz(P), we have F(v(x)) = u(F(z)).

In other words, F' is a strict order homomorphism that respect the bijection.

Given any nonempty set X, we will let 1x denote the identity map from X to X.
That is, 1x : X — X is defined by 1x(a) = a for all a € X.

Theorem 3.1.6 The class DGP consisting of all DGP-objects coupled with DGP-

morphisms constitutes a category in which morphism composition is function compo-

sition.
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Theorem 3.1.7 The class DiGraph consisting of all finite DG-objects coupled with

DG-morphisms constitutes a category in which morphism composition is component-

wise function composition. The identity morphism for any DG-object

G =(V(G),A(G),s,t) is the pair 1g = (1y,14).

Definition 3.1.8 Two DGP-objects (P, v) and (Q, u) are isomorphic provided there
is a DGP-isomorphism between them. A DGP-isomorphism is a pair (F, G) where
e F'is a DGP — morphism from (P, v) to (Q, u) and G is a DGP-morphism
from (Q, u) to (P, v).
eGoF =1pand FoG =1g.

In other words, (F,G) constitutes an order-isomorphism between P and Q whose

component functions respect the bijections v and wu.
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3.2 The Categories DGP and DGL

As with the categories DiGraph and DGP, we will construct the category of directed
graph lattices DGL. We will establish the connections between the category of di-
rected graph posets DGP and the category of directed graph lattices DGL. It’s worth

noting that this section marks the begining of our original work.

Definition 3.2.1 Let P = (P, <) be a finite distributive lattice. We say P is a
digraph lattice provided JP(P) is a digraph poset.

Notice here that in Theorem 2.2.17, we proved that JP(L(P)) is order-isomorphic to
P via the maps 1, : P — JP(L(P)) and 9, : TP(L(P)) — P defined by the rules
np(z) =l = and 9, : (] ) = x. Hence, Theorem 2.2.17 tells us that every digraph

poset induces a digraph lattice, namely its poset of lower sets.

Definition 3.2.2 Suppose P = (P, <) is a digraph lattice. A mapping u: P — P

is called a meta vertex map provided the following criteria are met.

1. The mapping p is a join homomorphism.

2. The set | p(z) contains only minimal members of JP(P).

3. The set | x N Max(JP(P)) contains the same number of elements as | pu(x) N
Min(JP(P)).

4. The restriction ji of the mapping p to Max(JP(P)) is a vertex map.

Let P = (P, <) be a digraph lattice with smallest element b and suppose p: P — P
is a vertex map. Observe here that Criterion 3 of Definition 3.3.2 tells us that we
have pu(x) = b if and only if | = contains no maximal join-prime elements. Note
also that Criteria 2 and 3 together tell us that u(z) € Min(JP(P)) if and only if
x € Max(JP(P)).
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Definition 3.2.3 A DGL object is a pair (P, p) where P = (P, <) is a digraph

lattice and 1 : P — P is a meta vertex map.

Lemma 3.2.4 Let u, be the map p, : L(Q) — L(Q) defined by p,(I) = {v(x) :
x € Max(Q)NI1}. If (Q,v) is a DGP-object, then (L(Q), ) is a DGL-object. If
(P, ) is a DGL-object, then (JP(P), 1) is a DGP-object.

Proof. We first show that if (Q,v) is a DG P-object, then (L£L(Q), u,) is a DGL-
object. By theorem 2.2.17, every digraph poset induces a digraph lattice, namely
its poset of lower sets. Hence, since Q is a digraph poset, then £(Q) is a digraph
lattice. Thus, to prove that (£(Q), i) is a DG L-object, we just show that pu, is a
meta vertex map by showing each criterion required for meta vertex maps.

Note here that V I € £(Q), () is a possibly empty subset of Min(Q) and therefore
is indeed a lower set of Q.

We show now that p,, is a join homomorphism. Let Iy, Iy € £(Q). Then,

(1 V Ig) = po (11 U 1)

We know that v is a bijection from Maz(Q) to Min(Q), we also know from The-
orem 2.2.17 that JP(L(Q)) is order-isomorphic to Q. Therefore, we may con-
clude that the set | I N Max(JP(L(Q))) contains the same number of elements
as | po(I) N Min(JP(L(Q))). Moreover, by definition of p,, p,(I) € Min(Q),
which implies that | p,(I) € Min(JP(L(Q))). We may therefore conclude | 1,(1)

contains only minimal members of JP(L(Q)).



36

Now since JP(L(Q)) is order-isomorphic to Q, then Max(JP(L(Q))) ={lx:z €
Maz(Q)}. Hence, VI € Mazx(TP(L(Q))), i) = {v(z)} € Min(TP(L(Q))). It

follows that [, is a vertex map since v is a vertex map.

We now wish to show that if (P, u) is a DG L-object, then (JP(P), ) is a DGP-
object. This is trivial since by the definition of digraph lattice, P is a digraph lattice
provided JP(P) is a digraph poset. Also, by the definition of meta vertex maps, the
restriction /i of the mapping p to Max(JP(P)) is a vertex map.

Corollary 3.2.5 If (Q,v) is a DG P-object, then (Q,v) is isomorphic to (TP(L(Q)), i)
in the category DGP.

Mazr(Q) ——— Max(JP(L(Q))

no(z)=lz

LTy

Min(Q) « 2= Ain(TP(L(Q))

Figure 9: Diagram for corollary 3.2.5

Proof. We already proved in Theorem 2.2.17 that any digraph poset Q = (Q, <)
is order-isomorphic to the poset JP(L(Q) via the pair (1g,g) where ng : Q —
JP(L(Q)) and Vg : TJP(L(Q)) — Q are defined by the rules ng(z) =] x and
vo: (lz)=u.

We wish to show first that 7¢(z) is a DGP-morphism from (Q,v) to (JP(L(Q)), i)
It is clear that the first three conditions of Definition 3.1.5 are satisfied. It is left to
show that Vo € Max(Q), ng o v(z) = iy 0 no(z).
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ne(v(x)) = 1 v(z)
= { v(2)} 1]
= () 2]
= po(ng(2))
=1 (N (2)) [3]

[1] Because v(x) € Min(Q).

2] Since z € Max(Q), Max(Q) N | z = =, which by definition of y, implies that
po($ ) = {v(z)}.

3] z € Maz(Q) implies ng(x) € Max(TP(L(Q)).

We now wish to show that 9¢ is a DGP-morphism from (JP(L(Q)), f1v) to (Q,v).
It is clear that the first three conditions of Definition 3.1.5 are satisfied. It is left to
show that V | x € Max(JP(L(Q)), we have ¥g o 1,(} ) = v odgo(] z).

Finally, since ng(Jo(} z)) = no(x) =l = and Jdg(ng(x)) = ol x) = z, it fol-
lows that ng o Vg = 17p(£(0) and Jg ong = 1og.

We may therefore conclude that (Q, v) is isomorphic to (7P(L(Q)), ity) in the cate-
gory DGP.
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Lemma 3.2.6 Suppose that (P,pu) is a DG L-object and suppose pu: P — P is a
meta vertex map. For ally € P, it is the case that p(y) = s,(ua(ep(y))). In particu-
lar, opop = pp 0 0p and g, 0 fiy = [1 O Gp.
Proof. Recall that in Corollary 2.2.23, we proved that if P = (P, <) is any finite
distributive lattice, then P is order-isomorphic to £(JP(P)) via the maps
0p : P — L(JP(P)) and g, : LITP(P)) — P defined by g,(z) = JP(] x) and
o) =VI.
Moreover, Lemma 3.2.4 tells us that if (P, u) is a DG L-object, then (JP(P), i) is a
DG P-object, which in turn implies that (L(JP(P)), un) is a DG L-object such that
pa(l)={ p(x) - v € Max(JP(P)) N1} = {u(x) : x € Max(TP(P)) N1}
Let us now prove that for all y € P, it is the case that u(y) = ,(pua(op(v))). Let
y € P, then there exists exactly one I, € L(JP(P)) such that y = \/I,, namely
1, =Ly TPP) = 0,(y).
py) = p(V 1)

= u( V(Max(JP(P))N L))

= V{u):ze Max(TP(P))N1,} [ p is join homomorphism |

Corollary 3.2.7 If P = (P, <) is any finite lattice, then the subposets MP(P) and
JP(P) are order isomorphic. In particular, if P = (P, <) is any digraph lattice, then
MP(P) is a digraph poset.

Proof. Recall that Theorem 2.2.35 tells us that we may define mutually inverse
functions jpp : MP(P) — JP(P) and mpp : TP(P) — MP(P) defined by the
rules jpp(a) = AN{r € P:x £ a} and mpp(b) = \/{y € P : b £ y}. We show that

these functions are order homomorphisms.
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Observe that for a; € MP(P), jpp(a)) = N{zr e Pz Lai}=N{zeP:x¢ | a}.
Now let ay,as € MP(P) such that a; < as.
a; <ay; = L a; &l ay

— P—la; CP—]a

— A(P-la) < \(P- 1| ap)

= jpp(a1) < jpp(az)
Therefore, jpp is an order homomorphism. Proving that mpp is an order homomor-
phism can be done using similar reasoning.
Since we proved in Theorem 2.2.35 that mpp o jpp = Lypp) and jppompp = 17p(p),

we may therefore conclude that MP(P) and JP(P) are order isomorphic.

Suppose that P = (P, <) and Q = (Q, C) are finite lattices and suppose f : P — Q
is a bounded lattice homomorphism. Let 7; denote the restriction of 74 to MP(P).

We define the map jp[f] : TP(Q) — JP(P) by the rule jp[f](a) = jppoTrompg(a).

Definition 3.2.8 Suppose that (P, u1) and (Q, p2) are DG L-objects. A DG L-morphism

is a bounded lattice homomorphism f : P — () which satisfies the following addi-
tional criteria.
1. The function f “respects the meta vertex maps”; that is, for all x € P, we have

flm (@) = pa(f ().
2. The function jp[f] is a DGP-morphism.
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Theorem 3.2.9 The class DGL consisting of all DGL-objects coupled with DGL-
morphisms constitutes a category in which morphism composition is function compo-

sition. For each DGL-object (P, ), the identity morphism is the identity map 1p.

Figure 10: Diagram for Theorem 3.2.9

Proof. let f: P — @ and g : Q — R be DGL-morphisms. By Lemma 2.2.29,
jplgo f] = jppoTssompr = jppoTroT,ompr. Hence, jplgo f] is a DGP-morphism,
and go f is indeed a DGL-morphism. The associativity and uniqueness of morphism
composition is guaranteed by the properties of function composition.

If (P, p1) and (Q, u2) are DGL-objects, then the identity morphisms 1p and 1o are
such that 1go f = f and fo1lp = f for all DGL-morphisms f: P — Q.
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CHAPTER 4

FUNCTORS AND CATEGORICAL EQUIVALENCE

In this section, we seek to show a dual categorical equivalence between the categories
DGP and DGL defined in the previous sections. We do that by defining the functors

that yield the dual equivalence of these categories.

4.1 The contravariant functors DiGP and DiGL

We seek to define our functors DiGP and DiGL by defining their objects and mor-
phisms maps, and then prove that our functors are well defined up to isomorphism

classes on each categories.

Definition 4.1.1 Suppose (P, u1) and (Q, uz) are DG L-objects. We say these objects
are isomorphic provided there exist mutually inverse DGL-morphisms f : P — @

and g : Q — P.

Lemma 4.1.2 If (P, pu) is a DGL-object, then jplo,| and jpls,] are DGP-morphisms.
Proof. We prove that jp[o,] is a DGP-morphism, and jp|s,] is a DGP-morphism can
be proven using almost identical argument.

Theorem 2.2.17 tells us that the elements of JP(L(JP(P))) are precisely the prin-
ciple lower sets of JP(P). Thus, for all J € JP(L(JP(P))), there exists a unique
z € JP(P) such that J =] x.

Corollary 2.2.23 tells us that P is order-isomorphic to L(JP(P)) via the maps o, :
P — L(JP(P)) and g, : LITP(P)) — P defined by the rules g,(z) = JP({ z)
and ¢,(I) = \/ I. Hence, it is the case that Pre,, (1) = ¢,(I) =/ 1.
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Recall that a DGP-morphism is an order homomorphism map F': P — @)
with the properties that, F(Max(P)) C Max(Q), F(Min(P)) C Min(Q),
F(A(P)) C A(Q), and for all = € Max(P), we have F(v(z)) = u(F(x)).

For notational simplicity, we will let Q = L(JP(P)). We begin by showing
that jp[o,] is an order homomorphism. We know that jplo,] = jpp o 7,, o mpg. Since
JPP, Toy, and mpg are all order homomorphisms, it follows that jp[g,] is a strict order
homomorphisms.

We now show that jp[op|(Maz(JTP(Q))) C Max(JP(P)). Proving that
jplep](Min(JP(Q))) € Min(JP(P)) and jple,](A(TP(Q))) € A(TP(P)) can be
done similalirly.

Since we know that for all z € JP(P), | x € JP(Q), thus we have
Top © mpo(} @) =\ Pre,, (I mpo(l 7))

=\ Pre,,(mpo(l x)) [T, is an order homomorphism]
= Ver(mpo(l 2))
= Pre,,(mpo({ x)). [0, is a bijection with inverse ]

Let | © € Max(JP(Q)) for some € JP(P). We have
plepl(} ¥) = jpp o Ty, 0 mpo(l ) = jpp 0 g 0 mpo({ ).

Hence,

Lz € Max(JP(Q)) <= mpo({ x) € Max(MP(Q)) [1]
< gompo(} z) € Maz(MP(P)) 2]
<~ jppos,ompg(l ) € Max(JP(P)). 3]

[1] mpg is an order homomorphism from JP(Q) to MP(Q).
2] ¢, is an order homomorphism from Q to P.

3] jpp is an order homomorphism from MP(P) to TP(P).
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We may therefore conclude that jple,|(Max(TP(Q))) € Max(TP(P)).

Now since (P, u) is a DGL-object, then p; : @ — Q defined by p;(I) = {i(z) :
z € Max(JP(P)) NI} is ameta vertex map. The restriction fi; of the mapping p;
to Max(JP(Q)) is a vertex map. Thus, fi; : Max(JP(Q)) — Min(JP(Q)) is
defined by fi; (] z) = {fi(z) : © € Mazx(TP(P))}.

We now wish to show that jp[o,] respects the bijections, thatisV | 2 € Maxz(JP(Q)),
plep)(ha(l @) = a(ipley)) (- ©).

Let’s first prove that \/(mpo (] fi(x))) = mpp(ii(x)). Recall that we proved in Corol-
lary 2.2.23 that P is order-isomorphic to Q via the maps g, : P — Qandg,: Q —
P. Hence, it is the case that | ji(x) € Min(JP(Q)) < ji(x) € Min(TP(P).

Observe that \/(mpo( (=) = VIU{T € Q: | fia) & T}
=V{y € P:j(z) £y}
= mpp(j(z)
Observe also that | v € Max(JP(Q)) = = € Max(JP(P)) = pa(l z) =
{i(2)} =1 i(x).
Now let | 2 € Max(JP(Q)).
Jplep) (la (L ) = jplo)(d i) [Proved above]
=jpp © Ty, o mpo(l (7))
= jpp o p(mpo(l i)))
= jpr(V(mpo(l i(2))))
= jpp(mpp(i(z))) [Proved above|
= jpp o mpp(fi(x)))
= fi(z)
In the other hand observe that | x € Max(JP(Q)) = jplo,)(l z) =2 =
a(iplepl(d ) = ().
Since we have jpo,|(1a( ©)) = f(x) and fi(jplo,](} )) = ji(x) , we may conclude
gplep)(a(d ©)) = i(ipley]) (L ).
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Lemma 4.1.3 If (P,u) is a DGL-object, then \/ (I U J) = (\/I)V (V J) and
VINT)=NI)ANJ) forall Je L(TP(P)).

Proof. We prove first that \/(IUJ) = (\/ I)V(\/ J). Let I,J € L(TP(P)). Observe
that (\/ 1)V (\V/J) > VI >z Vx € l. Similarly, (\VI)V(VJ)>VJ >y VyeJ.
It follows that (\/ I)V (\/J) >z Vz € I UJ. Thus, (\/I)V (\J) is an upper bound
of TUJ. We now show that (\/ 1)V (\/ J) is the least upper bound of I U.J. Suppose
that there exists a € @) such that a > 2 Vz € [ U J. This implies that a > z Vx € [
and a > y Yy € J. It follows that a > \/ I and a > \/ J. Therefore, a is an upper
bound of {(\/ 1), (\/ J)}. We may therefore conclude that a > (\/ I) vV (\/ J).

Now we show that \/(INJ)= (VI)A(VJ). Let I,J € L(TP(P)). Since INJ C I
and I NJ C J, it results that \/(/ NJ) < \/I and \/(I NJ) <\ J. It follows
that \/(I N J) is a lower bound for {(\/I),(\/J)}. We now show that \/(I N J)
is the greatest lower bound of {(\/I),(\/ J)}. Suppose that a is a lower bound of
{(VI),(\VJ)}, we wish to show that a < \/(I NJ). Since a < \/I and a < \/ J,
then a = a A (V/I) and a = a A (\/J). It follows that a = \/{a Az : x € I}
and a = \/[{a Ay : y € J}. This implies that a = \/[{a Az : z € I N J}. Hence,
a=aA (VI NJ)). We may therefore conclude that a < \/(I N J).

Theorem 4.1.4 If (P, 1) is a DGL-object, then (P, u) is isomorphic to (L(TP(P)), t4)
in the category DGL.

Proof. We begin by showing that g, and ¢, are DGL-morphisms. Lemma 3.2.6 tells
us that g, and ¢, respect the meta vertex maps. Lemma 4.1.2 tells us that jp[p,] and
Jplsp] are DGP-morphisms. Hence, we just show that g, and g, are bounded lattice
homomorphisms.

Let us begin by proving that ¢, is a bounded lattice homomorphism, i.e we prove that
for all 1,.] € LITP(P)), oIV J) = 5DV (1) (I AJ) = (1) A(J), and ,

preserves the largest and smallest element.
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Observe that ¢,(1\/ J) = ¢,(I U J)
=\V({ulJ)
=(VI)vVJ) [Lemma 4.1.3]
= o) V(J)

Observe that ¢,(I A J) =,(INJ)
=\V({InJ)
=VIHnNJ) [Lemma 4.1.3]
= () Nep(J)

It’s left to show that ¢, preserves the largest and smallest element. For notational
simplicity, we will let Q@ = L(JP(P)).

Let Tg be the largest element of Q. Then Tg = JP(P) = TP Tp). We proved
in Corollary 2.2.23 that P is order-isomorphic to Q via the maps g, : P — Q and
Sp 1 @ — P defined by the rules g,(z) = JP({ z) and ¢,(I) = \/ I. It result that
»(Ta) =

(TP Tr)) = lep(Tr)) = T

Now, let Lo be the smallest element of Q. Then Lo = ). It follows that ¢,(Lg) =
(D) = (TP L)) = oplep(Lp)) = Lp.
We may therefore conclude that ¢, is a bounded lattice homomorphism.
Now, let us prove that g, is a bounded lattice homomorphism, i.e we prove that for
all z,y € P, 0,(x Vy) = 0,(x) V 0,(v), 0p(x ANy) = 0,(x) A 0p(y), and g, preserves the
largest and smallest elements.
Let z,y € P. Observe that ¢,(o,(x Vy)) =z Vy

= S(ep(2)) V sp(ep(y))

= p(ep(x)Ven(y)) [p preserves joins]
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Since P is order-isomorphic to Q via the maps g, and g,, we may therefore conclude

that o,(z Vy) = 0,(z) V 0,(y). We can prove that g,(x Ay) = 0,(z) A 0,(y).

It’s left to show that g, preserves the largest and smallest elements. For that, let Tp
be the largest element of P. It is clear that o,(Tp) = TP Tp) = TJP(P) = To
and o,(Lp) = JP(] Lp) =0 = Lg. We may therefore conclude that g, is a bounded
lattice homomorphism.

Since we proved in Corollary 2.2.23 that g, 0 ¢, = Ig and ¢, 0 g, = Ip, then there
exists mutually inverse DGL-morphisms g, : P — Q and g, : @ — P. Therefore,

(P, i) is isomorphic to (Q, p1;) in the category DGL.
[

Lemma 4.1.5 Suppose (P,v1) is a DGP-object. M € L(P) is meet prime if and
only if there exists x € P such that M = mprpy (] ©) = P— 1 .
Proof. Theorem 2.2.35 tells us that M € L(P) is meet prime if and only if
3 J € JP(L(P)) such that M = mpgpy(J). But we know that the join prime
elements of L(P) are the principal lower sets of P. It follows that J =] z for some
x € P. It results that M = mpgp)(J)

= mpzp)({ 7)

=U{leL(P):lag I}

=WIeLlP): x¢l}

=P-1Tz

Lemma 4.1.6 Suppose (P,v1) and (Q,vs) are DGP-objects. If f : P — Q is an
order homomorphism, then Trow(P—Tx) = Q— 1 f(x).

Proof. Recall that in Corollary 2.2.13 we proved that for the posets P = (P, <)
and Q = (Q,0), if f : P — @ is an order homomorphism, then the mapping
Low|f] : Low(Q) — Low(P) defined by Low|[f](Y) = Pres(Y) is a bounded lattice
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homomorphism. Observe that since we proved in Lemma 4.1.5 that (P— 1 z) €
MP(L(P)), then Lemma 2.2.28 tells us that 7o, (P— T 2) € MP(L(Q)). It fol-
lows that 77w (P— 1T 2) = Q— Ty for some y € Q. We wish to show that y = f(z).
Let’s first show that f(z) C y.

lyZ2Q—1ty = 1y <L Trowy(P— 1T 2)

— Low[f]ly) € P—tx [Lemma 2.2.26]

= Pres(ly) € P—Tx

= Jw € Preg(] y) such that w ¢ P— 1z

= Jw € Preg(] y) such that w €1z

= z<w

= f(z) C f(w) [f is an order homomorphism]|
= f(x) Ty [we Pres(ly) = flw) €ly = f(w) Cy]

Now suppose by a way of contradiction that f(x) C y.
f@)ty = flr)eQ-1Ty
= [f(2) € Trow(P— 1T )
= f(z) e U{I € L(Q): Pres(I) C P— 1 x}
= 31 € L(Q) such that f(zx) € [ and Pres(I) C P— 1z
— Pres(f(z)) e P-tTx
— v P-1Tux [A contradiction]

This contradiction forces us to conclude that y = f(x) as desired.
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Lemma 4.1.7 Suppose (P,vy) and (Q,vs) are DGP-objects. If f : P — Q is an
order homomorphism, then we have jp[Low|f]] =ngo fodp. In particular, jp|Low]f]]
1s a DGP-morphism when f is a DGP-morphism.

(P,/Ul) ! ” (QaUQ)
np(@)=1z no(@)=4a
ﬁp(im):x]\ l R l TﬂQ (Jz)=z
7 Lowlf) >
(L(P), troy) (£(Q), ttos)
T LowlfI(D=Pres ()
np: P — JP(L(P)) Vo : JP(L(Q)) — Q

Figure 11: Diagram for Lemma 4.1.7

Proof. We already proved in Theorem 2.2.17 that any digraph poset Q = (@, <) is
order-isomorphic to the poset JP(L(Q)) via the pair (1g,q) where

o Q — JP(L(Q)) and ¥ : TP(L(Q)) — Q are defined by the rules no(z) =} «
and ¥g @ ({ ) = x. We also proved in Corollary 3.2.5 that if (Q,v) is a DGP-
object, then (Q,v) is isomorphic to (JP(L(Q)), 1y) in the category DGP. Define
jplLowlf]] : TPL(P) — TPLP)) by jplLow(f(} 2) = jpece) © Frouts ©
mpeepy(d x). We wish to show that jp[Low(f]](} =) =ng o f o ¥p(l x). Let
Lz e TP(L(P)).

jplLow([fJ(} ) = jpr(o) © Trowls) © Mprip)({ )

= JPr(Q) © Trow(f)(P— T ) [Lemma 4.1.5]
= Jpco)(@Q— 1 f(x)) [Lemma 4.1.6]
= Jpro)(mpeoyd f(2))) [Lemma 4.1.5]
=1 f(z) [Theorem 2.2.35]
=ng(f(z)) [Theorem 2.2.17]
=nq(f(Vp(l x))) [Theorem 2.2.17]

—ng o foip(l )
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We proved in Theorem 2.2.17 that the join prime elements of L£(P) are precisely
the principal lower sets of P. We also proved in theorem 2.2.17 that Q = (@, <) is
order-isomorphic to the poset JP(L(Q)) via the pair (ng,9¢g) and P = (P, <) is
order-isomorphic to the poset JP(L(P)) via the pair (np,¥p). Since we proved that
Jp[Low[f]] =ng o f o ¥p, it follows that jp[Low][f]] is a DGP-morphism when f is a
DGP-morphism.

Theorem 4.1.8 Suppose (P,v;) and (Q,vs) are DGP-objects. If f : P — Q is a
DGP-morphism, then Low|f] : Low(Q) — Low(P) defined in Corollary 2.2.13 by
Low[fl(Y) = Pres(Y) is a DGL-morphism from (L(Q), ftv,) to (L(P), ftu,)-
Proof. We already proved in Corollary 2.2.13 that Low[f] is a bounded lattice ho-
momorphism. We also proved in Lemma 4.1.7 that jp[Low[f]] is a DGP-morphism. It
left to prove that Low]f] respects the meta vertex maps, thatisV I € £(Q), Low|f](p,(I)) =
o, (Low[f](I)). Observe that since f : P — Q is a DGP-morphism, then f(v(y))
= va(f(y)). It follows that vy (y) = Pres(va(f(y))). Now let I € L(Q).
o (Lowlf(1)) = pon (Pre (1)

= {1, () 1 y € Maz(P) N Prey(1)}

= {Pres(va(f(v))) : f(y) € Max(Q) N1}

—Preg{us(f(y)) - f(y) € Maz(Q) N T}

—Low[f)(pns(D)
We may therefore conclude that Low[f] is a DGL-morphism from (£(Q), pt,) to

(L(P), o )-

Theorem 4.1.8 tells us that DGL-morphisms are quite abundant since they arise es-
sentially as the ”"preimage maps” of DGP-morphisms. Our next task will be to show

that all DGL-morphisms arise in this manner.
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Theorem 4.1.9 Suppose (P,u1) and (Q, uo) are DGL-objects. If f : P — Q
is a bounded lattice homomorphism, then it is the case that pg o f o, = Low[jp|f]].

f

(7)7/“’L1) ¢ (Q,MQ)
75 (z)=V Pres(lz)

D=V I (TP(P), i) (TP(Q), fiz) 0q()=TP(lx)

Jplfl=jppoTrompg

(L(TP(P)), i) (L(TP(Q)); )

Low[jp[fI[(I)=Pre;pi5 (1)

Figure 12: Diagram for Theorem 4.1.9

Proof. Let I € L(TP(P)). We wish to show that Low[jp[f]](I) = og o f o <,(1).
For this purpose, let’s first prove that if jpp o 75 o mpg(x) € I, then = </ f(I).

jpp o Trompg(z) € I = jpp(Ti(mpo(x))) € I
= ISQ (7(mpo())) [1]
fI) & f( (Fr(mpa())))
fU) 1 f(73(mpa()))) 2]
fI) L1 f(N Preg(] mpo(x)))
FI) LV f(Pres(l mpo(z))))
fI) 1 (V L mpg(x))
fI) € 1 mpg(x)
Jy € f(I) such that y > x 3]
Vi) =z
[1] Lemma 2.2.33 [jpp o Ty o mpg(x) £ Ty o mpo(x)].
2] f(Lx) =] f(=).
3] Lemma 2.2.33 mpg(x) # .

Mﬂﬂﬂﬂﬂﬂ
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Now we can prove our theorem.

Low[jp[f]](I) = Prejpp(1)

={z € IP(Q) : jplfl(x) € I}

={z € TP(Q) : jpp o Ty ompg(x) €T }

={z e JP(Q):xz <\ f(I)} [Proved above]

= JPWU(V (1))

= 0(V f(1))

=0q(f(VI)) [f is a bounded lattice homomorphism|
=0qo fog)

Suppose (P, 1) and (Q, o) are DGL-objects and suppose f : P — Q is a DGL-
morphism. Note that Theorem 4.1.9 tells us f can be realized as the “preimage map”
of some DGP-morphism. In particular, we have f = g5 o Low[jp[f]] o 0p-

At this point, we have laid the groundwork necessary to establish that the category
DGP is dually equivalent to the category DGL. Now, we are able to define the func-

tors that will yield this dual categorical equivalence.

Definition 4.1.10. The Functor DiGL

1. Define a mapping DiGLo : Obj(DGP) — Obj(DGL) as follows: For each
DGP-object (Q,v), let DiGLo[(Q,v)] = (L(Q), tiy).

2. Define a mapping DiG Ly : Hom(DGP) — Hom(DGL) as follows: For each
DGP-morphism f from (P, v;) to (Q,v2), let DiGLy[f] = Low]f].

Note that the morphism component of DiGL “reverses arrows” in the sense f : P —»
Q implies DiG Ly, [f] : Low[Q] — Low[P]. This is the key feature of a contravariant

functor, as is the fact the morphism assignment “reverses” the order of composition.
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Lemma 4.1.11 The pair DiGL = (DiGLo, DiGLy) is a contravariant functor
from DGP to DGL.

Category DGP Category DGL
DiGLo[(P,v1)]=(£(P), vy )
R T (L(P), )
Fl-mmmmmmmmm e > |Lowlf]

(viQ> _____________________ - (‘C(Q)nuvz)

DiGLo[(Q,v2)]=(L(Q),kus)

Figure 13: Diagram for Lemma 4.1.11

Proof. The map DiGLgo : Obj(DGP) — Obj(DGL) associate each DGP-object
(P,v1) in the category DGP to the DGL-object (L(P), ity,) in the category DGL.
Lemma 3.2.4 tells us that this map is well defined. The map DiG Ly : Hom(DGP) —
Hom(DGL) associate each DGP-morphism f from (P,v;) to (Q,v2) in the category
DGP to the DGL-morphism Low[f] : Low[Q] — Low[P] in the category DGL.
Theorem 4.1.8 tells us that this map is well defined.

We show now that DiG Ly, dually preservers composition of morphisms, that is,
DiGLy[go f] = DiGLy[f] o DiGLy[g]. Let f be a DGP-morphism from (P, v;) to
(Q,vy) and g be a DGP-morphism from (Q,vs) to (S,v3). Let I € L(S).
DiGLylgo fI(I) = Lowlgo f)(1)

= Pregor(I)

={zeP:g(f(x)) €I}

={x e P: f(x) € Pres(I)}

= Pres(Pregy(1))
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= Low|f] o Low[g](I)
= DiGLy[f] o DiGLy[g]

Let us now show that the functor DiGL preserves identity morphisms, that is,
DiGLy[1p] = 1picro[pw)- Let (P,v1) be a DGP-object in the category DGP.
Let DiGLo[(P,v1)] = (L(P), ftw,), and let I € L(P). Then,
DiGLy([1p] = Low[1p](I)

= Pre; (1)

=1

=l ()

= lpicLo((P)
We may therefore conclude that the pair DiC'L = (DiG Lo, DiGLyy) is a contravari-
ant functor from DGP to DGL.

Definition 4.1.12. The Functor DiGP

1. Define a mapping DiGPy : Obj(DGL) — Obj(DGP) as follows: For each
DGL-object (P, i), let DiGPo[(P, 1) = (TP(P), fr).

2. Define a mapping DiGPy : Hom(DGL) — Hom(DGP) as follows: For each
DGL- morphism f from (P, 1) to (Q, us), let DiGPy[f] = jplf].
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Lemma 4.1.13 The pair DiGP = (DiGPo, DiGPy) is a contravariant functor
from DGL to DGP.

Category DGL Category DGP

(Py, ) === e (TP(Py). i)

2

(Porb2) igzsitmrumi=trrmsyim I T (P2):f2)

Figure 14: Diagram for Lemma 4.1.13

Proof. Definition 3.2.8 tells us that if f is a DGL-morphism, then jp[f] is a DGP-
morphism. Hence, the map DiG Py, is well defined. By Definition 3.2.1, P = (P, <)
is a digraph lattice provided JP(P) is a digraph poset. Thus, the map DiG Py is
well defined. We wish to show that DiGP,; preserves the identity morphism, and
dually preserve the composition of morphisms.

Let f be a DGL-morphism from (Py, p1) to (Pa, p2) and g be a DGL-morphism from
(Pa, p12) to (Ps, p3). We wish to show that DiGPy[go f] = DiGPy[f] o DiGPylg].
Let x € JP(P,).

DiGPylg o fl(z) = jplge fl(x)

= jppl © 7A—9°f O Mppy (x)

= jpp, 0 Tf 0 T, 0 mpp, () [Lemma 2.2.29]
= jpp, © Tf 0 MpPp, O jpp, © Ty 0 Mmpp,(x) [Theorem 2.2.35]

= jplf] e jplg](x)
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Now, let x € JP(P,). We show that DiGPy[1p,] = 1picp,[(Pru))-
DiGPy[lp,](x) = jp[lp, ()

= jpp, © Tip, © Mmpp, (T)

= jpp, © mpp, (2)

=z

= 1jp7:1 €9

=1picro((Pru) ()

We are now ready to prove our final results.
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4.2 Dual Categorical Equivalence

Since we defined the functors DiGP and DiGL in the previous section, we are now
ready to prove the dual categorical equivalence between the categories DGP and DGL.
We do that by proving that each of the functors DiGP and DiGL is full, faithful, and
essentially surjective. We then conclude a dual categorical equivalence between DGP

and DGL. It follows that the categories DiGraph and DGL are dually equivalent.

Theorem 4.2.1 The Categories DiGraph and DGP are equivalent via the covariant
functors DGP : DiGraph — DGP and DIG : DGP — DiGraph [1].

Theorem 4.2.2 The functor DiGP is full, faithful, and essentially surjective.

(P, v1) : > (Q )
Category DGP dp nQ
(TPILPY: o) — g (TPE(Q)), i)
Category DGL (L(P), pt,) < L (L(Q), 1)

Figure 15: Diagram for Theorem 4.2.2

Proof. Let us first prove that the functor DiGP is full. Consider the diagram above.
We are given DGP-objects (P, v;) and (Q,v2) and DGP-morphism f : P — Q.
We proved in Corollary 3.2.5 that if (Q,vs) is a DG P-object, then (Q,wvq) is iso-
morphic to (FP(L(Q)), itn,) in the category DGP via the pair (ng,vq) where g :
Q — JP(L(Q)) and Jg : TP(L(Q)) — (. Similalirly, (P,v;) is isomorphic to
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(JP(L(P)), f1s,) in the category DGP via the pairs (np, Jp). To prove that DiGP is
full, our task is to identify a unique DGL-morphism ¢ : Low(Q) — Low(P) such
that the diagram above commute. This tells us we want g o f = DiGPy[¢] o np.
Since npo¥p = 17p(c(py), this equation tells us that we want ngo fop = DiG P[4
Lemma 4.1.7 tells us this will occur if we let ¢ = Low]f] since jp[Low|[f]] = ngo folp.
Since such ¢ exists, we may conclude that DiGP is full.

Let us now prove that the functor DiGP is faithful, that is if ¢,v¢ : Low(Q) —
Low(P) are DGL-morphisms such that DiGPy[¢] = DiGPy[], then ¢ = 9. As-
sume DiGPy¢] = DiGPyy). Since DiGPyl¢] = DiGPyY] = ng o f o Up,
then jp[é] = jp[Y] = ng o f o Ip. Lemma 4.1.7 tells us that this implies that
¢ =1 = Low[f]. We may therefore conclude that DiGP is faithful.

It is left to prove that the functor DiGP is essentially surjective. We proved in Corol-
lary 3.2.5 that if (P, v;) € Obj(DGP), then (P, v) is isomorphic to (JP(L(P)), v, )
in the category DGP. Since DiGPo[(L(P), tiw,)] = (TP(L(P)), jin, ), then (P,vy) is
isomorphic to DiGPo[(L(P), )] for (L(P), ptw,) € Obj(DGL).
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Theorem 4.2.3 The functor DiGL is full, faithful, and essentially surjective.

(P, ) - > (Q, 1)
Category DGL <P 00
(LWTPPY. 1) — g (LTP(Q). 1)
Category DGP (TP(P), jun) 4 El (TP(Q). fi2)

Figure 16: Diagram for Theorem 4.2.3

Proof. Let us first prove that the functor DiGL is full. Consider the diagram above.
We are given DGL-objects (P, p1) and (Q, p2) and DGL-morphism ¢ : P — (. We
proved in Theorem 4.1.4 that if (P, p;) is a DGL-object, then (P, p) is isomorphic
to (L(JP(P)), pti,) in the category DGL via the maps ¢, and g,. Similarly, (Q, p2)
is isomorphic to (L(JP(Q)), i,) in the category DGL. To prove that DiGL is full,
our task is to identify a unique DGP-morphism f : JP(Q) — JP(P) such that
the diagram above commute. This tells us we want pg o ¢» = DiGLy[f] o 0p. Since
09 © sp = lggpepy), this equation tells us we want pg o1 o¢p = DiGLy[f]. Since
Theorem 4.1.9 tells us that pg o ¢ o, = Low[jp[Y]], og 0 ¢ o <sp = DiGLy[f] will
occur if we let f = jp[¢)]. Since such f exists, we may conclude that DiGL is full.

Let us now prove that the functor DiGL is faithful, that is if f,g : JP(Q) —
JP(P) are DGP-morphisms such that DiGLy[f] = DiGLylg], then f = g. As-
sume DiGLy[f] = DiGLylg). Then, Low[f] = Lowlg] = 0g oY o¢p. By
Theorem 4.1.9, we may conclude that f = g = jp[t)]. It is left to prove that
the functor DiGL is essentially surjective. We proved in Theorem 4.1.4 that if
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(P, 1) € Obj(DGL), then (P, 1) is isomorphic to (L(JP(P)), ia,) in the category
DGL. Since DiGLo[(TP(P), fu)] = (L(TP(P)), ftu,), then (P, 1) is isomorphic to
DiGLo[(TP(P), in)] = (L(TP(P)), pta,) where (JP(P), fu1) € Obj(DGP). There-

fore, DiGL is essentially surjective.

The following theorem follows directly from Theorems 4.2.2 and 4.2.3.

Theorem 4.2.4 The categories DGP and DGL are dually equivalent via the functors
DiGP and DiGL.

The following theorem follows from the facts that the categories DiGraph and DGP
are equivalent via the covariant functors DGP : DiGraph — DGP and DIG :
DGP — DiGraph, and the categories DGP and DGL are dually equivalent via the
functors DiGP : DGL — DGP and DiGL : DGP — DGL.

Theorem 4.2.5 The categories DiGraph and DGL are dually equivalent via the func-
tors (DIG o DiGP) : DGL — DiGraph and (DiGL o DGP) : DiGraph — DGL.
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