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OPERATIONAL SYMMETRY ON FUNCTIONS

KHORA SEULE

Abstract:

All functions possess symmetries over their input with certain operators. So-called Symmetry-Sets over a
given function and operator are the sets of objects that can be operated with the input to the function under
that operator without effecting the output of the function. This work shows that when the domain of a
function forms algebraic structure — e.g. a Monoid, Group, Ring, etc. — with a given operator or pair of
operators, the Symmetry-Sets over the same operator(s) have many nice properties. The work develops and
enumerates many interesting results on so-called 7Tessellations — functions from the integers to some at-least
cancellative-algebra — using the structure of Symmetry-Sets on them, i.e. Period-Sets when speaking of
Tessellations. The behavior of the principal period of any given Tesselation is detailed, as well as how they
interact with each-other when Tesselations are operated together using generalized function-operators.
Briefly, a venue is developed for studying these Symmetry-Sets more thoroughly, by introducing the notion
of Allgebras, an element set paired with the set of all definable operators on the element set. In this context,

algebraic structures are relations between subsets of elements and operators.
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Prologue

First, we will take the time to note a number of writing conventions that have been adopted in an effort to
ease comprehension. These conventions are characteristic of what the author has found useful or — in the case
of their absence — sought after when engaging with other texts of this genre — i.e. certainly technical and (at
least attempting to be) on the border of explanatory.

These conventions are as follows:
1. Terms and Phrases that are used in a technical and precise way will be:

(a) FurLry CAPITALIZED
(b) Bolded Inside the Section and Subsection they are Introduced
(c) Every Word In A Phrase Will Have The First Letter Capitalized

2. Terms and Phrases that are used as a precursor to a technical formalization of the same concept — i.e.

if they are representing the fuzzy idea of the soon to be introduced technical term — will be:
(a) ‘Inside Single Quotations’
3. Terms and Phrases that are meant to be emphasized will be:

(a) Italicized

For example, if we suppose that the word ‘technical” were being used in accordance with the first convention,
it would appear in its introductory section or subsection as: TEcHNICAL. Prior or subsequent appearances

would be rendered: TECHNICAL.

This work is — to the best of the author’s ability — a relatively self-contained text. A result of this is that there
will often be times when notation — familiar to some, but unfamiliar to others — will need to be introduced

using previously defined or bound notation — i.e. we will create an ABBREVIATION. Similarly, there will be

v
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times when we will want the idea denoted by a given collection of notation — supposedly previously defined
and/or bound in some way — to be assumed as commensurate with a given — supposedly previously understood
—value —i.e. we will create an AssiIGNMENT. To this end, we will introduce two symbols that we will use with
great frequency to accomplish exactly these two situations.

In the case that we are creating an ABBREVIATION for a collection of known notation with new notation, we
will write:

Free Notation ¢= Bound Notation

Very similarly, in the case that we are looking to AssiGN some bound notation to ‘have’ the some value, we
will write:

Bound Notation 0= Fixed Value



PART 0

FOUNDATIONS



CHAPTER 1

LOGIC AND SET-THEORY

I.1 Propositional Calculus

Objective We will introduce the reader to the — somewhat formal — definition we will be using for ProposI-
TIONS as well as an entire battery of LocicaL SymBoLs and how they relate to each other, as well as the notion

that ‘compound’ ProposiTIONs can be formed from simpler ‘atomic’ ones using these LoGicAL SYMBOLS.

Strategy Here we will develop a concept of a so-called ZeroTH-ORrDER Locic. This will differ from the
FirsT-ORDER Logic we will develop later to aid us in fully utilizing the subsequent SET-THEORY we describe.
We will begin by introducing notions common to ZerotH-ORDER Locic, namely, ALpHABETS, LocicaL Con-

NECTIVES — also called LocicaL SymBoLs — and RULES OF INFERENCE.

I.1.1 Alphabets and Truth-Tables

What is an ‘Alphabet’? An ALPHABET — roughly speaking — is a collection of so-called ‘atomic constants’.
This means that these are ProposiTiONs that are indivisible and, so in a sense, can be understood as simple
statements about the nature of things. The other kind of PRroposITION is a so-called CoMPOUND PrROPOSITION
which will be introduced in the next sub-section. These statements can exclusively be either TRUE or FALSE.
Often one speaks of ‘supposing’ each LETTER in the ALPHABET has one of these values in order to draw con-
clusions using the tools of ProposiTioNAL CALcuLus; we will speak more on this in the next subsection.

For this first section we will only consider a finite ALpHABET for simplicity, but it is worth noting that ordi-
narily an infinite alphabet is considered. We hold off on making the jump to an infinite alphabet till we begin

our discussion of First-OrpER Locic primarily to motivate the differences between ProposiTioNaL Locic and

2



QUANTIFICATIONAL Logic — that is, FIRsT-OrRDER Logic.

What do ‘Letters’ in an Alphabet look like? Ordinarily the LETTERs — atomic constants — in a Proposi-
tional Logic’s alphabet are represented using the characters from the Latin Alphabet starting from P — so as to
allude to the word ProrosiTiON — and we will do the same here, although it will be relatively inconsequential
as we will have little reason to return to this form of logic once we move on. It is included here primarily
as motivation for why one would build up its successor, as well as a convenient separating mechanism to
introduce LocicAaL CoNNECTIVES before QUANTIFIERS. In fact, we will — for the purposes of explanation — only
have need to use a two letter ALPHABET for the majority of our explanation, as we will not need any more
distinct symbols than this. Despite this, we will officially designate — for this section, at the very least — four

LETTERS to reside in our ALPHABET in service of a definition in the final subsection.

Definition 1.1.1 (Propositional Alphabet). The ProPosITIONAL ALPHABET for a given ProposiTioNAL CALCULUS
contains all of the symbols that are used to each ABBREVIATE AToMIic ProposiTIONS. The two letters we will be

using as for the remainder of the section are formally ABBREVIATED below:

<= ATomic PROPOSITIONS (L1

“r ™ QO v

Truth-Tables In the next subsection we will consider LogicaL CoNNECTIVES but in order to do so we must
first establish precisely what the notation associated with a TRuTH-TABLE means to convey. This will also be

the first properly robust usage of our ABBREVIATION and ASSIGNMENT notation — and in concert, no less.

Definition I.1.2 (Truth-Table). A TruTH-TABLE is an ABBREVIATION for a handful of systematic ASSIGNMENTS.

We will ABBREVIATE two sizes of TRUTH-TABLEs as those are the sizes we will be using for constructing the



majority of our Logic:

%
*A = C
Al C | (L2)
*xB O D
B
A+*xC > F
*= | C D
AxD = F
A|lE F | (1.3)
BxC = G
B
BxD = H

I.1.2 Basic Logical Symbols

Tautologies are Not Falsehoods In the case that some ProposiTion is TRUE we have a particular symbol

that we use to indicate it:
Definition 1.1.3 (Logical Truth and Tautologies). Going forward we will use the symbol T to refer to the
logical notion of TRUE, i.e. something that is the case. Formally:

T o= TrUE (L.4)

When something is always T, we say it is a TAuToLoGY.

Similarly, we have a particular symbol for FALSE:
Definition 1.1.4 (Logical False and Falsehoods). Going forward we will use the symbol L to refer to the
logical notion of FALSE, i.e. something that isn’t the case. Again, formally:

1 0= FaLsE (L.5)

When something is always 1, we say it is a FALSEHOOD.

We will often use TrRuTH-TABLES — as defined in the previous subsection — in the following definitions
to further elucidate what each logical symbol means about the logical quality of compound ProrosITiONS
involving them, and we will use these two symbols extensively. Before we introduce the first of several

LocicaL SymBoLs and LocicaL CoNNECTIVES, a relevant definition:



Definition I.1.5 (Compound Proposition). We say that a PrRoposiTion is a Compounp ProrosITION if it contains

any LocicaL SymBoLs or LocicAL CONNECTIVES.

Not the Excluded Middle To make our discussion explicit we define what we mean when we say LocicaL

QuanTITY below.

Definition 1.1.6 (Logical Quantity). Every ProposiTion is understood as having a LoGicAL QUANTITY — either

T or L in this case — that describes the ‘accuracy’ of the circumstances it is considered as asserting. That is:

P> TorP 0= 1L (1.6)
and (L.7)
Qo= TorQ o= L (1.8)
and 1.9)
RO TorR o= L (1.10)
and 11D
S TorS > L (1.12)

We have a symbol that refers to the notion of changing the LocicaL QuanTity of a ProposITION, P, to its

‘opposite’. If it has a LocicaL QuanTrity of T this process will instead give us L, and vice versa.

Definition 1.1.7 (Logical Negation). For any given ProposiTioN P, if its LocicaL QuANTITY is T in a given
circumstance, then we adjoin — to its left side — like so: —P — to indicate the ProposiTioN which has a
LocicaL QuanTity of | in that same circumstance. It also functions in the opposite direction; if a PRoPosITION
Q happens to have a LocicaL QuanTrty of | then —Q has a LocicaL QuanTity of T.

The following is the first TRUTH-TABLE we will use of many:

(113)

There is an important notion that is associated with the — seemingly rather simple — concept we have just



stated. As a reminder, the TruTH-TABLE above abbreviates the two assignments:

-T o= L

-1l =T

That is we are assuming the THE Law Or ExcLubEp MIDDLE; this refers to an implicit assumption we took
in the previous subsection. That is that every ProposiTioN has a LocicaL QuanTrty that is either T or L. It
can not be both, and it can be no other value, such as ‘half-true’ or any other variation on a ‘mixed” LocicAL
QuanTiTy. One of the consequences of such an assumption is known as DouBLE NEGATION ELivivation. This
is one of our RuLes OF INFERENCE, so we wait to discuss it more directly in the course of this section’s final

subsection.

This and/or That Now for the first couple of interesting logical processes and symbols that accompany a

discussion of them; namely, DisjuncTions and CONJUNCTIONS.

Definition 1.1.8 (Logical Disjunctions). If we wish to express the ProrosrTion that is true when P or Q (or
indeed both) have a LocicaL Quantity of T, we refer to the DisyuncTioN of P and Q. Such a ProposITION can

be written like so:

PvQ

Qv P

The above two lines are read “P or Q” and “Q or P” respectively. Often, the process of DIsJuNcTION is also
called ‘Logical-Or’ because of its intended interpretation as well as the AssiGNMENTS made in the TRUTH-TABLE

below:

(1.14)

Definition I.1.9 (Logical Conjunctions). If we wish to express the ProposiTioN that has a LocicaL QUANTITY

of T only when P and Q each also have a LocicaL Quantity of T, we refer to the ConjuncTion of P and Q



which can be written like so:

PAQ

OAP

Similarly to before, these two lines can each be read as “P and Q” and “Q and P”, respectively. Again
similarly, the process of CoNjuNcTION may also be called ‘Logical-And’ owing to its intended interpretation

and the TRUTH-TABLE responsible for its ASSIGNMENTS:

(L15)

If Equivalence Then Material Implication We have a symbol to account for the cases when two seem-
ingly disparate ProposiTions are T and L at exactly the same times, despite their seemingly distinct formu-
lations. This is the symbol of LocicaL EQUIVALENCE, often understood as suggesting the phrase ‘if and only

if’:

Definition 1.1.10 (Logical Equivalence). When two distinct ProposiTions are LogicaLLy EQUIVALENT, and so

have the exact same LogicAL QuaNTITY, then we write:

P<s Q

Q< P

These are read as “P if and only if Q” or “P is logically equivalent to Q” and “Q if and only if P” or “Q
is logically equivalent to P”. That is P’s LocicAL QuaNTITY must be T if O’s LocciaL QuanTity is T and
must be | otherwise —i.e. Q’s LocicaL QuanTtity is | — hence “and only if”. If this is not the case, then the
ProposiTioN describing the LocicaL EQuIvALENCE of P and Q must have a LocicaL Quantity of L. This is all

formalized in the following TRUTH-TABLE:

(1.16)




We also have a symbol when the previous relationship is more ‘one-sided’. What do we mean by this?
Well, suppose that P is sufficient for Q but not necessary. That is, if P has a LocicaL QUANTITY of T, then we
can say confidently that Q must also, but if instead P has a LocicaL QuantiTy of |, we can’t say anything
about Q one way or the other —i.e. it could have a LocrcaL Quantity of T or L. This describes the notion of

MATERIAL IMPLICATION.

Definition I.1.11 (Logical Material Implication). If we want to talk about a ProposiTION such that P is suf-
ficient but unnecessary for O, we arrive at the concept of MATERIAL ImPLICATION. We may write such a

ProposITION as:

P= 0

Q<P

Such a ProprosrTioN is read as “If P, then Q” or “P Implies Q” and “Q if P” or “Q is implied by P”, respectively
(although they are LocicaLLy EQUIVALENT since P is still ‘pointing’ to Q). We may also call P the ANTECEDENT

of O and Q the ConseQuENT of P. We have the relevant AssiGNMENTS made by these two TRUTH-TABLES:

= |T L
1.17)

T

<= | T L
(I1.18)

The second is simply a mirror along the diagonal of the previous TRuTH-TABLE, but it is included here to
demonstrate the utility of LocicaL CoNNECTIVEs that treat each side differently — i.e. are nor COMMUTATIVE.
That is, we are able to capture two unique TrRuTH-TABLES — which as a collection themselves serve to enu-
merate all possible LogicaL CoNNECTIVES in a sense — through simply flipping the direction a given symbol is

pointing by virtue of its asymmetry. This also rather straightforwardly demonstrates the fact that:

(Pe Q)< (P=0 A P<=Q) (1.19)

The above is one of the most complicated Compounp ProposiTIONs we have constructed — and so this might



serve to illustrate the relative utility of having multiple ways to read CoMPoUND PRrROPOSITIONS — as it can be
read as “P is logically equivalent to Q if and only if P implies Q and Q implies P.” One can become convinced
of this by comparing the results of taking the CoNjuncTION of each cell in the first TRuTH-TABLE with the cells
in the same position in the second TrRUTH-TABLE and comparing the result to the TruTH-TABLE for LocicaL
EquivaLENCE. It is for this reason that LocicAL EQUIVALENCE is sometimes referred to as Bi-IMPLICATION or

MutuAL IMPLICATION.

Logic is Like a Good Friend One might be mildly perturbed — as I once was — by the AsSIGNMENT in the
bottom-right corner of each of our most recent TRuTH-TABLEs, that is: when both P and Q have a LogicAL
QuanTity of L, why is P = Q still given a LocicaL Quantrry of T? This is a result of how we have
described Q’s relationship to P. In order to be confident that P implies Q, we need only make sure that O
behaves appropriately when P actually has a LocicAL QuanTity of T.

One can also think of MATERIAL IMPLICATION as something like a ‘conditional promise’. Consider, I tell you
that “I will go on a picnic with you if it doesn’t rain.” Logically, this is equivalent to Q < P where P is
understood as “It doesn’t rain.”, and Q is “I will go on a picnic with you.” It is clear that if P has a LocicAL
QuanTiTy of T and Q does also, I have kept my promise to you since it supposedly did not rain and we went
on a picnic together. If P does not, and we consequently don’t go on a picnic — i.e. the CONSEQUENT Q has a
LocicaL QuantiTy of | — it would be inaccurate to say I had broken my promise, merely that the weather did
not permit my keeping it, as it was a promise conditional on some material circumstance — the weather in this
case. If P does not have a LocicaL QuantiTy of T — so it rains — but somehow Q does — i.e. we manage to
go on a picnic still (say we opt for an indoor picnic instead) — then I have not exactly kept my promise, but I
have rather gone above and beyond it and so I have certainly not broken it. However, if it does not rain, but I
fail to go on our planned picnic, I will have broken my promise — this is commensurate with the only instance
that the LoGIicAL QUANTITY of MATERIAL IMPLICATION is | : when the ANTECEDENT P has a LoGICAL QUANTITY
of T while the ConseQUENT Q has a LocicaL QuanTtity of L. It is in this sense, that the LocrcaL QuanTiTy of

a MATeRIAL IMPLICATION describes a promise being kept.

I.1.3 Negated Logical Symbols

To accompany each of our previous LocicaL SymBoLs, we have a whole collection of NEGATED LogicaL
SymsoLs. These form those Compounp Proprosirions that have a LocicaL QuanTiTy of T precisely when their
‘un-negated’ counterparts have one of L, and vice versa. We have already seen the NeGarions of T and L,

namely each other.



In the course of this subsection we will often give somewhat non-standard names to these processes in the
pursuit of making them out to be processes in their own right, rather than ‘merely’ the NEGaTION of previous
processes (despite their being precisely that). This is to encourage the reader to develop an understanding of
their own independence as logical processes worthy of consideration into and of themselves. The names are

chosen also in service of this goal in an attempt to convey where they might indeed be applied.

Neither nor Exclusion? In One Case, Yes! The negation of a DisyuncTioN is — aptly — known as a NoNbpis-

JUNCTION, but we will instead consider it — hopefully more intuitively — as LocicaL Nor:

Definition I.1.12 (Logical Nor). When we want to know when both P and Q have a LocicaL Quantity of L,

we consider the process of NonpisjuncTION or LocicaL Nor:

PlO (1.20)
oLP (1.21)

These can each be read as “Neither P nor Q” and “Neither Q nor P.” As the beginning of this subsection
indicated, the TrRuTtH-TABLE for this process is totally equivalent to the NEGaTioN of our TRUTH-TABLE for a

DisjuNcTION:

(1.22)

The negation of a Conjunction is again — aptly — known as a Nonconjunction, but we will instead consider
the naming scheme of ExcLusION, so-named to suggest at least one ProrosiTION being disallowed, i.e. each

ProposiTion must ‘exclude’ the other when ‘present’:

Definition 1.1.13 (Logical Exclusion). Similarly, when we want to know when P and Q have a combina-
tion of LocicaL QUANTITIES that are anything except both T, we consider the process of NONCONJUNCTION or

ExcLusION:

P1Q (1.23)
Q1P (1.24)

These may be read as “P and Q exclude each other” and “Q and P exclude each other” or — more verbosely

10



— “exclusively P or exclusively Q”. This second linguistic construction hints at another RULE OF INFERENCE:
De’Moragan’s Law. We save that discussion for the appropriate subsection, however. The TRuTH-TABLE for
this process is — as was the case previously — is totally equivalent to the negation of our TRuTH-TABLE for a

CONJUNCTION:

(1.25)

The Contradiction of Unrequited Extant Preclusion We now consider the NeGations of LogcicarL Equiv-
ALENCE and MATERIAL IMPLICATION, to arrive at the notions of ExcLusIVE DisjuncTIONs — which we will rename
Logical Dissension — and the unexcitingly named NEGATED ImpLIcATION, which we will take the liberty of

naming EXTANT PRECLUSION.

Definition I.1.14 (Logical Contradiction). When we want the ProposiTioN that has a LogicaL QuanTity of T
exactly when two distinct propositions, P and Q, have the opposite LocicaL QuanTITY, then we speak of the
LocicaL ContrapicTion of P and Q. This is commonly known as an ExcLusivE DisjuNcTioN, and we preserve

the symbolic consequence of such a naming, in hopes of preserving the insight it provides:

PYQ (1.26)

oV P (1.27)

These are read as “P contradicts Q" and “Q contradicts P”. The associated TRuTH-TABLE:

1<

(1.28)

T
1

This naming scheme is adopted to convey the notion of mutually exclusive LoGicAL QUANTITIES.

Definition I.1.15 (Logical Extant Preclusion). If we want to talk about a Proposition that has a LocicaL

QuanTity of T precisely when P also does but O does not, we arrive at the concept of EXTANT PRECLUSION.

11



We may write:

P—-oQ 1.29)

Qo P (1.30)

Such a ProposiTion is read as “P Precludes O, and “Q is precluded by P”. We now refer to P as the PRECEDENT
and say Q is the INCONSEQUENT. Although, the = symbol is often used for such a process, in keeping with
disambiguating these processes more thoroughly, we use the above symbol pulling from Logical Circuit
Diagrams the notion of a concluding circle on a gate being used to indicate NEGatioN. The two associated

TruTH-TABLES for EXTANT PRECLUSION are as follows:

— | T 1
T (L31)
1

(1.32)

Unprecedented Consequences Similarly, as with MATERIAL IMpLICATION, EXTANT PRECLUSION might seem
to have slightly odd assignments in our table, but for the opposite reason this time. If P has the LogicaL
QuanTity of 1, why do we not — as in the case of MATERIAL IMpLICATION — render the LogicaL QuanTiTy of
P — Qas T? Well, one answer might be that EXTANT PRECLUSION is the NEGATION of MATERIAL IMPLICATION
— so we treat it oppositely — but that answer is somewhat unsatisfying, to say the least. Rather, consider
that MATERIAL IMPLICATION describes an ‘implication’ that is contingent on “material circumstances”, it is the
opposite for ExTant PrecLUSION. That is, EXTaNT PRECLUSION describes — aptly — some ‘preclusion’ that is
extant regardless. It speaks in a positive manner, and so can only have a LocicaL QuanTtity of T when P does
also meaning the necessary PRECEDENT is in place to be even capable of ‘precluding’ the INCONSEQUENT Q in
the first place. That is to say, MATERIAL IMpLICATION admits the possibility of P’s LogicaL QUANTITY being |
as a vacuous case since P is ‘not around’ to speak to Q’s LocicaL QuanTiTy, whereas for EXTANT PRECLUSION
there is the assertion that P has LocicaL QuanTtity of T and — ideally specifically because of this— Q can not.
If either P has a LocicaL Quantity of L, or Q does not, this assertion can’t hold up, hence P —o Q must have

a LoacrcaL QuanTity of L. One can think of ExTaNT PRECLUSION also as a kind of ‘Conditional Exclusion’, an
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ExcLusioN that only wants to exclude Q and ‘fails’ otherwise.

1.1.4 Rules of Inference

This section follows — in a sense — from our definitions of the previous LocicaL ConnecTives. This is because
the TRUTH-TABLES that we provided cause ComPoUND ProposITIONS to have predictable and definite behaviors
given known — or often assumed — PREMISES. A LocicaL RULE is something that is assumed and serves as the
Premises upon which a CoNcLusions is PRoOVEN. We have done this somewhat implicitly, by first defining our
LoaicaL SymBoLs and AssIGNING how they interact with varieties of LocicaL QUANTITIES of ProposITiONs. We
will now introduce a notation that we can use to write down a series of LocicaL RULEs that these behaviors
will follow from.

There is an established notation for LocicaL RuLes known as ConprtioNaL Proors that we will adopt a similar
— albeit briefer — form of here. In essence, one states, line by line, a series of PRemises or CoNbpITIONS, and
then below a dividing line, a series of SustiTuTions enabled by previous LocicaL RutLes, and punctuated by a
ConcLusioN or CoNsEQUENCE of the penultimate SuBstiTuTION. The relevant abbreviation for a full ConpiToNaL
Proor are reserved for the appendix, and instead the more brief format — which we will call a DEFINITIONAL

Proor — we will use to simply state RULEs OF INFERENCE is presented below:

Definition I.1.16 (Definitional Proof). Given some ProrosiTIONS, P, O, ... R, as PrREmiIsEs or CoNpITIONS, and
a ProposiTion S as a CoNcLusIoN that definitionally follows from them, one denotes a DEFINITIONAL PROOF Of

such a RuLe OF INFERENCE as follows:

& (PAQA...AR)=S (1.33)

Over the remainder of this section, we will be building a logical system of NATURAL DEDUCTION, meaning
that we will state most of the foundational RuLes OF INFERENCE that follow from the AssiGNMENTS of our
LocicaL SymBoLs. The expanded ConprtioNnaL Proor format is included in the appendix primarily for the
curious reader that might wonder how other LogicaL RuLgs — that we may end up using later — are derived

from the ones we will now state below.
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Introducing and Eliminating Negation As Well As Not Negation We will begin with some of the sim-
plest RuLEs OF INFERENCE, all having to do with NEecarion. These are NEGATION INTRODUCTION, NEGATION

EvLmviINATION, and DouBLE NEGATION ELIMINATION.

Definition I.1.17 (Negation Introduction).

P=0
P= —Q (1.34)

—-P

This rule follows from the recognition that the only case where P = Q and P = —(Q both have a LocicaL

QuanTiTy of T is when P has one of L, thus we can infer that —P must have a LoGicaL QuanTiTy of T.

Definition I.1.18 (Negation Elimination).

—P

(1.35)
P= 0

This rule follows from realizing that when P has a LogicaL QuanTiTy of | —i.e. —P has a LocicaL QUANTITY

of T —then P = Q must have a LocicaL QuanTity of T, as discussed in subsection 0.1.1.2.

Definition 1.1.19 (Double Negation Elimination).

- —P

(1.36)

P

This is the rule we spoke of previously in reference to THE Law Or ExcLupep MmpLE. This relies on the
implicit assumption that P can either have a LocicaL QuanTiTY of exactly T or L and nothing else. So if the
negation of —P has a LocicaL QuanTiTY of T, then —P must have one of |, meaning that P must have a

LogicaL QuanTiTy of T justas — —P.

Introducing and/or Eliminating Disjunctions and/or Conjunctions The next four RuLes OF INFERENCE
we will discuss have to do with ‘adding’ or ‘removing’ a DisjuncTion or CoNjuNcTION while still being con-
fident the overall LogicaL QuanTiTY of the ProPosITION being considered is T. We start with the DisjuNcTION

IntrODUCTION followed by the CoNjUNCTION INTRODUCTION.
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Definition 1.1.20 (Disjunction Introduction).

P
1.37)
PvQ
Qo
(1.38)
PvQ

This rule follows from the recognition that if we have that P has a LocicaL Quantity of T — or indeed Q
does — then P v Q must also. One can gain confidence in this by observing the previous TrRuTH-TABLE for

DisJuNcTIONS.
ConjuncTioN INTRODUCTION is exceptionally similar:

Definition 1.1.21 (Conjunction Introduction).

) (1.39)
PAQ

This rule follows nearly straight from the definition of a Conyunction. If we have that Q has a LocicaL
QuanTtiTy of T as well as P, then P A Q must also. One can gain confidence in this by again observing the

TruTH-TABLE for CONJUNCTIONS.

We will now swap our order slightly, as ConjuncTioN ELIMINATION is rather more straightforward than

DisjuNcTION ELIMINATION.

Definition 1.1.22 (Conjunction Elimination).

P
@ (1.40)
P
PAQ
1.41)
0

This rule follows — again — straight from the definition of a Conyunction. If we have that P A Q has a LocicaL

QuanTity of T then P will and Q also will.

Now for the more complicated DisyuncTioN ELIMINATION:
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Definition 1.1.23 (Disjunction Elimination).

P=Q
R= 0

(1.42)
PvR

Q

This rule follows from considering that when P = Q, R = (, and P v R all have a LogicaL QuaNTITY Of
T then either P must also, and so P = Q demands that Q does, or R does and so R = Q demands that Q
does. One can gain confidence in this RuLE OF INFERENCE by observing the previous TRutH-TABLE for both
MateriaL ImpLicaTiONs and Dissunctions, though MaTerRIAL ImpLIcATION is the more likely of the two to yield

insight, as it is primarily what mechanically enables this RULE OF INFERENCE.

Introducing and Eliminating Logical Equivalence Now we will consider the ways we might INTRODUCE

LogcicAL EQUIVALENCE:

Definition 1.1.24 (Logical Equivalence Introduction).

P=0Q
Q=P (143)

P< QO

This rule follows from considering that P = Q can have a LocicaL QuanTiTy of T if P does not or both P and
Q do. Similarly, Q = P can have a LocicaL QuanTity of T if O does not or both Q and P do. In order for
both of these to have a LocicaL QuanTiTy of T, however, we must have that either both P and Q do not or they

both do. This is precisely how we have defined LocicaL EQuivALENCE according to our previous TRUTH-TABLE.
LocicarL EQuivaALENCE ELIMINATION is the converse of this rule:

Definition 1.1.25 (Logical Equivalence Elimination).

P

it 1.44)
P= 0
P

il (1.45)
Q=P
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As previously stated, this is functionally the converse of the previous RuLE OF INFERENCE, so we will forgo

justifying it here and trust that the reader can find a comfortable level of confidence using their own reasoning.

Modus Ponens and Implication Conjunction This is one of the most classic RuLEs OF INFERENCE. MoDUS
Ponens translates to ‘mode that by affirming affirms’. The reason for this naming will be apparent once we

have written the rule itself. One can also think of it as IMPLICATION ELIMINATION.

Definition 1.1.26 (Modus Ponens).

P=0
P (1.46)

0

This rule follows from considering that P = Q can have a LocicaL QuaLity of T if P does not or both P and

QO do. So, when P = Q and P have a LogicaL QuaLity of T, then so must be Q.

The last RULE OF INFERENCE we will describe — before moving on to RuLEs OF REPLACEMENT — is called

ImpLICATION CONJUNCTION:

Definition 1.1.27 (Implication Conjunction).

P= 0
R=3S (L47)

(PAR)=(QAS)

Rules of Replacement Briefly we will speak of so-called RuLes Or RepLACEMENT. These follow from our
TruTH-TABLES as well, though are still worth noting momentarily. They include the notions about CoNyuNc-
TIoNs and DissuncTions of AssociATiviTy — the property that enables us to evaluate them in any temporal order
we please — CoMMUTATIVITY — the property that enables us to evaluate them without regard for which side of
the symbol the propositions occur on — and DisTriBUTIVITY, Which we will discuss more thoroughly in the fol-
lowing section. Also included are the important notions of TransposiTioN and De Morgan’s Law. We will go
ahead and state — formally — TraNsposITION and DE’MoraGaN’s Law before proceeding to develop FiIRsT-ORDER

Locic in the next section.
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Definition 1.1.28 (Transposition).

P=Q
(1.48)
-Q= —P
-0 = —P
(1.49)
P=0

This is the property of MATERIAL IMPLICATION that P = Q is LocicaLLy EQUIVALENT to —(Q = —P. It follows
from considering that P = Q is true in the exact same cases as —(Q = —P since, if P is True then Q must
also be, but if Q is False then P must also be. As a result, if Q has a LogicaL QuanTtiTy of | — necessitating
that P does not — then both —Q and —P will have LocicaL QuanTiTies of T. Similarly, if P has a LocicaL
QuanTiTy of T then Q must also, so —(Q and —P must both not. As we can see, they share their LocicaL

QuanTiTies in all cases and so are LoGicALLY EQUIVALENT.

Definition 1.1.29 (De Morgan’s Law).

—(PnQ)
(1.50)
—-Pv —Q
—(P
(PvQ) (151
—P A —Q

There are many ways to arrive at this Law, but one might consider that Nor and Excrusion each are the
NEecatep version of Dissyunctions and CoNjuncTions, respectively. Then, consider that NEGATING both input
ProposiTiONs, is akin to flipping the output of a TRuTH-TABLE along its top-left to bottom-right diagonal, and
it becomes clear that these Compounp ProposiTions are LocicaLLy EQuivaLenT. There are more robust ways of

reasoning one’s way to DE MorcaN’s Law, but we entrust such a task to the reader in favor of brevity.

I.2 First-Order Logic

Objective We wish to familiarize the reader with the more broad notion of a FirsT-OrpER LogIc — i.e.
QuanTrrFicaTioNaL Logic. We want to introduce the notion of VARIABLES as objects whose assignment varies
for nearly the entire duration of their consideration. We also want to introduce the notion of FORMULAE as
Propositions that take an ‘input’ — namely: VARIABLES — that then go on to determine their LocicAL QUANTITY

for any given evaluation. We will then conclude by introducing several symbols to achieve QUANTIFICATION.
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Strategy We will attempt to motivate VARIABLES and FORMULAE by first considering FORMULAE as ‘questions’
we are asking about ‘things’ —i.e. VARIABLES. We will then define several LocicaL QuanTirFiErs. We will then
introduce notation for Bouno QUuANTIFIERs that will be used to aid in constructing Set-Theory in the next

section.

1.2.1 Variables and Formulae

This subsection will be rather brief. We will define VariaBLEs and FORMULAE as counterparts to one another
that provide something of an ‘interface’ to ProposiTioNAL CaLcuLus. In this conception, VARIABLES are sym-
bols that represent an entire range of potential things — which things is left to be decided, but ostensibly,
the range of all things, potentially. Their counterparts are FoRMULAE which take an INpPUT thing and return a
LogicaL QuanTiTy. Presumably, each FormuLa is asking some kind of ‘logical question’ about its INput and
then assigning a LocicaL QUANTITY to indicate in what way the INpuT answers the question — in the positive,

yielding T, or in the negative, yielding L.

Definition I1.2.1 (Logical Formula). A LocicaL FormuLa takes any valid INpuT to either LoGicaL QUANTITY,

i.e. T or L,. We will choose to represent LocicaL FORMULAE using the lowercase letter of the Greek alphabet:

<= Atomic FORMULAE (1.52)

Definition I.2.2 (Formulaic Variable). A FormuLAlc VARIABLE is a symbol that represents an INPUT to a
FormuLA. A FREE VARIABLE is a VARIABLE that is not Bounp. VARIABLES are Bounp — if not through some
given ABBREVIATION or ASSIGNMENT — through the process of iterated QUANTIFICATION, so we wait till the next
subsection to discuss Bounp VaAriaBLES more thoroughly. We will choose to represent FORMULAIC VARIABLES

using lowercase letters of the Latin alphabet, often — but not always — starting nearer the end:

= FORMULAIC VARIABLES (1.53)

We will discuss two of our most basic FORMULAE.
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The Trivial Formulae The two trivial FORMULAE — the UNIVERSAL TAuToLoGY and the UNIVERSAL FALSEHOOD

— reuse rather appropriate notation from ProposrtioNaL Logic:

Definition 1.2.3 (Universal Tautology). This FORMULAE always has a LocicaL QuanTity of T for any variable

x and so is written and ASSIGNED:

Tx) o> T (L.54)

Definition 1.2.4 (Universal Falsehood). This FormULAE always has a LogicaL QuanTity of | for any variable

x and so is written and ASSIGNED:

L(x) o> L (L55)

1.2.2 Quantification and Equality of Variables

Here we will introduce the notion of VARIABLE QUANTIFICATION and VARIABLE EquaLiTy. In FirsT-ORDER LogIc,
this is most usually done by introducing new symbols, namely: 3, 3!, A, V, and — of course — the well known

= and #. This is the route we will be taking, albeit somewhat reluctantly.

All of Them but Also Not All of Them We will first define the UNIVERSAL QUANTIFIER as it can be used
as a somewhat firm foundation to assign meaning to the remainder of our other LoGICAL QUANTIFIERS via

ABBREVIATION.

Definition I1.2.5 (Universal Quantifier). The UNIVERSAL QUANTIFIER is understood as BINDING a variable to
SpaN all VARIABLES that meet a certain condition. That is, we would like the UNIVERSAL QUANTIFIER tO SPAN
a smaller collection — than that of the ‘totality’ — of VARrIaABLEs that satisfy some Binping Formura, . We

write such a ‘bounded binding’ like so:

Vx y(x) o= For All FormuLaic VARIaBLEs such that the LogicaL QUanTITY of ¢(x) is T ... (156)

A ‘genuinely universal’ UNIVERSAL QUANTIFIER may be written substituting y(x) for T(x) since T(x) has a

LogcicaL QuanTity of T regardless of the variable.

Vx o= VYx T(x) (L57)
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Definition 1.2.6 (Existential Quantifier). The EXISTENTIAL QUANTIFIER is an ABBREVIATION for the NEGATION of

the UNIVERSAL QUANTIFIER and its BINDING FORMULA:

Ixy(x) &= —Vx —y(x) (1.58)

This can be read as “There exists some x such that the LocicaL QuanTiTy of ¢/(x) is T ...” or “There is at least
one x such that the Logicar QuanTiTy of ¢(x)is T...”
This means the so-called ‘Inexistential Quantifier’ would be the Necation of the ‘genuinely universal’ Uni-

VERSAL QUAN TIFIER:

Ax &= —Vx—T(x) (1.59)

This ABBREVIATION reads as “There does not exist x...” We may write these ABBREvIATIONS and be confident
they actually represent the notion of ExisTENTIAL QUANTIFIERS by virtue of the semantic equivalence of the
notation they are ABBREVIATING. Consider that if we said — in the case of the first ABBREvVIATION — “For not
all FormuLaic VARIABLES such that the LocicaL Quantity of —y(x) is T ...” we would have conveyed the
same meaning that ‘some’ — but not all — of the Formuraic VARriABLES give ¥/(x) the LogicaL QuantiTy of
1, meaning ‘some’ others must give y(x) the LogicaL Quantiry of T. Similarly, what the ‘Inexistential
Quantifier’ ABBREVIATES can be read as “For not all x such that the LocicaL Quantity of —T(x)is T...” but

of course —T(x) < L (x), which will always have a LogicaL QuanTity of L.
Indiscernible is Basically Identical, Right? We will define VariaBLE EQuaLIiTY according to three qualities
that it must exhibit, which will allow us to define our final VARIABLE QUANTIFIER.

Definition 1.2.7 (Variable Equality). We say that two VariaBLEs are EquaL if they are joined by a LogicaL
ConnNECTIVE, denoted =, that makes the following three FORMULAE into TauToLOGIES — i.e. makes each UNIVER-

SAL QUANTIFIER ‘genuinely universal’.

1. REFLEXIVITY: Vx (x = x)

2. SYMMETRY: VXVy[(x = y) < (y = x)]

3. Transmivity: VaVyVWz[[(x =y) A (y = 2)] & (x =2)]
In words, each of these mean:

1. RerLexiviTy: For all x, x is EQUAL to itself.
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2. SymmeTrY: For all x and y, x is EQuaL to y if and only if y is EQuaL to x.
3. TransiTivity: For all x, y, and z, x is EQUAL to y and y is EQUAL to z if and only if x is also EQuAL to z.

We also have the following ABBREVIATION:
x#£y & —(x=Yy) (1.60)

The One and Only We use the UNIQUE EXISTENTIAL QUANTIFIER to ABBREVIATE a specific combination of an
ExiSTENTIAL QUANTIFIER and UNIVERSAL QUANTIFIER with a BINDING FormuLA that utilizes VARIABLE EQuaLITY.

In this way, the UN1QUE EXISTENTIAL QUANTIFIER seems an appropriate culmination to conclude this section.

Definition I.2.8 (Unique Existential Quantifier). We refer to the following abbreviation as a UNIVERSAL Ex-

ISTENTIAL QUANTIFIER

Fxg(x) o= Iy Y(y) < (x=y)] (L61)

This can be read as “There exists a unique x such that ¢(x) has a LogicaL Quantity of T ...” The notation
being ABBREVIATED can be interpreted as saying “There exists some x such that for all y the LocicaL QUANTITY
of Y(y) is LocicaLLy EQUIVALENT to x = y.” So, in the case that y(y) has a LogicaL QuanTity of T, it must
be that x = y does also, otherwise both ¢(y) and x = y will have a LogicaL QuanTity of L, i.e. —y(y) and

x # y will have LocgicAL QuanTrTies of T.

I.3 Subsets and Set-Building

Objective We wish to familiarize the reader with the common notion of SET-BUILDER NOTATION as well as
common SET OPERATIONS. We seek to demonstrate how the LogicaL SymBoLs from the first section can be
used to create SETs rather intuitively, and then how these may be combined to form new SETs also. Notably,
the Axioms OF SET-THEORY are absent save for allusions to which of them allow us to perform the relevant SET
OPERATIONS, in order to ensure confidence in the reader. The common ZFC list of axioms are made available

in the appendix, for the curious reader.

Strategy This section will ABBREVIATE collections of notation in order to reference many important SETS as

well as motivate the usage of the previous LocicaL SymBoLS in how one might form more complex SETs.
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1.3.1 Set-Builder Notation

Everything in Set-Theory Was a Set ... Before we begin, the understanding that almost everything in
SET-THEORY is a SET, is somewhat technical, but important. We will speak as if we consider everything a SET,
in order to simplify our language, and this is a result of this acknowledgement and the intention to steer clear
of so-called Proper CrLasses. We will go about showing throughout this section how one can create bigger

SETs from smaller SETS and vice versa.

Sets in Sets Sets are defined by their MEmMBERsHIP, and only their MEMBERSHIP. What this means is that
two sets are completely identical — i.e. properly EquaL — if they each have the same ELEMENTs in them. As
a result, SETs defined in seemingly different ways might still be the same Skt if we can show that all of the
ELEMENTS in one is in the other and vice versa. For the curious, this is commonly known as THE Axiom OF
EXTENSIONALITY.

We will first define somewhat rigorously what we mean by MEmBERsHIP and the notion that some element is

CONTAINED in some SET.

Definition I.3.1 (Membership). We utilize a so-called ImpREDICATIVE DEFINITION S0 that one might be provided
at all. For something more robust, one might consider a definition more along the lines of how we defined
EquaLity in the previous section, i.e. one could consult the Axioms Or ZF and let a LocicAL CONNECTIVE €
represent MEMEBERSHIP if and only if it makes all of the Axioms into TauTtoLoaGies. We will, instead submit an
ImprEDICATIVE DEFINITION — i.e. a definition that references the object being defined (but not necessarily the
definition itself) — so that the reader might have an intuitive grasp of MEMBERsHIP without consulting the — at

times — somewhat dense Axioms Or ZF.

XeX &S VY[(Y X AVy[yeX=yeY])=xeY] (1.62)

This left-hand side of this ABBREVIATION can be read as “x in X, where x and X are understood as being
distinct SETs. The right-hand side of this is admittedly a bit longer when linguistically reconstructed. It reads
“For all Y distinct from X and such that for every y whose MEMBERsHIP in X implies their MEMBERSHIP in Y
it is implied that x has MEmBERsHIP in Y.” Well. .. what does that mean? In essence, it says that every SET
that isn’t X but at least shares all the MEMBERSHIP of X —i.e. it could have a larger MEMBERSHIP — must also

contain x.
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We will now notate the ABBreviaTioN for x ¢ X, which is — in truth — simply —(x € X), however, it is
worthwhile to be able to easily inspect what such a FormurLa would look like so we can determine if it meets

our expectations for what ¢ should mean:

x¢X ¢ Y [x¢Y o (Y=XvIy[yeX —oyeY])] (L.63)

Now we can read it as “There must exist a SET that x is not in that PREcLUDEs either being equal to X or the

ExisTence of an ELEMENT y whose MEMBERSHIP in X PRECLUDES their membership in that SET.

We will now create some notation, that communicates so called SET-INcLUSION, that will later allow us to
show that MEMBERsHIP EQUIVALENCE gives us SET EQUIVALENCE in the case for certain SETs we are interested

in. Central to this notion is the definition of a SUBSET.

Definition 1.3.2 (Subsets/Supersets & Proper Subsets/Supersets). We say that one SET X is a SUBSET of

another Skt Y if all MEMBERS of X are also MEMBERS of Y. The relevant ABBREVIATION is as follows:

XCY ¢ Valae X =aceY] (1.64)

We say X is a PropPER SUBSET of Y if there is some ELEMENT in Y that is not in X:

XcY o> ValacX=acY| AdblbeXo-beY] (1.65)

We say that one SET X is a SUPERSET of another SET Y if all MEMBERS of Y are also MEMBERs of X. The relevant

ABBREVIATION is simple:

XDV o YCX (L66)

Similarly, for a PROPER SUPERSET:

XY &> YcX 1.67)

Building Subsets Out of Supersets A SET can be constructed from one of its SUPERSETS using nearly any

LocicaL FormuLa with this notation:

Definition 1.3.3 (Set-Builder Notation). For some FormuLa i we say that there is also a SEt, X, that can be
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retrieved by ¢ ‘acting on’ the ELEMENTS of another SET, Y. We use the notation below to describe such a SET:

X o= {xe Y : z,b(x)} (1.68)

We interpret the previous assignment as “The MemBErsHIP of Y such that ¢(x) has a LocicaL QuantiTy of T

is the MEMEBERsHIP of X.” As previously noted, we assume a priori that x must be a SET.

The Trivial Subsets Built by the Trivial Formulae We will conclude this subsection by noting two kinds
of SusskeTs that can always vacuously be built from any given SET; namely, those defined by the trivial LocicaL

FormuLAE T (x) and L (x).

Definition 1.3.4 (The Trivial Subsets). The first Susser is built by the Formura T (x) ‘acting on” some set X:
X= {xe X : T(x)} (L.69)

One can readily see this SET is simply itself over again, which introduces the important idea that a SET is
always a Susset of itself. It is for this reason that we define PropER Sussets. This is also an excellent
demonstration of SET EquaLiTy, which can be interpreted as the case when any two SETs are SuBSETs of
eachother.

The other Susskr is built by the Formura L (x) ‘acting on’ some set X:
@ = {xE X : J_(x)} (1.70)

This is a SET named — appropriately — THE EMPTY-SET. One can readily see this SET is named aptly, as no SET

will ever be able to be in it, regardless of which SET X we have started with.

1.3.2 Intersections, Unions, Complements, and Differences (Oh My!)

The Similarities Between Sets 'We will now introduce several interactions between Sets that will be helpful

for building other Sets. The first of these will be the INTERSECTION of two or more SETs:
Definition 1.3.5 (Intersection). We say that the INTERSECTION of two SETs X, Y is a Ser, that has the MEMBER-
sHIP of only those SETs in X and Y:

xe<XﬂY) o> xeXAxeY 171)
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Similarly, this process can be repeated an arbitrary amount of times by INDEXING by some set /:
xe( )X o= Viliel] = xe X, (1.72)
iel
What Sets Can Learn From Each-Other The related notion is the UnioN of two or more SETs:

Definition 1.3.6 (Union). We say that the Union of two Sets X, Y is the SET whose MEMBERSHIP are those SETS

that are in X or Y:

xe(XUY) o> xeXvxeY 1.73)

Similarly, this process can be repeated an arbitrary amount of times by INDEXING by some set /:

erXi o= diliell=>xeX; (1.74)

icl
Set Theory Out of Logic The attentive reader will notice that in the sense that these are the ‘set versions’
of Conyunctions and Disyunctions, that SET INcLusION is the ‘set version’ of MATERIAL ImpLicATION. It then

also becomes clear that SET EQuALITY is the ‘set version’ of LocicAL EQUIVALENCE.

The Set Theoretic Negation Continuing in this vein of creating ‘set versions’ of our LogicAL SyMBoOLS,
we might consider what arises when we give the same treatment to LocicaL NeGaTioN. Well, we receive our

definition of the CoMPLEMENT of a SET:

Definition 1.3.7 (Complement). We say that the CompLEMENT of a SET X is the SET with MEMBERSHIP of those

SETs not in X:
xeX® = x¢X (1.75)

There is a mild subtly here, that we opt to not cover, however.

How Sets Can Exclude Each-Other We will now define the so-called ‘negation’ of the SusseT relationship
between SETs — i.e. the ‘set-version’ of Extant PrecLusiON — which we call the DiIFFeReNCE. We will then
consider the ‘negation’ of SET EquaLiTy — i.e. the ‘set-version’ of LocicaL CONTRADICTION — known as the

SYMMETRIC DIFFERENCE.
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Definition 1.3.8 (Difference). We say that the DIFFERENCE of two SETs X, Y is the SET which has the MEMBER-

sHIP of X except for the component of MEMBERSHIP shared with Y:
xeX\Y ¢& xeX—oxeY (1.76)

Definition 1.3.9 (Symmetric Difference). We say that the SyMMETRIC DIFFERENCE of two SETs X, Y is the SET
with MEMBERsHIP from X but not Y and Y but not X, i.e. the MEmBERsHIP of X and Y that CoNTRADICT eachother

are not included in the new MEMBERSHIP:
xe(XAY) o> xeXVxey 1.77)

1.3.3 Powersets, and Cartesian Products

All of the Subsets We will have cause to speak of every single Susset of a given SET X. This is done using

the POWERSET construction:

Definition 1.3.10 (Powerset). The Powerser of a set X is the set who has MEmBERsHIP of exactly all of the

SusseTs of X:
xePX) &= xcX (1.78)

Order Matters Sometimes If a Ser is purely identified by its MEmBERsHIP then how are we meant to
denote — say — an OrRDERED PAIR? A SET containing both of the ELEMENTS will not do, because SETs are totally

unordered, meaning we could not say which was ‘first’ like we would desire.

Definition 1.3.11 (Ordered Pair). An ORpERED PAIR of two SETS a,b such that ¢ € A and b € B, is an

ABBREVIATION for another SET that manages to ORDER them:

{xeP(P(AuB)) :

Af[fexnfePA)AVg[ge fe g=d]]
(a,b)<>=> (L.79)

AN

Ns[sexnseP(P(AUB)) AVi[tes < (tzavtzb)]]}

Definition 1.3.12 (Cartesian Product). The CArtesian Probuct of two SEts A and B is the set of all ORDERED
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Pairs with the first ELEMENT in A and the second ELEMENT in B:
XEAXB ¢ Jadblae AAbeB< x=(a,b) (1.80)

We also use so-called Propuct NortatioN in order to describe iterated CARTESIAN Propucts. In the case of n
applications of the CartesiaN Propbucr on a single Ser X, called the (n + 1)" CArtEsiaN-ProbucT, we write

the resulting SET of such an iterated process as:

n

onszXx...xx (1.81)
n Times

Occasionally, we will use In-Line Product Notation which is mildly different; the equivalent in-line notation

for the Ser described above would be: [[" X. In the case of infinite iteration — which is allowable — one

replaces the n with co.

Alternatively, if one wishes to describe a more general iterated CARTESIAN ProbuCTs between SETs that are not

equivalent — as will be the case in the following chapter for HETEROGENEOUS RELATIONS and the like — we will

often speak of an INpDEX SET I — as before with Unions and INTERsEcTIONS. This is to be understood as a SET

that assigns each of its elements to some fixed set X; — or indeed in many cases each element i is responsible

for somehow ‘determining’ the SET X; itself. We write the iterated CARTESIAN Probucrt of such a family of

SETs, said to be “indexed by the St I” as follows:
Xe HXi = Viliel = Ax[xi€ X; < x; € x]] (1.82)
i€l

The equivalent in-line notation is [ [;., X;.
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CHAPTER II

RELATIONS AND FUNCTIONS

II.1 Kinds of Relations

Objective We will explore several different ways to define and categorize RELATIONS so that we may study

them later.

Strategy We will establish the foundational notion of ReLATIONS as SuBseTs of CARTESIAN-PrRODUCTS in order

to make sense of them and so we might define certain properties on them.

II.1.1 Relations as Subsets

We will formalize the notion of a RELATION as a Susser of the CARTESIAN-PrRODUCT of two or more SETS.

Definition I1.1.1 (Relation). A RELATION, R, between a family of SETs — X;, indexed by the SEt I, where each

SET X; is referred to as the DomaIN of R — is a SuBseT of the CarTEsiAN-ProbucT of those SETs:
Re[]x L1)
i€l

We say that when a TupLE (x1, X2, ...x;) is @ MEMBER of R — that is (xj, xa,...x;) € R — then each element
of the TupLE relates to the other ELEMENTs based on its position — i.e. its originating set if X; # X; for each

ORDERED PAIR (i, j) — in the TupLE.
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Arity The Arity of a RELATION is the number of Sets that the CARTESIAN-PRODUCT it is a SUBSET of has in
it. So, a ReLaTION over two SETs X, Y is a BINARY RELATION. Similarly, a ReLATION over three SETs X, Y, Z is
a TerNARY RELATION. In general, a RELATION Of 72 SETS is said to be an n-ARry ReLaTION. We will restrict our
focus in future sections to largely only Binary-RELATIONS, but will speak in general of n-Ary RELATIONS for
the remainder of this section.

In the case that we are discussing a BiINaRY RELATION, however, we will utilize INFix NotatioN. Consider a
BiNnaRY RELATION, ~, that relates a DoMAIN X to a Co-DoMaIN Y — only in the case of a BINARY RELATION do we
distinguish the Co-DomAIN — and specifically ReLATES the fixed ELEMENTS x € X and y € Y the ABBREVIATION

that describes INFIX NOTATION is:

x~y <& (x,y)ER (I.2)

11.1.2 Genus

The Genus of a Rerarion qualifies which Sets the Cartesian-Propucr it is a Susser of is over. There are
primarily two broad GENERA — both of which will be familiar to the reader from other areas — that is: HET-

EROGENOUS and HoMOGENOUS.
Definition I1.1.2 (Heterogenous Relations). A HETEROGENEOUS RELATION is one between a family of sets X;
indexed by K such that:
Jdjlie K A je K = X; # X|] (I1.3)

In words, this means that a HETEROGENOUS RELATION is one between distinct SETs, i.e. not all of the SErs
that are being RELATED are the same SET. A HoMoGENOUs RELATION is — predictably — the opposite of this:
Definition II.1.3 (Homogenous Relations). A HoMoGENOUS RELATION is one between a family of Sers X;
indexed by K such that:

VivjlieK A jeK < X, = X|] (IL4)

In the next section we will describe many properties on HomoGeENous RELATIONS, but will turn to consid-

ering both GENERA of REeLATIONS in the section after that when discussing FuncTions.
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II.2 Properties of Homogenous Relations

Objective We will explore several common properties of ReLATIONS on a single SEr — i.e. HomoGENoOUS

RELATIONS — as well as the names we give to ReLaTIONS that express them.

Strategy We will use the distinction we created in the previous section about the GEnus Or A ReLATION and
focus on HomogeNous ReLATIONS for this section. Notably, we restrict our focus to Binary-RELATIONS for the
remainder of the work — including this section — as indicated in the previous section. Although we will be
making this restriction, a later discussion elucidates a way by which a conversation about BINARY-RELATIONS
serves to facilitate a conversation about all n-ARry ReLATIONS, as well as describing how this process can be

done for UnarRY-Funcrions and BINARY-OPERATORS.

II.2.1 Reflexive and Irreflexive

Definition II.2.1 (Reflexive Relations). A REFLEXIVE RELATION, ~, is a HoMoGENoUS RELATION on X such that:
Vx[xe X = x~ x] (IL5)

In word, this means that REFLEXIVE RELATIONS must relate every ELEMENT in the DomAIN to itself.

Definition I1.2.2 (Irreflexive Relations). An IRREFLEXIVE RELATION, ~, is a HoMoGENoUS RELATION on X such

that:
Vx[xe X = x+ x| (11.6)

Similarly, in words, this means that IRREFLEXIVE RELATIONS must not relate any ELEMENT in the DoMAIN to

itself.

I1.2.2 Symmetric and Anti-Symmetric

Definition I1.2.3 (Symmetric Relations). A SYMMETRIC RELATION, ~, is a HomoGENOUS RELATION on X such

that:

VaVy[xe X AyeX = x~y<e y~x (IL.7)
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In words, this means that SYMMETRIC RELATIONS that relate a Pair of ELEMENTS must relate the mirror of

that PaIr also.

Definition I1.2.4 (Anti-Symmetric Relations). An ANTI-SYMMETRIC RELATION, ~, is a homogenous relation

on X such that:

VaVy[xeX nyeX = ((x~ynrny~x)= (x=y))] (11.8)

In words, this means that ANTI-SYMMETRIC RELATIONS that RELATE both a Pair and its MirroR only does so

for a ParR of EQuaL ELEMENTS.

I1.2.3 Transitive and Anti-Transitive

Definition II.2.5 (Transitive Relations). A TRANSITIVE RELATION, ~, is a HomoGENOUS RELATION on X such

that:

VaVyVz[(xe X AyeX AnzeX)= ((x~y A y~2) = x~72)] (1.9)

In words, this means that TRANSITIVE RELATIONS that RELATE a PAIR, and the right of that PARr to another

ELeMENT, must also ReLATE the left of the initial Par to the new ELEMENT.

Definition I1.2.6 (Anti-Transitive Relations). An ANTI-TRANSITIVE RELATION, ~, is a HOMOGENOUS RELATION

on X such that:

Vavywz[(xe X AnyeX rnzeX)=((x~y A y~2z) = x*7)] (I.10)

In words, this means that ANTI-TRANSITIVE RELATIONS that RELATE a PAIR, and the right of that PAIR to

another ELEMENT, must never RELATE the left of the initial PAIR to the new ELEMENT.

I1.2.4 Connex, Semi-Connex, and Trichotomous

Definition II.2.7 (Connex Relations). A CoNNEX RELATION, ~, is a HomoGENoUS RELATION on X such that:

Vavy[(xe X AyeX) = (x~y v y~ux)] (IL11)

In words, this means that CoONNEX RELATIONS must RELATE every PAIR of ELEMENTS, its mirror PAIR, or both.
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Definition I1.2.8 (Semi-Connex Relations). A SEMI-CoNNEX RELATION, ~, is a HoMoGENOUS RELATION on X

such that for x,y € X:
Vavy[(xeX AyeX)= (x£y = (x~y v y~x))] (IL.12)

In words, this means that SEMi-CoNNEX RELATIONs must RELATE every Par of UNeQuaL ELEMENTS or the

respective mirror PAIR.

Definition I1.2.9 (Trichotomous Relations). A TricHoromous RELATION, ~, is a HomMoGENOUS RELATION on X

such that:

Vavy[(xe X AyeY)= {[(y~x) o [(x~y) v (x=9)]] (IL.13)

[(x=y)—= [(x~y)v(~x)]]

In words, this means that for TricHoToMoUs RELATIONS exactly one of the following is true: a Par is

RELATED; a PAIR’S mirror iS RELATED; the PAIR is EQUAL.

I1.2.5 Order Relations

We will now give standard names to ReLaTIONS that convey a sense of ‘order’ on the ELEMENTS in X.

Definition I1.2.10 (Preorder). A HomoGENOUs RELATION that is REFLEXIVE and TRANSITIVE is a PREORDER.

Definition I1.2.11 (Total Preorder). A PREORDER that is CONNEX is a ToTAL PRE-ORDER.

Definition I1.2.12 (Partial Order). A PREORDER that is ANTI-SYMMETRIC is a PARTIAL ORDER.

Definition II1.2.13 (Total Order). A PARTIAL ORDER that is CONNEX is a ToTaL ORDER.

Definition I1.2.14 (Strict Preorder). A HoMoGENOUs RELATION that is IRREFLEXIVE and TRANSITIVE is a STRICT

PREORDER.

Definition I1.2.15 (Strict Total Preorder). A StricT PREORDER that is SEMI-CONNEX is a STRicT TOTAL PRE-

ORDER.
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Definition I1.2.16 (Strict Partial Order). A StrRicT PREORDER that is ANTI-SYMMETRIC is a STRICT PARTIAL

ORDER.

Definition I1.2.17 (Strict Total Order). A StricT PARTIAL ORDER that is SEMI-CONNEX is a STricT ToTAL

ORDER.

I1.2.6 Equivalence Relations
We will now give standard names to RELATIONS that convey a sense of ‘equivalence’ on the ELEMENTS in X.

Definition I1.2.18 (Partial Equivalence Relation). A HomoGENous RELATION that is SYyMMETRIC and TRANSITIVE

is a PARTIAL EQUIVALENCE RELATION.

Definition I1.2.19 (Equivalence Relation). A PARTIAL EQUIVALENCE RELATION that is REFLEXIVE is an EqQuiva-

LENCE RELATION.

I1.3 Properties of Heterogenous Relations

Objective We will now explore several different ways to categorize all relations with an emphasis on the

more general case of Heterogenous Relations.

Strategy We will use the foundation we created in one of the previous sections about Relations as subsets

of Cartesian-Products to define certain properties by discussing conditions on member pairs of the relation.

I1.3.1 Uniqueness Properties
There are a number properties that deal with the UNIQUENESS of a RELATION between a given PaIr of ELEMENTS.

Definition IL.3.1 (Injective Relations). An INJECTIVE RELATION, ~, is a HomoGENOUS RELATION on X or a

HeTeEROGENEOUS RELATION 0n X and Y such that:

VaVwWz[(x e X AyeX anzeX)= ((x~y A z~Yy)=x=7)] (I1.14)
or (I1.15)
VxVywWz[(xe X AyeY anzeX)= (x~y A z2~y) = x=7)] (I1.16)

This property is also called LErT-UNIQUE, and in words means that for every Par of ELEMENTS, the left

ELEMENT must be the only ELEMENT that RELATES to the right ELEMENT.
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Definition II.3.2 (Functional Relations). A FunctioNAL RELATION, ~, is a HomoGENOUS RELATION on X or a

HeTEROGENEOUS RELATION 0n X and Y such that:

VaVwWz[(xe X AyeX AzeX)= ((x~y A x~z)=y=7)] (IL.17)
or (I1.18)
VxVywWz[(xe X AyeY anzeY)= ((x~y A x~2)=y=7)] (I1.19)

This property is also called RiGHT-UNIQUE, and in words means that for every Pair of ELEMENTs, the right

ELEMENT must be the only ELEMENT that ReLATES to the left ELEMENT.

I1.3.2 Totality Properties
There are a number properties that deal with the TotaLiTy of a RELATION On its DomaN and Co-Domain.

Definition I1.3.3 (Serial Relations). A SERIAL RELATION, ~, is a HoMoGENOUs RELATION on X or a HETEROGE-

NEoUs RELATION on X and Y such that:

Vx[(x € XAdy[ye X]) = (x ~ y)] (11.20)
or (I1.21)
Vx[(x € XAdy[ye Y]) = (x ~y)] (11.22)

This property is also called LErFT-ToTAL, and in words means that for every ELEMENT in the DomaIn, there

is a PAIR in the ReLATION that has it as the left ELEMENT.

Definition I1.3.4 (Surjective Relations). A SurRJECTIVE RELATION, ~, is a HomoGeENoOUs REeLATION Oon X or a

HEeterROGENEOUS RELATION 0n X and Y such that: for every y € X or every y € Y there is at least one x € X:

Vy[(y € XAdx[x € X]) = (x ~ )] (11.23)
or (11.24)
Vy[(y € YAdx[x € X]) = (x ~ y)] (11.25)

This property is also called RicaT-ToTAL, and in words means that for every element in the Co-DoMaIN,

there is a PAIR in the ReLATION that has it as the right ELEMENT.
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11.3.3 Kinds of Functions

We now have enough definitions to construct a notion of a FuNcTION:

Definition I1.3.5 (Function). A FuncTioN is a HomoGeENous RELATION or HETEROGENEOUS RELATION, f, that is
both SerIAL and FUNCTIONAL.

Important to note is that because a Funcrion distinguishes INpuT from Ourtpur, if one has an n-ARry RELATION,
where n # 2, that they wish to distinguish as a FuncTion, they must specify where such a split in the ELEMENTS
in MemBER TupLEs takes place. That is, one must specify some EQuatioN n = i + o, that is interpreted to mean
that the first i ELEMENTS in a TupLE are the INnpuT and the final o ELEMENTS are the Outpurt. This will also us to
simply talk about INpuT and Output ELEMENTS from the respective i-ARry and o-ARry SETs, and we would call
such a FuncTion an i-Ary Function (we ordinarily suppress the number of Outputs as o # 1 tends to rarely
be the case; as a result, most of the time, an appropriate n-Ary ReLATION is an (n — 1)-Ary Funcrtion). Most
commonly we are speaking of BiNarRy ReLaTIONS, which would be UNARY FuncTIONS, as the only choices for i
and o are each 1; so most Functions we discuss simply Map one INpuT to one OuTpUT.

Ordinarily, instead of the INFix NotaTioN we often use in the case of Binary ReLATIONS. We instead adopt
Funcrion Notation, which will be reminiscent of our Formura Notation from Chapter 1. So, for a function f
with DomaIN X and Co-DomAaIN Y that assigns some fixed ELEMENT x € X to some other fixed ELEMENT y € Y,

we will denote such a MAPPING as:

flx) o>y (I1.26)

This also holds in the case were i # 1, and we separate INpuTs by commas. Consider an i-Ary FuncTion f,
from ]_[l, X to Y such that it Assigns some fixed (x1,x;...x;) € ]_[11 X to some fixed y € Y, we denote such a

MaPPING like so:

f(x1,x0,...x;) O> y d1.27)

In the case that 0 # 1, we simply replace y with the appropriately sized TUpPLE.

This definition is derived from the idea that a FuncTion ought be able to map every ELEMENT from its
Domain, and only map each ELeMENT in the DoMAIN to one ELEMENT in the Co-DomaIN. The other UNIQUENESS

and TotaLiTy properties yield us the other kinds of FuNcTions with which we are familiar:

Definition I1.3.6 (Injection). An INJECTION is a FuncTION that is INJECTIVE.
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This kind of function is also often said to be ‘into’.
Definition I1.3.7 (Surjection). A SurjJECTION is a FuncTiON that is SURJECTIVE.
This kind of FuncTioN is also often said to be ‘onto’.
Definition I1.3.8 (Bijection). A BugcTioN is a FuncTioN that is both INJECTIVE and SURJECTIVE.

Aptly, this kind of Funcrion will be frequently be called ‘into and onto’.

The Set of Functions We use the notation Y* to denote the Set of all Functions with X as the DoMaIN, and
Y as the Co-DomaiNn. We further denote the Sussers of this SET as follows: the INJEcTIONS from X to Y as
I[YX]; the SurjecTIONS from X to Y as S [Y*]; and the Burctions from X to Y as B[Y*]. It is worth noting

that:

B[Y*] ¢= (I[YX] N S[YX]) (11.28)

I1.4 Function Composition

Objective We will explore the notion of FunctioNn ComposiToN and get an understanding of what it means

to ComPOSE two FUNCTIONS.

Strategy We will use the terminology introduced from the previous section, to try to better understand what

kind of Funcrions are the result of specific FuncTioN COMPOSITIONS.

I1.4.1 Composing Functions

When composing Homocenous FuncTions there are not many special cases to consider and so we are able to
compose any HomoGeENous FuncTioN on a given SET X with any other Function on that same Ser. That being

said, we still need to introduce the notion of FunctioN CoMposITION in the first place:

Definition I1.4.1 (Homogenous Function Composition). For two HomoGenous Funcrtions f, g € XX we can

Comrost these FuncTions in either direction, to receive two potentially distinct HomoGenous FuncTions on
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X, f-gand g - f, respectively. We do this by using the Outpur of one as the INpuT to the other. For every

ELEMENT in X:

[f-gl(x) o= f(g(x)) (11.29)
[¢- fl(x) o= g(f(x)) (11.30)

When composing HETERoGENOUs FuncTioNs there are several things to consider:

Definition I1.4.2 (Heterogenous Function Composition). For two HEeTERoGENous Functions g € Y¥, and
fez Y we can Composk these FUNCTIONS in just one direction, to receive a distinct HETERoGENOUS FuncTiON

in the SET ZX, namely f - g. We do this by using the Outpur of g as the InpuT to f. For every ELEMENT in X:

[f-gl(x) o= f(g(x)) (I1.31)

Because f - g € Z¥ it is a Function of a completely different flavor to f or g. It will take an INput from X but

produce an OutpuT in Z, something that neither f or g can do independently.

I1.4.2 Composition’s Preservations

When considering our previous kinds of Functions and the associated Sets, one might wonder if these prop-
erties are maintained in Function ComposiTion, and indeed they are. We will go about proving each of these
preservations, and consider only HeTeERoGENOUS Functions as HomogeNous FuncTions are a special case of

that broader class.

Theorem I1.4.1 (The Composition of Injections is an Injection). For two Insections, g € I[YX] and f € I[ZY],

we have that f - g € 1[Z%].

Proof. Since f, g are INJECTIVE:

Vavb[(g(a) € Y n g(b) € ¥) = [f(g(a)) = f(g(b)) < gla) = g(b)]] (I132)
Va¥b[(ae X Anbe X) = [g(a) = g(b) & a = b]] (11.33)
Thus, f - g € I[ZX]. o

Theorem I1.4.2 (The Composition of Surjections is a Surjection). For two SuriecTions, g € S[Y*] and
f€S|[ZY], we have that f - g € S[Z¥].
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Proof. Since f, g are SURIECTIVE, for every y € Y, there exists an x € X such that:

Yydx[(ye Y A xe X) = (g(x) = )] (11.34)

Similarly, for every z € Z there exists y € Y such that:

Vidyl(zeZayeY) = (f(y) =2)] (IL.35)

So as a result:
Vedy[(zeZnyeY)= (Fx[(ye Y nxeX) = (g(x) =y)] = f(g(x)) = 2)] (I1.36)
Thus, for every z € Z, there exists an x € X such that [f - g](x) = z,s0 f - g € S[Z¥]. o

Theorem I1.4.3 (The Composition of Bijections is a Bijection). For two Bugctions, g € B[YX] and f €

B[ZY], we have that f - g € B[Z*].

Proof. This follows directly as a consequence of the two previous proofs.

Vive[(f € 1[Z"] A g e I[YX]) = (f - g € I[Z¥])] (IL.37)

Which follows from the first proof,

Vvel(feS[Z A geS[Y¥]) = (f- g€ S[Z¥])] (I1.38)

Which follows from the second proof. Thus — because of the ImpLicaTION CoNJUNCTION RULE OF INFERENCE —

we are able to conclude that:

VIVE[((f e l[Z"] A feS[Z']) A (gellY ] ngeS[YY])) = (f g l[Z"] A f-geS[Z'])] L39)

Of course, because of how INTERsEcTIONS of SETs are defined, we have that the line above simplifies to:

Vfvg[(f € BZ"] A g € B[Y¥]) = (f - g € B[Z¥])] (IL40)
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CHAPTER III

OPERATORS AND ALGEBRAS

III.1 Functions as Operators

Objective We will now explore how OPERATORS are defined as MULTI-V ARIATE FUNCTIONS.

Strategy We will use the foundation we created in the previous section about FuncTions to describe OPER-

Ators and a brief discussion on limiting our consideration to BINARY-OPERATORS

III.1.1 Functions with n Arguments and 1 OQutput

If we consider a Function with n ARGUMENTS, and only one Output, we will have arrived at the notion of
an OPERATOR — an n-ARY OPERATOR, to be specific. The primary difference between an n-Ary Function and
an n-ARy OPERATOR is really one of convention and intended application. As a result, we will abstain from
providing a definition distinct from that of a function, as no notation is introduced additionally for the general
n-ARy case.

It is worth noting that — while not terribly standard — an OpERATOR need not be HomoGENouUs necessarily,
despite this ordinarily being the case. It does need to be HomoGENoUs to exhibit many of the properties
we will discuss in the next section, but a HETEROGENOUS OPERATOR is possible and is termed an EXTERNAL
OperATOR. Such OpERATORS Will be vital to the discussion to the brief discussion we will have in the next

subsection that deals with justifying our limiting consideration to only BINARY-OPERATORs.
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III.1.2 A Justification for Restriction to Binary-Operators

It might seem overly limiting to restrict focus to only BiNaRY-OPERATORS, as we will choose to do for the
remainder of this work. The reason for this is primarily a result of where research in the field of ABSTRACT-
ArceBra decided to look, and this will always suffer from selection-bias — e.g. are BiINary-OPERATOR’S gen-
uinely as much more interesting than TERNARY or any other n-Ary OPERATOR as the difference in research
would suggest? — but it will also tend to favor that which is easiest to work with while still managing to
seemingly escape triviality. We wish to offer an alternative — if not all-encompassing — justification for why
one might be willing to restrict consideration to only Binary-Operators.

The crux of this justification is that while one may not have the same level of descriptive power on the char-
acteristics of the OPERATOR, any n-ArRY OPERATOR can be represented as a Binary-Operator. How is this the
case?

Consider our previous distinction in the definition of a FunctioN, where one is required to stipulate an equa-
tion n = i + o that defines the number of INpuTs i and the number of Outputs o. This split, already turns all
FuncTions into Binary Relations, as we then consider SUBSETs of the CARTEsIAN-ProDucT of two SETs, namely
the iterated CARTESIAN-PropucT of a family of DomaIns INDEXED by a SET 7 having exactly i MEMBERS, and the
ITERATED CARTESIAN-PRODUCT Of a family of Co-Domains INDEXED by a SET O having exactly o MEMBERS. From
this lense, Unary Functions, which are BINaARY-RELATIONS, are also UNARY-OPERATORS. As a result, BINARY-
OPERATORS are BINArY-FuncTiONs, and so TERNARY RELATIONS.

For an n-Ary OpErATOR — which is already an n-Ary Function with 0 = 1 (which is a SEriAL and Func-
TIONAL (7 + 1)-ARY RELATION) — consider that it is a Susset of the CarTesiaN-Probuct that has been iterated
n + 1 times. By virtue of our naming, we have that n + 1 = i + o such that i = nand 0 = 1. We can
now perform an additional split, this time on i. Considering an EquatioN that prescribes a split of i — say
something like i = / + r — we already have a way of converting any (n + 1)-Ary ReLarioN — that is, an
n-ARy OPERATOR — into a TERNARY-RELATION, i.e. a BINARY-OPERATOR by considering the appropriate SUBSET of
the CarTESIAN-ProDUCT of the ITERATED CARTESIAN-PRODUCT INDEXED by a ST L with / MEMBERS and another
ITERATED CARTESIAN-PRODUCT INDEXED by a SET R with » MEMBERS.

Symbolically, such an equivalence could be represented like so:

[T xi=]]% %X IIL1)

jelu{w} Jjel
[[xx X, = (Hx x Hx,,) x X,, (111.2)
jel ael beR
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The first line represents the initial split of the (n + 1)-Ary ReLaTION into an n-Ary Funcrion with one Output
set, represented by X,,. The second line represents the split of the DomaN SeTs on that FuncTion into two
distinct categories that will represent the Left and Right ARGUMENTS respectively to the resulting BiNary-
OPERATOR.

One may notice that this process is not strictly limited to the Binary and TERNARY case — those are simply the
most helpful ones for facilitating conversations about Unary-Functions and BiNARY-OPERATORS, respectively
— and indeed it is the case that any n-Ary ReLATION could be re-expressed by any m such that 2 < m < n. As
mentioned at the beginning of this ‘justification’, however, it is worth noting that this is a somewhat ‘lossy’
way to represent the RELATION, as one loses the ability to describe properties about the OpErATOR that are

strictly reserved for any Arrity greater than m.

III.2 Properties of Binary-Operators

Objective We will explore a number of the most common properties that BINARY-OPERATORS can posses,
and will henceforth restrict our attention to almost exclusively HoMmoGENOUs BINARY-OPERATORS, Or INTERNAL

OPERATORS.

Strategy We will first describe the most commonly assumed property CLOSURE, before moving to the sec-
ond most commonly assumed: AssocIATIVITY. In the same subsection in which we discuss ASSOCIATIVITY we
will discuss the similar concept of CommutativiTy. We will then turn our attention to properties that — while
still truly global on the DomaN/Co-DomAIN in nature — will have to do more directly with the existence and

behavior of specific types of ELEMENTS.

II1.2.1 Closure

In almost all conversations of ALGeEBRAS, we will want for our OPerATOR to be CLOSED, which means the

following:

Definition III.2.1 (Closure). In order for an INTERNAL OPERATOR, -, on a SET X, to exhibit the property of

CLOSURE it must be the case that:
Va¥b[(ae X AnbeX) = 3cAd[(ce X rc=(a-D)An(deX rd=(b-a))]] (1IL.3)

This property follows from considering only strictly HomoGeNous OPERATORS, but in the case that the Co-
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DomaIn is a SET distinct to the DomaIn set(s) — perhaps a SUPERSET, as is the case for Drvision on the INTEGERS

— it is important to verify this property.

IIL.2.2 Associativity and Commutativity

The two likely most commonly discussed properties in a GRoup-THEORY class are Associativity and Commu-
TATIVITY. This makes sense as AsSOCIATIVITY is required in order for a Group to be formed in the first place,
wheras CommuTaTIvITY ‘upgrades’ a Group into an ABELIAN GrouP, which have many nice properties and are

extensively studied.
Definition II1.2.2 (Associativity). In order for an INTERNAL OPERATOR, -, on a SET X, to exhibit the property
of AssocIATIVITY it must be the case that:

VaVbVc[(ae X nbeX AnceX)=[((a-b)-¢c)=(a-(b-¢))]] (111.4)

So, restated in other words: a - b OPERATED with ¢ must be the same as a OPERATED with b - c.

This property is exceptionally important for many properties of studied ALGEBRAS as without it many
Equations quickly become totally intractable. CoMmuTATIVITY, On the other hand, is much more ‘optional’;
while it enables a great deal more manipulations to be entertained in the course of doing ALGEBRA, its absence

does not preclude having a very detailed and thorough discussion of many ALGEBRAS.
Definition III.2.3 (Commutativity). In order for an INTERNAL OPERATOR, -, on a SET X, to exhibit the property
of CoMMUTATIVITY it must be the case that:

Vavb[(ae X AbeX) = (a-b=1b"a)] (I11.5)

I.e. a OpeErRATED With b must be the same as b OPERATED with a.

I11.2.3 Identity and Inverse Elements

These are two of the most commonly discussed types of ELEMENTS discussed in a GRoup-THEORY class as well:
IpEnTITY ELEMENTS and INvErseE ELEMENTS. This, too, makes sense as each are required in order for a Group
to be formed. Though, unlike AssociativiTy removing these ELEMENTS, may still yield somewhat interesting

ALGEBRAIC STRUCTURES.
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Definition III.2.4 (Identity Element). In order for an INTERNAL OPERATOR, -, on a SET on X, to IDENTIFY an

IpenTiTY ELEMENT it must be the case that:

Vx[xe X = Jele e X A (- x = x)]] (111.6)

Vx[xe X = Je[ee X A (x- & =x)]] (I11.7)

If an ELEMENT € only succeeds at satisfying one of the two above lines, then it is called a RicHT IDENTITY

ELEMENT or a LEFT IDENTITY ELEMENT, respectively.

Many things are notable about the concept of an Identity Element, but we note two here as particularly
important. First, the IDENTITY ELEMENT is UNIQUE for any OPERATOR that has one. The proof for this is simple
and left for the reader (hint: it is often rendered as a Proor By ConTrADICTION). Secondly, the presence of
an IpenTiTY ELEMENT is required for INVERSE ELEMENTS to even be defined. Why will become obvious in the

following definition.
Definition III.2.5 (Inverse Elements). In order for an INTERNAL OPERATOR, -, on a SET on X, to IDENTIFY INVERSE

ELEMENTS it must first posses an IDENTITY ELEMENT, and also have it be the case that:

VifxeX=3x[x"eXAn(x ! x=¢) (1I1.8)

VifxeX=3x[xTeXn(x-x1=¢) (1I1.9)

If such an ELeMENT only satisfies one of the previous two lines, then it is termed a RicHT INVERSE ELEMENT
or LEFT INVERSE ELEMENT, respectively. If an OperaTORr does not identify two-sided INVERSE ELEMENTS, it can

possess distinct RiGHT INVERSE ELEMENTS and LEFT INVERSE ELEMENTS.

II1.2.4 Absorbing Elements

The following type of ELEMENT often is rarely described specifically, as it is most commonly a consequence
of introducing on the properties that we will describe later that we term CoLLABORATIVE. It will be discussed

more particularly then.

Definition II1.2.6 (Absorbing Element). In order for an INTERNAL OPERATOR, -, on a SET X, to IDENTIFY an
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ABsorBING ELEMENT it must be the case that:

Vx[xe X = Jufpe X A (u-x=p)]] (1IL.10)

Vx[xe X = Fuue X A (x-pu=p)]] (TL.11)

If an ELEMENT 1 only succeeds at satisfying one of the two above lines, then it is called a RiGHT ABSORBING

ELEMENT or a LEFT ABSORBING ELEMENT, respectively.

II1.3 Algebras with One Operator

Objective We will list the names of ALGEBRAS that exhibit different combinations of the previous five prop-

erties.

Strategy We will rely on the definitions provided in the previous section to almost exclusively state defi-
nitions over the course of this section so that we may use the terminology appropriate for discussing certain

kinds of ALGEBRAS.

II1.3.1 Algebras with One Property

Definition ITL.3.1 (Magma). An ALGEBRA X ¢&= (X, ) such that - is CLosep, is called a MaGma or CLOSED-

ALGEBRA.

Definition ITL.3.2 (Semi-Groupoid). An ArLceBra X ¢= (X, ) such that - is AssociaTiVE, is called a SEmi-

GROUPOID Or an ASSOCIATIVE ALGEBRA.

Definition I11.3.3 (Commutative Algebra). An ALGEBRA X <= (X, ) such that - CoMMUTATIVE, is called a

COMMUTATIVE ALGEBRA.

Definition IT1.3.4 (Unital Algebra). An ALGEBRA X <= (X, -) such that there is an IpEnTITY ELEMENT On -, is

called a UNITAL ALGEBRA.

Definition ITL.3.5 (Invertible Algebra). An ALceBra X ¢= (X, ) such that every Non-IDENTITY ELEMENT is

an INVERSE ELEMENT on -, is called an INVERTIBLE ALGEBRA.

The latter three of these will seem... well, rather obvious, and that’s because there aren’t special names

for them as they don’t have structure enough for them to be deemed interesting to study in and of themselves.
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The ArceBras that would belong in the following subsection — however, are unnamed — have been omitted

for brevity and clarity.

II1.3.2 Algebras with Two Properties

Definition II1.3.6 (Semi-Group). An ALGeBRA that is CLOSED and AssocIATIVE is called a SEmi-Group.
Definition I11.3.7 (Small Category). An ALGEBRA that is AssociaTIve and UNITAL is called a SMALL CATEGORY.
Definition II1.3.8 (Unital Magma). An ALGEBRA that is CLoseED and UNITAL is called a UNITAL MAGMA.

Definition II1.3.9 (Quasi-Group). An ALGEBRA that is UNITAL and INVERTIBLE is called a Quasi-GRroup.

I11.3.3 Algebras with Three Properties
Definition I11.3.10 (Monoid). An ALGEBRA that is CLOSED, AssocIATIVE, and UNITAL is called a MoNoIp.

Definition II1.3.11 (Inverse Semi-Group). An ALGEBRA that is CLOSED, AsSOCIATIVE, and INVERTIBLE is called

an INVERSE SEMI-GRoUP.

Definition II1.3.12 (Commutative Semi-Group). An ALGEBRA that is CLOSED, AsSOCIATIVE, and COMMUTATIVE

is called a CoMMUTATIVE SEMI-GROUP.
Definition II1.3.13 (Loop). An ALGEBRA that is CLosED, UNITAL, and INVERTIBLE is called a Loop.

Definition I11.3.14 (Groupoid). An ALGEBRA that is AssocIATIVE, UNITAL, and INVERTIBLE is called a GroupoID.

II1.3.4 Algebras with Four Properties

Definition II1.3.15 (Commutative Monoid). An ALGEBRA that is CLOSED, AsSOCIATIVE, UNITAL, and COMMUTA-

TIvE is called a CoMmMUTATIVE MONOID.

Definition I11.3.16 (Group). An ALGEBRA that is CLOSED, AssocIATIVE, UNITAL, and INVERTIBLE is called a

GRrovup.

II1.3.5 Abelian Groups

The algebraic structure that possesses all five properties described in the previous section is called an ABELIAN
Group which is a very important type of ALGeBra and will be important in the section after the next. These
structures are very extensively studied and serve as the foundation upon which many of the Two-OpErATOR

ALGEBRAIC STRUCTURES that have been studied rest upon.
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II1.4 Collaborative Binary-Operators

Objective We will explore what it means for two BINARY-OPERATORS t0 be COLLABORATIVE.

Strategy We will discuss the two most common kinds of COLLABORATION.

II1.4.1 Distributive Collaboration

One is probably already exceptionally familiar with this kind of CoLLABORATION between two OPERATORS,
but first: what is meant by CoLLABORATION between OperaTORs? We will abstain from providing a technical
definition, instead favoring a more intuitive understanding of the notion. We say that two — or indeed more,
but we will only consider the case of two — OPERATORS COLLABORATE if there is some IDENTITY that can link
the two together over the same Domain SET(s). It is hoped that this notion will be made more concrete with

the following two important examples of the property discussed here and in the next subsection.

Definition I11.4.1 (Distributive Collaboration). We say that two OPERATORS — say + and * defined on X, for

familiarity — have Distributive Collaboration if:

Va¥bVe[(ae X nbeX nceX)=[ax(b+c)= (axD)+ (axc)]] (1.12)
VavbVc[(ae X nbeX nceX)=[(b+c)xa= (bxa)+ (c*a)]] (IL.13)
(I11.14)

Without loss of generality, we have supposed that = DisTrRiBUTES OVER +, and we have supposed that = is
the first operator and + the second, in our following description. In words — though it is a dense property
symbolically and linguistically — for any three elements a, b, c € X, the result of an OPERATION between one
ELEMENT and the result of the other operation on the other two ELEMENTS is EQUIVALENT to the latter OPERATION
joining the results of two applications of the first OpErATOR between the first ELEMENT and each of other two
ELemENTS individually. That is hard to parse, to say the least, so we encourage understanding to come from the
equivalent symbolic description. If two OPERATORS only express this kind of COLLABORATION in ways described
by one of the previous lines, it is said to have LErT-DisTRBUTIVITY Or RiGHT-DISTRIBUTIVITY, respectively. We

almost always consider the two-sided version of this CoLLABORATION, though, in practice.

I11.4.2 Absorptive Collaboration

One might be understandably less familiar with this kind of CoLLABORATION between two OPERATORS.
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Definition II1.4.2 (Absorptive Collaboration). We say that two operators — say & and || defined on X, in an

attempt to preserve some familiarity for those who have it — have ABSORPTIVE COLLABORATION if:

VaVb[(ac X Abe X) = (a & (a||b) = a)] (II1.15)
Vav¥b[(ae X AbeX) = (al (a&b) = a)] (IIL16)
Vavb[(ae X AbeX) = ((a]|b) &a = a)] (IL.17)
Vavb[(ae X AbeX) = (a&b) || a=a)] (IIL18)

(I11.19)

In words, for any two ELEMENTS a, b € X, the result of an OperariON between one ELEMENT and the result of
the other OPERATION on both ELEMENTs is EQUIVALENT to first ELEMENT. We need not specify which OPERATOR is
“first’, as this property is usually required for both OPERATORS to express on each other. If two OPERATORS only
express this kind of CoLLaBORATION in ways described by either the top two or bottom two of the previous
lines, it is said to have LErr-ABsorpTION Or RIGHT-ABSORPTION, respectively. Further, if it only expresses one
of the top two lines and the matching line from the bottom pair, it is said to have PARTIAL-ABSORPTION. In
the case that both of these are the case, we encourage the reader to disregard the structure altogether but
nevertheless reluctantly suggest the terminology of PARTIAL-LEFT-ABSORPTION or PARTIAL-RIGHT-ABSORPTION,
respectively. A structure that exhibits only the top and bottom lines or the interior two lines we have chosen
to suggest describing as possessing ANTAGONISTIC-ABSORPTION — as both a descriptor for the property as well

as one wishing to study it.

IILI.5 Collaborative Algebras

Objective We will give names to the structures that possess two OPERATORS that COLLABORATE together to
exhibit one of the properties described in the previous section. This will be the final section of Part 0, as it
will provide us the final definitions necessary to have a complete and informed conversation about the results

presented in Part 1.

Strategy We will rely on the definitions provided in the previous section to state definitions over the course
of this section so that we may use the terminology appropriate for discussing certain kinds of ALGEBRAS. We
will use terminology relating both to single operator ALGEBRAS, as well as the properties that define them in

addition to the CoLLABORATIVE properties we described in the previous section. Unlike one of the previous
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sections that was on ALGEBRAS with only one OPERATOR, the later structures we will define — largely in the
first subsection — are not characterized exclusively by their possession of previously described properties.
Instead, for these structures, we will describe additional structure on them that give them an even richer
theory. These ALGEBRAS and their additional structure will prove essential to describing several results in Part

1, and particularly Chapter II.

ITI.5.1 Rngs, Rings, Commutative Rings, and More

We will now describe a whole host of structures that possess DISTRIBUTIVE COLLABORATION.

All Kinds of R[i]ngs!

Definition ITL.5.1 (Rng). An ArLceBra R ¢ (R, +, *) such that (R, +) is an ABeLiaN Group, (R, *) is a

SemI-Group, and +, * share DiSTRIBUTIVE COLLABORATION Where = distributes over +, is a RNG.

Definition ITL.5.2 (Ring). An ArLceBra X O= (R, +, %) that is otherwise a RNG except that (R, *) now forms

a Monom is a RING.

Definition IIL.5.3 (Commutative Ring). An ALGeera X ¢= (R, +, ) that is otherwise a RING except that

(R, ) now forms a CommuTATIVE MONOID is 2 COMMUTATIVE RING.

Consequences of Collaboration An important consequence of the above definitions is that each of the
structures will have an ABsorBING ELEMENT identified by . This is because there is always an IpEntITY ELE-
MENT identified by +, and DisTrRiBUTIVE CoLLABORATION thus forces that same element to become the ABSORBING
ELemenT identified by . We provide a brief informal Prook to this claim below; for any two ELEMENTS a, b € R

and the IpenTITY ELEMENT IDENTIFIED by +, which will be named 0 going forward:

a=a+0 (II1.20)
bxa=bx(a+0) (II1.21)
bxa=(bxa)+ (bx0) (I11.22)
0=bx0 (II1.23)

Briefly: the first line relies on the definition of an IpeEnTITY ELEMENT; the second line simply OPERATEs the

second ELeMENT b with both EquivaLenT sides of the Equarion; the third line substitutes the characterizing
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IpENTITY in DIsTRIBUTIVE CoLLABORATION; the fourth line is implicitly applying the existence of INVERSE EL-
EMENTS existing in (R, +). As a result, we arrive at the defining EQuarion for an ABsorBING ELEMENT, thus
proving the necessity of the IpenTiTy ELEMENT identified by + —i.e. 0 — becoming an ABSORBING ELEMENT in
(R %).

Additionally, there is terminology that relates to the ‘DrvisiBiLiry’ of ELEMENTS in these structures. We will

go through the trouble writing definitions for these abbreviations as they are rather important ideas:

Definition II1.5.4 (Irreducible Elements and Indivisibility). The notion of IRREDUCIBLE ELEMENTS, is that of
those ELEMENTS that can not be represented as the result of any a,b € R being OPERATED using *. Formally,

we write the SET of IRREDUCIBLE ELEMENTS Of R as I7[R]:
Vp[(p e RAVXAY[xERAYERA ((xxy=p) v (yxx=p))]) = peIr[R]] (TIL.24)

We may also say that IRREDUCIBLE ELEMENTs have no D1visors.

Definition IIL.5.5 (Reducible Elements and Divisibility). In the case that an ELEMENT is indeed a REDUCIBLE
ELemENT, we term any ELEMENT d that occurs in any of the possible ways the ELEMENT can be represented
using * a Divisor of it. Formally, we write the Ser of REpuciBLE ELEMENTS of R as Re[R] and the Divisors of

a given ELEMENT c in R as Dg|c]:
Ve[(ce RA3xTy[(xeRAY€ER) = (x+y=c)]) = (c € Re[R] A x€ Dg[c] Ay Dg[c])] (IL25)

Using this terminology, the notion of IRREDUCIBLE ELEMENTS is EQUIVALENT to the notion of INDIVISIBLE
ELements. Further, a Unir is simply the name given to an ELEMENT in (R, #) that possesses an INVERSE

ELEMENT. We will also define ANNIHILATORS:

Definition II1.5.6 (Annihilators of an Element). The SET OrF ANNIHILATORS of a given ELEMENT are abbreviated

like so:
Anng(x) &= {yeR : x*y=0vy*x=0]} (1I1.26)
A natural consequence of this definition is that ELEMENTS that have ANNIHILATORS other than O are themselves

an ANNIHILATOR to the ELEMENTS that are NON-ZERO ANNIHILATORS for it.
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What is an Ideal? We will briefly describe the notion of an IDEAL as it is necessary to describe the third
structure below, and, as a result, to our conversation in Chapter Il in Part 1. An IDEAL is a SusseT of these most
recently described ALGEBRAIC STRUCTURES such that it is CLosep under . This is — in truth — the extent of the
definition; however, it does not fully articulate the importance of these structures in revealing the structure of

R[1]nes. Rather than go on at length about this importance, we choose to wait and demonstrate it in Part 1.

Commutative Rings with More Structure

Definition III.5.7 (Integral Domain). A CoMMuTATIVE RING, R ¢= (R, +, *) — with an ABSORBING ELEMENT

notated a 0 — is an INTEGRAL DoMAIN, if:

Vavb[(ac R AbER) = (axb+#0)] (I11.27)

Any element in a ComMuTATIVE RING that fails this condition — thus precluding the algebra from being an
INTEGRAL DoMAIN — is termed a ZEero-DIvIsor, since it would be in the Ser Dg[0]. So an EqQuivaLent formu-
lation of the previous definition is something like “A CoMMuTATIVE RING that has no ZEro-Divisors” or “A

Commutative RiNG such that Dg[0] = {0}.”

Definition ITL.5.8 (Unique Factorization Domain). An INTEGRAL DomaIN, R &= (R, +, *) such that every
ELEMENT is representable as the result of a finite and unique — up to order and inclusion of Units — OPERATION

by * of IRREDUCIBLE ELEMENTS, is a UNIQUE FacTorizaTioN DomaIN or UFD for short. Formally:

(Pg[x] < IT[R] x N)
U

a € Ir[R]

Vx | (x € R) = J!Pg[x] Ya3b A = (a,b) € Pg[x] (111.28)

beN

N

Hipnerata P = %
We call such a Set Pg[x] the PriMe DEcomposiTION Of X.

This is the ALGEBRAIC STRUCTURE that generalizes the FUNDAMENTAL THEOREM OF ARITHMETIC. In this way,

any INTEGRAL DomAIN that permits an analogue to the FuNpAMENTAL THEOREM OF ArrTHMETIC is a UFD. This
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notion will become central to our discussion in Chapter II of Part 1.

Definition IT1.5.9 (Principal Ideal Domain). An INTEGRAL DoMAIN, R &= (R, +, *) such that every IDEAL on
R is generated by exactly one ELEMENT, i.e. every IDEAL is PRINICIPAL, is called a PrINcIPAL IDEAL DoMAIN or

PID for short.

A common — and important to the results soon to be discussed — example of a PID is Z, i.e. the INTEGERS!

This structure on Z will be heavily leveraged in Chapter II of Part 1.

ITII.5.2 Fields and Skew-Fields
We will now briefly describe SkEw-FIeLDs and FIELDS.

Definition ITI.5.10 (Skew-Field). A Ring, R = (R, +, #), such that every ELEMENT has an INVERSE ELEMENT

IpENTIFIED by * is a SKEW-FieLp. Equivalently, (R, ) must form a Group.

One may notice that the only difference in a Skew-FieLp between (R, +) and (R, #) is COMMUTATIVITY,
besides the asymmetry in their DisTRIBUTIVE CoLLABORATION. Even this difference is removed in the case of

FiELDS:

Definition II1.5.11 (Field). A Commutanive RiNG, R = (R, +, *), such that every ELEMENT has an INVERSE

ELeMENT IDENTIFIED by * is a FIELD. Equivalently, (R, ) must form an ABELIAN GROUP.

While FieLps do genuinely have an exceptionally broad and rich theory, we forgo discussing it in more
detail here, as our focus primarily has to do with Ring-THEORY, and as such, Rngs, RinGs, and COMMUTATIVE
Rings. More particularly, the ALGEBRAIC STRUCTURES that arise when added requirements are imposed as

indicated in the previous subsection.

II1.5.3 Lattices

We will merely state the definition for LArTicEs before moving on, despite exceptional interest in them being

well-earned. It is notable that LATTICES very naturally appear in ORDER-THEORY.

Definition II1.5.12 (Lattice). An algebra £ = (L, ||, &) such that (L,

) and (L, &) both form CoMMUTATIVE

SEMI-Groups and the two OPERATORS share ABSORPTIVE COLLABORATION.
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II1.5.4 Collaborative External Operators

We will briefly note the kinds of structures that arise when one considers adjoining an EXTERNAL OPERATOR to
a variety of other Algebraic Structures, namely Rings and FieLDs, that enjoy sharing a ‘multiplication’ with a

version of DIsTRIBUTIVE COLLABORATION with the structure they are joined to.

Definition ITI.5.13 (Module). A Ring, R = (R, +, *) that has a ScALAR MULTIPLICATION, -, defined between
its ELemENTs and the ELEMENTs of an ABELIAN Group, S = (§,@®) such that it possesses DistriBuTIvVE CoOL-
LABORATION on both @ and +, as well as is ‘compatible’ with #, is named a MopuLE or more particularly an

R-MobuLe. Formally:

Va¥bVxVy[((ae S AbeS)A (xERAYER)) = (r-(x+y)=(r-x)+(r-y))] (I11.29)
VaVbVxVy[((aeS AbeS)A(xeRAYER))= (r®s) - x=(r-x)+ (s-x))] (1I1.30)
VavbVxVy[((aeS AbeS)A(xeRAYER)) = ((rxs) - x=r-(s-x))] (IL.31)

Definition II1.5.14 (Vector-Space). A MobuLE such that the defining RiNG is actually also a FieLp is termed

a VECTOR-SPACE.
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RESULTS
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CHAPTER 1

FUNCTION-ALGEBRAS

I.1 Preserved Algebras

Objective In this section we will first discuss the notion of a FuncTioN-ALGEBRA before then describing
its relationship to ALGEBRAS as characterized in the previous part. Specifically, we will be showing what

properties are preserved from ALGEBRAS into the appropriate FUNCTION-ALGEBRA analogue.

Strategy We will accomplish this by first defining the creation of a FUNCTION-ALGEBRA from any ALGEBRA.
We will then demonstrate that when one supposedly has a particular ALGEBRA to start, that the associated

FuncTION-ALGEBRA preserves many of its properties using ALGEBRAIC manipulations of the definitions.

I.1.1 Preserved Properties of Operators

It can be shown that Y paired with TERM-WIisE EXTENsIONS of OPERATORS already defined on Y form similarly-
classed ALGEBRAIC STRUCTURES to those formed on Y. We call this pairing of a FuncTioN-SET with EXTENDED
OperATORS a FuncTION-ALGEBRA. We will show that this is the case first for characteristics of OpPErRATORS, and
then for IDENTITY ELEMENT, INVERSE ELEMENT, and ABSORBING ELEMENTS. First, we will define what we mean

by TErRM-WISE EXTENSIONS.

Definition 1.1.1 (Function Operator Extension). For some ALceBra Y <= (Y, -), Functions @ € Y* and

BeYX:

a©Op &= Vx[(xe X) = ([e OB](x) = a(x) - B(x))] d.D
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Further, YaVBVy[a € YX A Be YX Ay e YX]:

a@B =y o= Vx[(xe X) = ([0 OB](x) = y(x))] (1.2)

Definition 1.1.2 (Function-Algebra). For some Co-DomaIN Y that forms an ALGesra Y ¢&= (Y, -) — or in the
case of a COLLABORATIVE ALGEBRA With two OPERATORS, i.e. if Y ¢= (¥, +, ) — and non-empty DomaIN X, we

denote the FuncTioN-ALGEBRA created by the EXTENDED OPERATOR, (O — or @, ® respectively:

Y o= (YX,0) (L.3)

y¥ o= (Yioe.e) 1.4)

We will now demonstrate that Associativity and CoMMUTATIVITY are preserved into our FUNCTION-ALGEBRAS.

Lemma I.1.1 (Function-Algebras Preserve Associativity). If Y <= (Y,-) is an ASSOCIATIVE-ALGEBRA, then

YX is also an AsSOCIATIVE-ALGEBRA.

Proof. Consider VaVgVy[a € YX A Be YX A ye YX]:

Vx[(x € X) A ([(@©B) ©](x) = [ ©B](x) - ¥(x))] (L5)
¢ (L6)
Vx[(x € X) A ([ ©B](x) - ¥(x) = (a(x) - B(x)) - ¥(x))] (L7)
¢ (L8)
Vx[(x e X) A ((a(x) -B(x)) - ¥(x) = a(x) - (B(x) - ¥(x)))] (1.9)
¢ (.10)
Vx[(x € X) A (a(x) - (B(x) - ¥(x)) = a(x) - [BOY](x))] (L11)
() (1.12)
Vx[(x € X) A (a(x) - [BOY](x) = [0 © (BOY)](x))] (L.13)
Thus, we may conclude:
Vx[(x€ X) A ([(e©B) OY](x) =[O BOYIX)] < (@OB)OY=aOBOY) (I.14)
O
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Lemma I.1.2 (Function-Algebras Preserve Commutativity). If Y ¢= (Y, -) is @ COMMUTATIVE-ALGEBRA, then

YX is also a COMMUTATIVE- ALGEBRA.

Proof. Consider YaVBVy[a € YX A Be YX A ye YX]:

Vx[(x € X) A ([ ©B](x) = a(x) - B(x))] (L15)
) (1.16)
Vx[(x € X) A (a(x) - B(x) = B(x) - a(x))] (L17)
} (1.18)
Vx[(x e X) A (B(x) - a(x) = [BO a](x))] (1.19)
Thus, we may conclude:
Vx[(x € X) A ([ OB](x) = [Oa](x))] & aOB=BO« (1.20)
O

We will now demonstrate that IDENTITY ELEMENTS, INVERSE ELEMENTS, and ABSORBING ELEMENTS are pre-
served into our FUNCTION-ALGEBRAS.

We first define a specific SET of Functions that makes the following proofs somewhat trivial:

Definition I.1.3 (Trivial Functions). The Susskr OF TriviaL Functions — notated 77[Y*] — of a FuncTion-SET

YX are those Functions that Map every ELEMENT in X to exactly the same ELEMENT in Y:

yyx € Tr[YX] o= yyIyyx[(yy € ¥ A yyx € YX) = (Valyyx(x) = yy]) (L21)

Lemma 1.1.3 (Function-Algebras Preserve Identity Elements). If Y <= (Y, -) is an ALGEBRA with an IDENTITY

ELEMENT &y, then YX is also an ALGEBRA with an IDENTITY ELEMENT &yx.
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Proof. Consider Va|a € Y] and the Function gyx € Tr[YX]

Val(x € X) = ([ex ©a](x) = e+ (1) - ()] 122)
¢ (1.23)
Val(x € X) = (epx(x) - a(x) = &y - ()] (124)
¢ (1.25)
Vx[(x € X) = (ey - a(x) = a(x))] (1.26)
Thus, we may conclude:
Vx[(x e X) = ([eyx O @](x) = a(x))] © epxQa=«a (1.27)
m|

Lemma I.1.4 (Function-Algebras Preserve Inverse Elements). If Y ¢= (Y, -) is an INVERTIBLE-ALGEBRA, then

YX is also an INVERTIBLE-ALGEBRA.

Proof. Consider Functions a, 8 € Y*, and let v, € Y* be such that a(x)-x(x) = B(x) and ¢ (x)-a(x) = B(x).
It immediately follows that y(x), (x) exist for all x, because Y is an INVERTIBLE-ALGEBRA — SO y, i themselves

must also exist — making Y* an INVERTIBLE ALGEBRA. O

Lemma L.1.5 (Function-Algebras Preserve Absorbing Elements). If Y <= (Y,-) is an ALGEBRA with an

ABSORBING ELEMENT uty, then the ALGEBRA Y has an ABSORBING ELEMENT jiyx.

Proof. Consider Va[a € Y] and the Function uyx € Tr[Y¥]

Vx[(x € X) = ([urx © ] (x) = pyx(x) - a(x))] (1.28)
¢ (1.29)

Vx[(x € X) = (uyx (x) - a(x) = py - a(x))] (1.30)
¢ (131)

Vx[(x € X) = (uy - a(x) = py)] (1.32)
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Thus, we may conclude:

Vx[(x € X) = ([uyx ©al(i) = uy)] = pyx O = pyx

I.1.2 Preserved Collaborative Properties

(1.33)

We now will show that several COLLABORATIVE properties are also maintained, such as DistriBUTIVITY and

ABSORPTION.

Lemma L.1.6 (Function-Algebras Preserve Distributivity). If Y <= (Y, +, ) is a DISTRIBUTIVE-ALGEBRA,

(without loss of generality, suppose * DISTRIBUTES over +), then YX is also a DISTRIBUTIVE- ALGEBRA.

Proof. Consider VaVpVy[a € YX A Be YX A ye YX]:

Vrl(xe X) = ([e@ (B®Y)|(x) = a(x) * [B@¥](x))]
0
Vx[(x € X) = (a(x) * [B@¥](x) = a(x) = (B(x) +y(x)))]
0
Vx[(x € X) = (a(x) * (B(x) + y(x)) = a(x) * B(x) + a(x) * y(x))]

Thus, we may conclude:

(1.34)
(1.35)
(1.36)
(1.37)
(1.38)
(1.39)
(1.40)
(1.41)

(1.42)

Vi[(xe X) = ([e@ (B@Y)](x) = [(e@f) @ (a@y)](x)] < a0 (BDY)=(20p)®(¢0y) (143)

Lemma 1.1.7 (Function-Algebras Preserve Absorption). If Y <= (Y, ||, &) is an ABSORBENT-ALGEBRA, then

YX o= (YX,©, ®) — excuse the slightly different OPERATOR appearance — is also an ABSORBENT-ALGEBRA.
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Proof. Consider VaVpVy[a € YX A Be YX A ye YX]:

Vx[(x € X) = ([ © (@ @ B)](x) = a(x) || [« ®B](x))]
¢
Vxl(x € X) = (a(x) [| [« ©Bl(x) = a(x) || (a(x) & B(x)))]

Thus, we may conclude:

Vx[(xe X) = (e © (@ 0B)|(x) =a(x))] © aQ (@) =a

Similarly:

Vx[(x € X) = ([a® (¢ ©B)](x) = a(x) & [@ © B](x))]
0
Vx[(x € X) = (a(x) & [ © B](x) = a(x) & (a(x) || B(x)))]
0
Vxl(x € X) = (a(x) & (a(x) || B(x)) = a(x))]

And, likewise, we may conclude:

Vrl(xe X) = ([a® (@ 0P)](x) = alx))] © a0 (@@p)=a

I.1.3 Resulting Preservations

(1.44)
(1.45)
(1.46)
(1.47)

(1.48)

(1.49)

(1.50)
(1.51)
(1.52)
(1.53)
(1.54)

(I.55)

(1.56)

With all of this, we have shown that many of the most basic ALGEBRAIC-PROPERTIES we have described are

preserved over into our FuncTion-ALGEBRAS. In fact, we can now conclude the following THEOREMS with no

additional ProoF necessary.
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One-Property Algebra Preservations
Theorem I.1.8 (Function-Algebras Preserve Magma). If M ¢= (M, ) is a MacMa, then MX is a MaGMa.

Theorem I.1.9 (Function-Algebras Preserve Semi-Groupoids). If S ¢= (S, -) is a Semi-Groupo, then SX

is a SEMI-GROUPOID.

Theorem 1.1.10 (Function-Algebras Preserve Commutative Algebras). If C ¢= (C,-) is a COMMUTATIVE

ALGEBRA, then C¥ is a COMMUTATIVE ALGEBRA.

Theorem I.1.11 (Function-Algebras Preserve Unital Algebras). If U <= (U,-) is a UNITAL ALGEBRA, then

UX is a UNITAL ALGEBRA.

Theorem I.1.12 (Function-Algebras Preserve Invertible Algebras). If I ¢&= (I, -) is an INVERTIBLE ALGEBRA,

then I is an INVERTIBLE ALGEBRA.

Two-Property Algebra Preservations

Theorem I.1.13 (Function-Algebras Preserve Semi-Groups). If S ¢&= (S,-) is a Semi-Group, then SXisa

SEMI-GROUP.

Theorem 1.1.14 (Function-Algebras Preserve Small Categories). If S ¢= (S,-) is a SmMaLL CATEGORY, then

SX is a SMALL CATEGORY.

Theorem I.1.15 (Function-Algebras Preserve Unital Magmas). If U <= (U, ) is a UNITAL MaGMa, then UX

is a UNITAL MAGMA.

Theorem 1.1.16 (Function-Algebras Preserve Quasi Groups). If Q <= (Q, -) is a Quasi Group, then QX is a
Quast GROUP.

Three-Property Algebra Preservations

Theorem 1.1.17 (Function-Algebras Preserve Monoids). If M <= (M, ) is a Moo, then MX is a MoNoIp.

Theorem 1.1.18 (Function-Algebras Preserve Inverse Semi-Groups). If I <= (I,-) is an INVERSE SEMI-

Group, then IX is an INVERSE SEMI-GROUP.

Theorem I.1.19 (Function-Algebras Preserve Commutative Semi-Groups). If C ¢= (C,-) is @ COMMUTATIVE

SEMI-Group, then C¥ is a COMMUTATIVE SEMI-GROUP.

Theorem 1.1.20 (Function-Algebras Preserve Loops). If Y <= (Y, ) is a Loop, then Y is a Loop.
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Theorem 1.1.21 (Function-Algebras Preserve Groupoids). If Y <= (Y,-) is a Grourom, then YX is a

GROUPOID.

Four-Property Algebra Preservations

Theorem 1.1.22 (Function-Algebras Preserve Commutative Monoids). If C ¢&= (C,-) is a COMMUTATIVE

Mono, then CX is a CommuTarive MoNoID.

Theorem 1.1.23 (Function-Algebras Preserve Groups). If G <= (G, -) is a Group, then GX is a GRoup.

The Five-Property Algebra and Collaborative-Algebra Preservations

Theorem I.1.24 (Function-Algebras Preserve Abelian Groups). If A ¢= (A, +) is an ABeLIAN GroUP, then

AX is an ABELIAN GROUP.
Theorem 1.1.25 (Function-Algebras Preserve Rngs). If R ¢= (R, +, %) is a RNG, then RX is a RNG.
Theorem I.1.26 (Function-Algebras Preserve Rings). If R &= (R, +, %) is a RING, then RX is a RING.

Theorem I.1.27 (Function-Algebras Preserve Commutative Rings). If C <= (C,+, *) is a COMMUTATIVE

RING, then C¥ is a CoMmuTaTIVE RING.

Theorem 1.1.28 (Function-Algebras Preserve Lattices). If £ ¢&= (L, ||, &) is a LATTICE, then L% is a LATTICE.

I.2 Unpreserved Algebras

Objective In contrast to the last section we will demonstrate those properties of ALGEBRAS that are not

trivially preserved by FUNCTION-ALGEBRAS.

Strategy We will primarily be looking at the concept of Zero-Divisors and their inevitable appearance in

FuNCTION- ALGEBRAS.

1.2.1 Functions Have Zero-Divisors

Notably absent from this list is the preservation of FiELDs — as well as our more structured RiNG-LIKE structures
— why? We have yet to show that for some ALGEBRA R = (R, +, *) — such that (R, +) and (R \ {0}, *) form
ABELIAN-GRoUPs — that (RX /{Ogx }, ®) also forms an ABeLiaN GRouP, and in fact, it explicitly never does. In
fact, we can make an even stronger statement:
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Theorem I.2.1 (Function-Algebras Have Zero-Divisors). For any commutative ring R <= (R, +,*), RX

cannot be an INTEGRAL DoOMAIN.

Proof. Showing the existence of Non-INTEGRAL ELEMENTS — that is, Non-Zero ELeMENTs that are in Dg[Og] —

regardless of any additional structure on R will suffice. We have that for Ogx € Tr[RX], let:

[ S+ | [ ((se8)= (o(s) #0r))
W(0,8) ¢= (0 eR¥ <0 =0p) = A = Vs A (1.57)
| scx | | (seX\§) = (o(s) = 0g))
S+ ((se8) = (o(s) = 0g))
#(0,8) o= (TeRX w0 =0p) = A = Vs A (1.58)
| ScXx | | (seX\S) = (o(s) # 0g))

(1.59)

Worth noting is that because of how these are defined, we obviously have that (y/(0,S) < —¢(0,S)).
For a € RX and 8 € RX that are each Non-Zkro, it follows that there exists A € X and B < X such that (e, A)
and y (8, B) have LocicaL Quantrties of T. However, we do not have that (¢/(a, A) A¥(8,B)) = (AnB # @)

will always have a LocicaL QuanTtity of T, and this means:

303BIAIB[((¢ e R* ABER*) A(AS X ABZ X) A (Y(a,A) Ay(B,B)) A (An B = 02)] (1.60)
U (1.61)
(4(a. B) A ¢(B,A)) (1.62)

Thus, for two such SEts A and B we have that A U B = X, so it must be the case that:

Vx[(xe X) & (xe AV xe B)] (1.63)

It follows from this as well as (¢/(a,A) < —¢(a,A)) and (¥(B, B) < —¢(B, B)) that:

Vx[(x € X) = ([ ®B](x) = Orx(x))] (1.64)
I} (1.65)
@ ® B — Opr (L.66)
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This tells us that @ € Dg[Og] and 8 € Dg[Og], but because @ # Ogx and 8 # Ogx, we have that Dg[0g] # {0}
and so RX can not possibly be an INTEGRAL DomaIN. In fact, we have showed that in the CommuTATIVE RING RX

there exists many NoN-ZEro ELEMENTS a, 8 for each PaIr of DisjoiNT SUBSETS A, B of X, sothata®B = Ogx. O

Is There Something to be Done? Can we define a concept analogous to INTEGRAL DomaiIns that is preserved
by FuncTiON-ALGEBRAS, that may allow us to inherit analogous properties? Rather than the Set of all Non-

Zero ELEMENTS in RX, for some INTEGRAL DoMAIN R, we want to consider the set of NEVER-ZERO ELEMENTS:
wRY &= {/l eRY : Vx[(xe X) = (A(x) # OR)]} (L.67)

This Set will behave in much the way that we would like for NoN-ZEro ELEMENTs to behave.

Lemma 1.2.2 (All Function-Algebra Annihilators Have 0’s). For some INTEGRAL DomaIN, R &= (R, +, *),
the SET of NEVER-ZERO ELEMENTS in RX is exactly the COMPLEMENT of the UNION of all SETs OF ANNIHILATORS

for each NoN-ZEro FuNcTION:

LoRY = R¥\ (1 Amnge | (1) (1.68)
AERX \ {Opx }

Proof. Tt will suffice to show that:

oce (| Amnge(2) | & 3x[xe X A o(x) = Og] (1.69)

AERE\ {00}
That is to say that o must have ‘at least one zero’. We know that 3A[(1 € R* \ {Ozx}) = (1@ 0 = Opx)].
Because R is an INTEGRAL DoMaIN, we know that [A @ o] (x) = Og means that either A(x) = Og or o-(x) = Og.
Because A is non-zero, it must be that 3w[(w € X) A (A(w) # Og)]. This means that o-(w) = Og, meaning that

o cannot be a NEVER-ZERO FuNcTION. O
A corollary of this that we will also prove for the insight it provides:

Lemma L.2.3 (Never-Zero Functions are Never Annihilators). For some INTEGRAL DomaIN, R <= (R, +, *),

the set of NEVER-ZERO FuncTions, R, is exactly the SET S, such that:

| Anngx (4) = {Ogr} (1.70)
AeS
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Proof. We will show — by contradiction — that all Functions in S must be NEVER-ZERO. Suppose that o € S,

is not NEVER-ZERO, which is to say Iw[w € X A o(x) = Og]. Now consider:
JA[(Ae RX A A(w) #0) A Vx[xe X\ {w} A A(x) = 0z]] (L71)
All such A thus should be in Anngx (S ) —because they would ANNIHILATE o~ — but they are clearly not, indicating

that there can be no such w for o, meaning it must be NEVER-ZERO — a contradiction. O

Now we are ready to show that these NEVER-ZERO FuNcTIONS, are indeed the analogue to INTEGRAL Do-

MAINs that we sought.

Lemma 1.2.4 (Never-Zero Elements Behave Nicely). IfR <= (R, +, *) is an INTEGRAL DOMAIN, then (4 0RX, ®)

is a CoMMUTATIVE MoNoID that obeys the CANCELLATION PROPERTY.

Proof. CLosURE is trivial; every OutpuT in each NEVER-ZERO FuncTION is — aptly — not zero, and because R
is an INTEGRAL DomaIN, then each Output in the EXTENDED PrODUCT Of two FuncTIONs cannot be zero. Hence,
the ExTENDED PrODUCT Of two NEVER-ZERO FUNCTIONS is also NEVER-ZERO. AssSoCIATIVITY and COMMUTATIVITY

are preserved, as previously shown. Now we want to show that:

VavBvy[(a € ,0R* ABe R Aye oRY) = (@@ =a®y) = B=17)] (1.72)

We will do so below; YaVBVy[a € ,RX A B € RY Ay e 4, RY]:

Vx[(x € X) A ([e®B](x) = [e®v](x))] (1.73)
0 (1.74)
Vax[(x € X) A (a(x) *B(x) = a(x) = y(x))] (L75)
0 (1.76)
Vx[(x € X) A (B(x) = ¥(x))] (L77)
Thus, we may conclude:
Vx[(xe X) A (B(x) =v(x))] < B=v¥ (L78)
O
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CHAPTER II

TESSELLATIONS

II.1 Period-Sets

Objective We will take a more particular look at a specific FuNcTION-ALGEBRA: Y < &= (YZ,-) such that
Z & (Z,+, %) —i.e. the INTEGERs. We will start by discussing the Sers that will reveal the structure of this

FuncTiOoN-ALGEBRA, referred to as PERIOD-SETS.

Strategy We will introduce the basic definitions of what a PEriop-SET is and then demonstrate some of
its basic properties to get a sense of why it reveals the structure of our FuNcTioN-ALGEBRA Y < that we will

hence-forth refer to as a TESSELLATION-ALGEBRA or just TESSELLATIONS for short.

I1.1.1 Basic Properties

As motivation, we will frame our TESSELLATION-ALGEBRA as considering a slight modification to the INFINITE
CAarTESIAN ProDUCT Of some Non-Empty SET Y, 1.€. HOC Y. This is the SEt of so-called INFINITE SEQUENCES
o : N — Y. We will instead consider the St of ‘double-ended’ INFINITE SEQUENCES, T : Z — Y, henceforth
referred to as TesseLLATIONs. We will adopt the standard convention of referring to the SET of all of these

FuncTions as YZ.

Definition I1.1.1 (Y-Tessellations). The set of TESSELLATIONS that MAP to ELEMENTS in some NoN-EmpTy SET
Y are notated as YZ.
We will also refer to an INpuT to TESSELLATION functions as an INDEX and multiple as INpIcES. Similarly, we

will refer to the Outputs of TESSELLATIONS as TERMS.
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We will see that — if one is previously familiar with them, of course — ordinary SEQUENCEs behave almost
identically to TESSELLATIONS; however, TESSELLATIONs have a couple of additional properties that allow us
to have a more complete conversation. Namely, they differ from an ordinary SEQUENCE in their ability to
accept NEcATIVE INpIcES. This additional property will go on to be clearly desirable, because otherwise our
next definition would require many special-considerations. The difference can be formally characterized by
the structure that a particular collection of SETs over TESSELLATIONS have in comparison to the analogous
collection of SEets over ordinary SEQUENCEs. These Sets are each TESSELLATION’S PERIOD-SET. A PERIOD is
meant as some IDEMPOTENT SHIFT of every INDEX, i.e. a FIniTE SHIFT to all INpIcEs such that each respective

TERM remains the same.

Definition II.1.2 (Period-Set). The set of IDEMPOTENT SHIFTS on a TESSELLATION T are denoted as follows:
Plr] <= {peZ 2 Vi[(i e Z) = 1(i) =T(i+p)]} (I.1)

Importantly, this definition includes O as a Periop, which is vital. All TesseLLATIONS have O as a PERriop,
even those that have no PEriopic RECURRENCE; that is to say, all Funcrions in Y Z that are not PEriopic have
exactly a single Periop of 0. This is fundamentally what allows us to assert that all TEssELLATIONS — all
FuncTions from Z to Y — have at least one Perion. We will prove this claim, then we will go about describing

two other characteristics of P[], for arbitrary 7.

Lemma I1.1.1 (Universal Periodicity). P[] is NoN-EmPTY for all T € Y2 if Y is Non-Empry:
Y#@ = Vi[re Y* A P[t] # 2] (11.2)

Proof. By the definition of 0 as the AppiTive IDENTITY Of Z, we have that:

Vi[ieZ)< (i=i+0)] (IL.3)

Thus, we may say that:
ViVi[(re Y2 AieZ) = 1(i) = 7(i + 0)] (I1.4)
Thus, from this we can conclude that 0 € P[r] which gives us P[7] # 2. m|

We will now move on to proving a lemma that will allow us to conclude something rather remarkable
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about PERrIOD-SETS.

Lemma II.1.2 (Absorption of Period-Sets). For x € P[t], it is the case that nx € P[t],¥n € Z:

VrVxVn[(r € Y2 A x € P[t] An€Z) = (nx € P[t])] (IL.5)

Proof. We will use Inpuction with the definition of PERIOD SETS as our Base CAsg, assuming the GENERAL
Casg, i.e. 7(i) = 7(i+nx), to hold for all Positive INTEGERS 7. It remains to be shown that 7(i) = 7(i+(n+1)x)

follows. Consider V7VxVn[(t € Y2 A x € P[t] Ane Z1)]

Vi[i € Z = (7(i) = (i + nx))] (IL6)
| (L.7)
Vi[i € Z = (7(i) = 7((i + nx) + x))] (IL.8)
) (IL9)
Vilie Z = (v(i) = 7(i + (n + 1)x))] (I1.10)

The second of the above lines is made possible because of the definition of Periops. That is, we know that
the Term of a TesseLLATION does not change under a shift of INpex by a Periop, thus 7(i) = 7(i + nx) =

7(i) = 7((i + nx) + x). The lines above then allow us to conclude:

VoVx¥n[(re Y2 A xe Pt aneZT)] = Vilie Z = (t(i) = (i + nx))] (L11)
Now, all that we must do to finish the proof for all INTEGERS, is to show that the n = —1 case is also true:
Vi[ieZ= (7(i—x) = 7(i — x))] (I.12)
J (I1.13)
VilieZ= (7(i — x) = 7((i — x) + x))] (I.14)
¢ (IL15)
Vi[ieZ= (7(i — x) = 7(i))] (11.16)
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From these lines we are able to conclude:

VoVaxVn[(re Y2 A xe P[t] AneZ)] = Vi[ie Z= (t(i) = t(i + nx))] (I.17)

This is all we need to conclude the following corollary:
Theorem II.1.3 (Period-Sets are Ideals). Every Periop-SET P|[7] is an IpEAL of Z = (Z, +, *).

Because this is the case, and every IpeaL of Z is PriNcIpaL, we can assign a CANONICAL REPRESENTATION
to our PErIoDp-SETS. Specifically we set our representation to be the GENERATOR of the IDEAL in Z, which is
the SMALLEST PosiTivE Non-ZErRo ELEMENT of the IDEAL in this case, or O in the case of the O IpeaL. Going
forward, we will speak of The Periop of some TESSELLATION 7 both in reference to this REPRESENTATION
ELeEMENT, as well as the IDEAL it is representing, depending on the context. It is only when we consider
‘double-ended sequences’ — TESSELLATIONS —as opposed to ordinary INFINITE SEQUENCES, that our PERIOD-SETS
form this structure, hence our modification made initially. To study the structure of TEsseLLATIONS further, we
will look at the properties on certain Sussets of Y7 in a the next sections; we will define definitions for this

discussion now so that we may state a corollary of this theorem.

Definition I1.1.3 (Period-Set of a Set). For some S < Y?Z:

P[S] o= [ Pl7] (IL18)

=N

Definition I1.1.4 (Tessellations with Specific Period). We will refer to all 7 € Y# with PEriop n as follows:
YEVE e {T eY” : Vi[(ieZ) = Vx[xenZ e 1(i) =7(i + x)]]} (I1.19)

With these definitions, we have the tools to state a corollary of our previous theorem — that will be
somewhat obvious now due to our choice of notation, at least to those familiar with MoDULAR ARITHMETIC —

that will highlight structure in Y%,

Corollary I1.1.3.1 (Periods Partition Tessellations). All distinct SETs of TESSELLATIONS with SPECIFIC PERIOD,

YZ/"Z | gre PaRWISE DisioINT, and their UNION is exactly YZ.

VY ly +0— < U (YZ\"Z N YZ\’"Z) —o A | Y= YZ>] (I1.20)

nm € Z+ A n#Em nezZ+
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II.2 Resultant-Period Sets

Objective We will consider the Sets that contain all of the possible PEriops of the TESSELLATION that results

when two TesseLLATIONS are OPERATED only knowing what the PEriop-SET for each OPERAND TESSELLATION is.

Strategy We will motivate the REsuLTANT-PERIOD SETS piece by piece. We will — after the first subsection
— suppress the more formal notation we have been using throughout the rest of the document. It is the belief
of the author that otherwise many of the discussions would become even more cumbersome than the content
already necessitates it to be.
I1.2.1 Some Brief Number-Theory
We will often find it necessary to make reference to the PRiMEs on Z, and to be precise:
Definition I1.2.1 (Primes and Prime Ideals). We say that a Rp is a PRiME IDEAL of a CommuTaTIVE RING,
R &= (R, +, *) if:

Va¥b[(ae RAbeRAaxbeRp) = (aceRp v beRp)] (I.21)
We then define the SET Or PrIMES, Pg, of the same CommuTaTiVE RING R like so:

Vpl[((peR) = YavVb[(ae RAbeRAaxbeRp) = (acRp v beRp)]) = pePg| (11.22)

Also important is the notion of PRiME-PowERrs which are always NaturaL NumBers: N. They are the right
ELEMENT in each PaIr of elements in Pg[x] for each ELEMENT in R. In the case of Z these are of course notated

as Pz[n] for some n € Z. It will be worth noting a particular interpretation of MutripLICATION and Division:

Definition II.2.2 (Multiplication and Division as Addition and Subtraction). We have that MuLTIPLICATION

and Drvision are actually essentially ABBREVIATIONS for AppiTioN and SUBTRACTION of INTEGERS PRIME-POWERS.
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Consider YaVblae Z A b € Z):

nem o= n pnp+m,,

(p.np) € Pz[n]
(p,mp) € Pz[m]

o= n pnpfml,

(p,np) € Pz[n]

(p,mp) € Pz[m]

3=

It is worth noting — of course — that:

¥ pVin,Vm, [(p € Pz A (p.ny) € Bz[n] A (p.m,) € Pz[m]) = (% cZe (n,> mp))]

(I1.23)

(IL.24)

(I1.25)

That is, in order for % to be an INTEGER, it must be the case that that all PRIME-PoweRs of n are greater than or

equal to m’s.

We now define several HELPER FUNCTIONS:

Definition I1.2.3 (MIN, MAX, and EQ). The three Functions listed below will allow us to express several

more FUNCTIONS in our next definition.

X x <Yy
MIN(x,y) o=
y ysx
y x <y
MAX(x,y) 0= |
X y<ux
X x=Yy
EQ(x,y) b=
0 x#y

(IL.26)

(IL.27)

(IL.28)

Definition 11.2.4 (GCD, LCM, and GCUD). The following Functions can be thought of as applying the
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previous three just defined to the PRIME DEcomposiTION Of two POSITIVE INTEGERS.

GCD(n,m) o= 1 pMINC1pamp) (I1.29)

(p.np) € Pz[n]
(p,mp) € Pz[m]

LCM(n,m) &= I pMAX () (I1.30)

(p.np) € Pz[n]
(p.mp) € Pz[m]

GCUD(n,m) <= I pEQmy) (IL31)

(p,np) € Pz[n]

(p,mp) € Pz[m]

The first two Functions will be the familiar GREATEST ComMoN Divisor and Least CommoN MULTIPLE that
are rather frequently used. The third is somewhat more exotic; it can be shown that it is in fact the GREATEST

CommoN Uritary Divisor FuncTion.

Definition II.2.5 (Divisors and Unitary Divisors). Given the construction of the GREATEST CoMMON D1visor
and GrReATEST CoMMON UNiTARY Divisor Functions, we may write a more concise definition for the SEr of

Drvisors for a given n € Z, and soon a definition for the SET of UniTarY D1visors of 7.
D[n] ¢= {d €eZ" : GCD(n,d) = d} (I1.32)

A Uniary Divisor of some PosITIVE INTEGER 7 is a Divisor m of n such that GCD(m, &) = 1. This equation
tells us that once m has been divided out of n — represented by the fraction - — the result has no common
Factors with m anymore. This can intuitively be thought of as a Divisor that removes ‘every copy’ of
any PrRIMES it possesses in common with the Divipenp. We can use the GREATEST CoMMON UNITARY Divisor

FuncrtioN to a write a more succint definition of UNitary Divisors however:
Uln] ¢&= {u € D[n] : GCUD(n,u) = u} (I.33)

It is worth noting that U[n] < D[n] for all n, naturally.
We will briefly state a lemma related to Unitary Divisors that will be very useful later.

Lemma I1.2.1 (The Quotient of an Integer by a Unitary Divisor is Itself a Unitary Divisor). For an INTEGER
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nand u € Uln], it is the case that " € Uln].

VnVu [(n €ZAueUln)) = (Z € U[n])] (IL34)

Proof. Since u € U[n] we know that GCD(n,u) = u and GCUD(n,u) = u. In essence this means that every

PrivE-PoweR of m is equal to the PRIME-POWER on the same PrIME in 7 or O:

(p € Pz A (p.ny) € Pz[n] & (p,up) € Pz[u])
VnVu | (n€ Z A ue Uln]) = VpVn,Vu, [ (11.35)

(np =up v u, =0)

Because of this we have that:

n
VnV Z U - = fp—H I1.36
nu|(neZanuce [n]):>u H p (I1.36)
(p.np) € Pz[n]

(p,up) € Pz[u]

| (I1.37)
VnVu | (n€ Z Aue Uln)) = I n p'r (11.38)
(pny)€Pz[n]\Pz[u]

And since we have that the only Prive-Powers that are left in % are exactly equal to ones that are in Pz[n] or

0, we have that GCUD(n, %) = *. ]

u

I1.2.2 Properties of Tessellation Operation

Consider a CANCELLATIVE ALGEBRA Y ¢= (Y, ), and suppose that @ € Y’ Z/ az. peY Z/ bZ and yeY Z/ “Z_such
that « © 8 = y. We would like to know what SET P,;, = Z contains all valid choices of ¢ for fixed a, b. Note

that LCM (a,b) € aZ and LCM (a, b) € bZ, by necessity.

Lemma I1.2.2 (The Least Common Multiple of the Periods of Two Operand Tessellations is in the Period-Set
of the Resulting Operated Tessellation). Consider a CanceLLATIVE ALGeBrA Y = (Y, -), and suppose that

a e YZ2 Be YU2 andy € YY/Z, such that « © B = . It must be the case that LCM(a,b) € cZ.

73



Proof.

la ©B](i) = ¥(i)
[« ®B](i + LCM(a, b)) = y(i + LCM(a, b))
a(i + LCM(a,b)) - B(i + LCM(a, b)) = y(i + LCM(a, b))
a(i) - Bli) = y(i + LCM(a, b))
e ©B](i)(i) = (i + LCM(a, b))

v(i) = y(i + LCM(a,b))

(11.39)
(IL.40)
(IL41)
(I1.42)
(I1.43)

(IL44)

]

This lemma means we know that 3x € Z 3 LCM(a, b) = xc. We know so far then that c € D[LCM (a, b)].

Stated another way, we have found the SEt that contains all possible choices for ¢, meaning we now must

restrict this SET to only the genuinely valid choices. The next lemma will provide the criteria that allows us

to do just that.

Lemma I1.2.3 (Each Least Common Multiple of the Periods of Two Operand Tessellations with the Period of

the Operated Tessellation Must be Equivalent To Each-Other). Consider a € Y*/%, 8 € YZ/"Z, and y € Y%/%

such that « © 8 = y. It is the case that:

LCM(a,c) = LCM(b,c)

Proof. First, we will show that LCM(a, c) € bZ:

[a ©B](i) = (i)
[ ®B](i + LCM(a,c)) = y(i + LCM(a,c))
a(i + LCM(a, ¢)) - B(i + LCM(a,¢)) = y(i + LCM(a,c))
ali) - Bli + LCM(a,¢)) = ¥()
a(i) - Bi + LCM(a,)) = a(i) - B()
B(i + LCM(a,c)) = B(i)

(11.45)

(IL.46)
(IL47)
(I1.48)
(I1.49)
(I1.50)

IL51)
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And further, we will show that LCM (b, ¢) € aZ:

[a ©B](i) = (i) (11.52)

[ ®B](i + LCM(b,c)) = y(i + LCM(b,c)) (IL.53)

a(i + LCM(b,¢)) - B(i + LCM(b,c)) = y(i + LCM(b, ¢)) (I1.54)
a(i + LCM (b, ¢)) - B(i) = y(i) (IL55)

a(i + LCM(b,¢)) - B(i) = a(i) - B(i) (IL.56)

a(i + LCM(b, ¢)) = ali) (IL57)

Each of these chains of EquaLrties allow us to conclude that 3n € Z 5 LCM(a,c) = nb and Im € Z >

LCM (b, c) = ma. It must be the case that n and m are linked, somehow, through c.

nb = LCM(a,c) (IL.58)
LCM(b,nb) = LCM(b, LCM(a,c)) (IL59)
nb = LCM(a,b,c) (I1.60)

ma = LCM(b, ¢) (IL61)
LCM(a,ma) = LCM(a, LCM(b,c)) (1.62)
ma = LCM(a, b, c) (I1.63)

nb = ma (I1.64)

(11.65)

Because LCM(a,c) = nb, LCM(b,c) = ma and nb = ma, we can conclude that LCM(a,c) = LCM (b, c).

]

Thus, only those d € D[LCM(a, b)] such that LCM(a,d) = LCM (b,d) are valid choices for c¢. Using

our definition of LCM from earlier, we pry further; suppose that LCM(a,d) = LCM(b,d) for some d €
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D[LCM(a, b)]:

LCM(a,d) = LCM(b,d) (I1.66)
1_[ pMAX(ap’dp) — 1_[ pMAX(}’p’dp) (I1.67)
pEPZ pGPZ
MAX(ap,d,) = MAX(bp,d,) (I1.68)
This Equarion tells us that:
(ap.by <d, v d, < a,=b,) (11.69)

But, because d € D[LCM(a, b)], we know that LCM(LCM(a,b),d) = LCM(a,b). Using our definition of

LCM previously again:

LCM(LCM(a,b),d) = LCM(a, b) (IL.70)
n pMAX(MAX(a,,,bp),d,,) _ H pMAX(a,,,b,,) (II71)
pePz pePz

MAX(MAX(ay,b,).d,) = MAX(a,.b,) (IL72)

Thus, we know that d, < MAX(a,,b,). These are enough for us to state a theorem that governs how PEriops

interact when TESSELLATIONS are OPERATED.

Theorem I1.2.4 (Resultant Period-Set After Tessellation Operation). Consider a € Y%/, B € Y*"Z, and

y € YZ/C gych that & © B = . It is the case that ¢ must belong to the SET:

{ LCM(a, b)
Pa,h =

—— €Z : de D[GCUD(a, b)]} (IL.73)

Proof. This is because d € D[GCUD(a, b)] means that MAX(d,, EQ(a,.b,)) = EQ(a,,b,). Hence:

((dy < apb, A a,=b,) v (dy=0 n a,+bp)) (IL.74)
Thus, any ¢ € P, — being EQuaL to %(a’b) —is such that when a, # b,, ¢, = MAX(a,, b,) because d,, = 0,

but when a, = b,, ¢, < ap, b, since ¢, = MAX(a,,b,) — d, and u, < a,, b,. Meaning that it is always the

case that MAX (ap,c,) = MAX(b,,cp). Hence, LCM(a,c) = LCM(b,c) and ¢ € D[LCM(a,b)]. |
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Lemma IL.2.5 (The Resultant Period of Two Tessellations with the Same Period is a Divisor of that Period).

For 74,7, € Y2VYZ and 1, € Y2 such that T, ® 1), = T, it must be that ¢ € D[n].

Proof. For this we need only simplify the SET we constructed earlier, and because both 7, 7, have period n,

we write P, ,:

Pon = {LCMT(”") €Z : de D[GCUD(n,n)]} (IL75)
Pup = {g €Z : de D[n]} (IL76)
Poy = {d €Z : de D[n]} (IL77)
Py, = Din] (I1.78)

I1.3 Identical Resultant-Periods

Objective In this section we will consider the pairs of Periods that produce the exact same Resultant-Period

Set.

Strategy We will motivate this set by building up the requirements in individual sets before combining

them into a single set that will have the property for which this section is named.

I1.3.1 Pairs That Share a Greatest Common Unitary Divisor

We now turn to considering which distinct Pairs of Periops will yield us the same ResuLtant PERIOD-SET Once

TesseLLATIONS Of the respective PEriops are OperaTep. We seek a SET S € Z x Z such that ((a, b),(c,d) €

S > = (Pa,;, = Pc,d> . When one considers the construction of P, ,, it becomes clear that for two distinct
Pamrs (a,b), (c,d) to generate the same SEr, it must be that LCM(a,b) = LCM(c,d) A GCUD(a,b) =
GCUD(c,d). First we will describe the Set of Pairs that share their GCU D, and to motivate this construction,
suppose GCUD(a,b) = x. Then it must be that ¢ = nx and b = mx for some n,m € Z. What restrictions

may we place on n,m?

Lemma I1.3.1 (Pars that Share Their GCUD). The St of Pairs that share the GCUD of x is constructed
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like so:
{(xn, xm) € ZxZ : GCD(n,x) = GCD(m,x) = GCUD(n,m) = 1} (IL.79)

Proof. We begin by using our PrRivE-Power definition of the GCUD FuncTion from earlier:

a =nGCUD(a,b) (11.80)

b = mGCUD(a, b) (IL.81)

H pYr = H prtEQLarby) (I1.82)
pEPz pEPz

[]p% =] pmreetes) (IL.83)
PEPz PEPz

a, = n, + EQ(a,,b,) (11.84)

by = m, + EQ(ay.b,) (IL85)

a, —n, = EQ(a,,b,) (11.86)

by, —m, = EQ(ay,b,) (11.87)

The Function EQ(s, f) can only EquaL either s or 7 if s = ¢ and 0 otherwise. So, these last two lines allow us

to form the following ImpLicATIONS, applied to each PRIME PowEr individually:

ap=b, = n,=m, =0 (I1.88)

And similarly:

a,#b, = (a,=n, N b, =m,) (1.89)

From these we may conclude that GCD(n, x) = GCD(m, x) = 1 and GCUD(n,m) = 1. This is because our
first ImpLICATION tells us that if x, = EQ(a,, b)) # 0 then n, = m, = 0; our second ImpLICATION tells us that
if x, = EQ(ap,b,) = 0 then EQ(n,,m,) = 0, so with our first ImpLIcATION, we know that every EQ(n,,m,)
calculation in GCUD(n, m) must be 0, because either x, = 0 or x, # 0i.e. GCUD(n,m) = 1. Similarly,
these also tell us that MIN(n,, x,) = MIN(my, x,) = 0, since n, = m, = 0 in the case that x, # 0, i.e.

GCD(n,x) = GCD(m, x) = 1. ]

This lemma tells us that for a Par to share a GCUD, x each ELEMENT in the ParR must be a ProbucT
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of n and m respectively with x such that they are each Co-PriME to x and do not share a GCUD between
each other. We will express these as INEQUALITIES relating to the PRIME-Powers of the respective NuMmBERS for

clarity:

MIN(n,,x,) =0 (I1.90)

(O=np<xp v 0=x, <np) Ir.9n
MIN(m,,x,) =0 (I1.92)

(0 =m,<x, v 0=1x,< mp) (I11.93)
EQ(n,,mp,) =0 (I1.94)

(np =mp,=0 v n,# mp) (I1.95)

I1.3.2 Pairs That Share a Least Common Multiple

Now we will use these conditions to determine which of these Pairs share their LCM, i.e. suppose LC M (xn, xm) =
z for some z. We will first complete a short lemma regarding Co-PriME NumBERs and their LC M, however, to

noticeably simplify our search.

Lemma I1.3.2 (Numbers Co-Prime to Arguments in LCM Distribute Over Them). It is the case that if

GCD(a,b) = GCD(a,c) = 1 then aLCM (b,c) = LCM(ab, ac).

Proof. We have that MIN(a,,b,) = MIN(a,,c,) = 0, so either a, = 0 or b, = ¢, = 0. Now consider,

aLCM (b, c) and LCM (ab, ac):

aLCM(b,c) = | | pr+¥axre) (11.96)
PEPz

LCM(ab,ac) = | | pM**(rtbrarttr) (11.97)
PEPZ

So we would like to show that a, + MAX(b,,c,) = MAX(a, + b,,a, + b,). This must be the case, though,
when one considers that either a, = 0 or b, = ¢, = 0. If a, = 0, then a, + MAX(b,,c,) = MAX(b,,c))
and MAX(a, + by, a, + c,) = MAX(b,, c,); alternatively, if b, = ¢, = O then a, + MAX(b,,c,) = a, and
MAX(a, + by, a, + c,) = MAX(ay,a,) = a,. O
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Because of this previous lemma then we know that LCM (xn, xm) = xLCM (n,m), so we know that if
LCM (xn, xm) = z = xLCM (n,m). Which is to say, z = xy for LCM(n,m) = y. As a result, the restrictions
we found on n, m will be the primary influence in our search for which of them will share a LCM. Namely,
n, m must be Co-PrIME to x and they can not share a GCUD themselves. We will go on to state a theorem that
describes the construction of the set we seek and then prove that indeed all Pairs share both GCUD and LCM
in the following subsection. First, to allow easier readability of said theorem, we will define the SUBORDINATE

Funcrion:

Definition I1.3.1 (Subordinate Function). The SuBorDINATE of an INTEGER 7 is defined like so:

S(n) o= [ pHverln—1h (I1.98)

pePz

We will now, briefly, prove three properties with varying relevance about the SUBORDINATE of an INTEGER,

each with respect to one of our PRiMeE-Power Functions, LCM, GCD, and GCUD.

Lemma I1.3.3 (The LCM of an Integer and its Subordinate is the Integer). It is the case that for all INTEGERS

n, that:
LCM(n,S(n)) =n (I1.99)

Proof. (Technically, this follows from the fact that (Ny, LCM, GCD) forms a Larrice, and so the ABsore-
TIVE CoLLABORATION holds on ComposiTions of each Funcrion, (which actually follows from the fact that
(Ny, MAX, MIN) forms a Larricg; the inheritance of this property is a result of our ability to describe LCM
and GCD using MAX and MIN) but we will show it without appealing to this fact.)

We will first express this as the relevant PRIME-DECOMPOSITION, as usual:

LCM(n, S (n)) = | | pMAXCtMINGp-lo=110) (I1.100)

PePz

So, we need to show that MAX(n,, MIN(n,, |n, — 1)) = n,. This is easy to see when one considers
that if n, > 1 then MIN(np,|n, — 1|) = n, — 1, (we may drop the ABsoLUTE VALUE because we know
it is NoN-NEGaTIvE), and clearly MAX(np,n, — 1) = n,. Similarly if one considers that n, = 0, then

MIN (n,, |n, — 1]) = 0 because |0 — 1| = 1, and we are left with MAX(n,,n,) = MAX(0,0). ]

Lemma I1.3.4 (The GCD of an Integer and its Subordinate is the Subordinate). It is the case that for all
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INTEGERS n, that:
GCD(n, S (n)) = S(n) (I1.101)

Proof. (This too follows from the fact that (Ny, LCM, GCD) forms a LarTicg, for the same reason as above,
but — again — we will show it without appealing to this fact.)

We will express this as the relevant PRIME-DEcomPOsSITION, as before:

GCD(n,S (n)) = [ ] pM™N e MINCy-ln=1D) (IL.102)

PePz

So, we need to show that MIN (n,, MIN(n,, |n, — 1|)) = MIN(n,, |n, — 1]). This is rather obvious to see
when one notes that when n, > 1 then MIN(n,, |n, — 1|) = n, — 1, , and clearly MIN(n,,n, — 1) = n, — 1.
Similarly if one considers that n,, = 0, then MIN(n,, |n, — 1|) = 0 because |0 — 1| = 1, and we are left with

MIN(n,,n,) = MIN(0,0). O

Lemma I1.3.5 (The GCUD of an Integer and its Subordinate is 1). It is the case that for all INTEGERS n, that:
GCUD(n,S(n)) =1 (I1.103)
Proof. This is easy to see if one remembers that GCUD is defined using EQ:

GCUD(n,S(n)) = [ ] p=etw-MiN e in=10) (I1.104)
PPz

When one considers that MIN (n,, |n, —1|) is either equal to 0 or n, — 1, it becomes clear that the surrounding
EQ can only ever yield 0 since either n, = 0 or n, # n, — 1. A 0 on every PRIME in a PRIME-DECOMPOSITION

will always yield 1. O

With our definition of the SUBORDINATE of an INTEGER and a NUMBER of nice properties proven, we are now

ready to state our theorem.

I1.3.3 Pairs That Share a GCUD and an LCM

Theorem I1.3.6 (Pairs of Periods that Share the Same Resultant Period Set). The set such that any two PAIrRS
(a,b), (¢, d) with MeMBERSHIP satisfy the condition, P,p = P.,4 is determined by the choice of two Co-PRIME
NuMBERS x, y such that GCUD(a,b) = GCUD(c,d) = x and LCM(a,b) = LCM(c,d) = xy. Any set that
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has this property for fixed x,y is a SUBSET of the following SET:

Tyy O= {(xvi,ij)erZ : ((veU[y] A W= %) A (ie D[S(W)] A jeD[S(v)]))} (I1.105)

Proof. We will demonstrate that it is in fact always the case that LC M (xvi, xwj) = xy and then we will show
that GCUD(xvi, xwj) = x as well. After that, we will finish the proof by showing that any other Ser with
this property must be this SET or a SuBsker of it.

Beginning with the LCM:

LCM (xvi, xwj) = xLCM (vi, wj) (11.106)
XLCM(vi,wj) = [ | ptrhaxtotivrstip) (11.107)
pEPZ

We would like to show that x, +y, = x, + MAX (v,, +ip, Wy + j,,), which is obviously reducible to showing
that y, = MAX(v, + ip, Wy + jp)-

To start, note that v € U[y], means we know that either v, =yporv, =0.

First, consider v, = y,. It would be that w, = 0 when v, = y,, and because i € D[S (w)] we know
that i, < MIN(w,,|w, — 1|). So, when v, = y,, it must be that i, = 0 and our calculation simplifies to
MAX(y,+0,0+ j,). Further since j € D[S (v)] it must be that j, < MIN(v,,|v, —1|) = MIN(y,, |y, — 1|)
which allows us to conclude that MAX(y,, j,) = ¥p.

Alternatively, if v, = 0, because w, =y, — v, then w, = y,, so our calculation will simplify to MAX(0 +
ip,¥p + jp)- Since j € D[S (v)], it is the case that j, < MIN(v,,|v, — 1|), but because v, = 0 then j, = 0.
Again, our calculation simplifies to MAX(i,,y,), but i € D[S (w)] gives us that i < MIN(w,,|w, —1|) =
MIN(yp, |y, — 1|), and so it must be that MAX (i, y,) = y,.

With that we have shown thaty, = MAX(v,+i,, w,+ j,) and so we may conclude that LCM (xvi, xwj) = xy.

Now, we wish to demonstrate that GCUD(xvi, xwj) = x, which is notably easier since y is Co-PRIME to x.

GCUD(xvi,xwj) = [ [ pretottinstrnti) (I1.108)
pePz

So, we would like to show that EQ(x, + v, + iy, xp, + W), + j,) = Xp.
Since v e Uly], w = ¥, i € D[S(w)], and j € D[S (v)], it is easy to see that v,w,i, j € D[y]. Since

(D[x] N D[y]) = {1} — which is to say they are Co-PriME — we may then conclude that if x,, # 0 it must
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be thatv, = i, = w, = j, = 0. From this we know that when x,, # 0 then EQ(x, + v, +ip, X, + W, + j,) =

EQ(x, +0+0,x, +0+0) = EQ(xp, xp) = xp.

So, when x, = 0, we have EQ(x, + v, + ip, X, + W, + j,) = EQ(0 + v, +i,,0 + w, + j,). Because we

know that every EQ calculation in GCUD(xvi, xw}), such that xp # 0, is EQuaL to x,, we wish to show that

it is always the case that EQ(v, + ip,w, + j,) = 0 when x, = 0. Consider that (D[v] N D[w]) = {1}
Y

since v € Uly] and w = . As a result, if v, # O then i, = w, = 0 and our calculation simplifies to

EQ(v,+0,0+ j,). Though since j € D[S (v)], it must be that j < MIN(v,,,

vp—1|). Asaresult j, <v,—1
s0 EQ(v,, j,) = 0. Alternatively, if v, = 0 then j, = 0 as well, meaning EQ(v,, +ip, w,+ j,) = EQ(ip, wp).

But, for the same reason, since i € D[S (w)], then i < MIN(w),

wp — 1|). If w, # 0 then i, < w, — 1 neces-
sitating EQ(ip, w),) = 0; if instead w;, = 0, then i, = 0 too, so EQ(i,,w,) = 0.

With that we have shown that EQ(x,, + v, + i, x, + W, + j,) = X, and thus shown GCUD(xvi, xwj) = x.
Finally, we will show that any set E of Pairs such that, for fixed x,y, all Pairs have LCM equal to xy and
GCUD equal to x, is a SUBSET of . ,. We will show this by CoNTRADICTION.

Suppose instead that there exists some Ser E such that every Par (a,b) € E has the property where
LCM(a,b) = xy,GCUD(a,b) = x, but E ¢ m,,. Then it would be the case that E/x,, # @. So, con-
sider (a,b) € E/ny.,.

Since GCUD(a,b) = x, we know that x € U[a] and x € U[b]. As a result, we may rewrite a and b as xn
and xm for some specific n € Ula] and m € U[b], namely ¢ and 2 respectively. We know that n € Ula]
and m € U[b] from a previous lemma showing that the Quotient of an INTEGER by a UNITarY DIvIsoR is
also a UNimary Divisor. Also from a previous lemma we know that it must be that GCUD(n,m) = 1,
ie. <U[n] N U[m]> = {1}, and GCD(x,n) = GCD(x,m) = 1 ie. <D[x] N D[n]) = {1} and
(D[x] N D[m]) = {1}. From this it is also the case that LCM(xn, xm) = xLCM(n,m) = xy and so
LCM(n,m) =y.

Since LCM(n,m) =y, we know that MAX(n,,m,) = y,, ie. (n, < m, =y, v m, < n, =y,). We
know that there is no CommoN Unitary Divisor between n and m though, thus n, # m, unless n, = m, = 0.
This allows us to say then that (n, < m, =y, v m, < n, = y,). This allows us to further say that
((U[y] N U[n]) £0 v (U[y] N U[m]> # @). Without loss of symmetry, suppose (U[y] N U[n]) #
@ and consider some s € ( Uly] (| U[n] ]. We know that s must be such that each s, = y, or s, = 0.
This allows us to rewrite n = sf such that if s, = y, then f, = 0 and if s, = O then f, < y, since
(np <mp =y, v m, <np=y,). Similarly, as a result we may conclude that 2 € <U[y] N U[m]) since

(n, <mp =y, v m, <n,=y,) tells us that if n, = y, as in the case when s, = y,,, then it must be that
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m, < n,, meaning that there must be some 7 € (U NEARY [m]) such that #, = y, when s, # y,, namely
t = . This allows us to rewrite m = tg such that when 7, = y, then g, = 0 and when 7, = 0 then g, < y,.
We will now notice that necessarily f € D[S (¢)] and g € D[S (s)]. This is because exactly when f, = 0 then
t, = 0 and when g, = 0 then so does s, = 0; similarly, when 7, = y, then 5, = 0 so since f, < y, it follows
in this case that f, < 7, and the same is true for g, and s, respectively. This shows that it indeed must be the
case that f € D[S (7)] and g € D[S (s)].

With all of that we have shown that a = xn = xsf and b = xm = xtg where s, 1, f, g are exactly as described

in our constructed Ser, hence (a,b) € 7x,y» & CONTRADICTION. m|

This allows us to rewrite our definition of a Resurtant Periob SET — if we should so wish — such that it
will now represent the unique such Set, and further we can derive every Par of Periops that will yield it

from this new definition.

P = {dy €Z :de D[x]} (11.109)

(IL110)

The associated PaIrs are as our previous theorem constructed them.
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CHAPTER III

ALLGEBRAS

III.1 Allgebras and Symmetry-Sets

Objective In this section we will introduce the notion of an ALLGEBRA and formalize ALGEBRAIC STRUCTURES

on it by defining the generalization of a PERIOD-SET: a SYMMETRY-SET.

Strategy We will take the foundation we created relating to how we understand ALGEBRAIC-STRUCTURES
coming out of the introduction of OPERATORS — and those from Functions — and extend our intuition to all
possible OperaTors. We will look for patterns among them, and how they collectively bundle together to

create similarly classed ALGEBRAIC STRUCTURES over SUBSETS of our DoMAIN.

III.1.1 What kinds of Symmetries are Interesting?

Consider two Non-Empry SETS each PAIRED with the SET of all possibly definable Binary OPERATORS on each
respectively — henceforth referred to as AllGeBras — denoted: X ¢&= (X,Qx), Y <= (¥,0y). We denote the

set of all functions from X to Y as YX.

Definition ITI.1.1 (Symmetry Points Functions). For 1 € YX, x,s € X, and 9y € Oy, we define the SYMMETRY
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PoinTs of ¢#x on A as follows.

or(2,9x) &= {s D A(x) = A(Ix (s, x))} (IL.1)
or(,9x) & {s 2 A(x) = A(Ix(x, s))} (r.2)
0'0(/1, ﬁx) <= <0’L(/1, ﬁx) ﬂ O'R(/l, ﬁx)> (II1.3)

When subscripts are omitted in future definitions the original three indicated above, L, R, C — meant to denote

‘Left’, ‘Right’, and ‘Commutative’ — are IMpLIED, resulting in three new definitions each time.

Consequence II1.1.2 (Commutative Operator-Symmetry Implies Left and Right Operator-Symmetry). Any
FuncrioN from X to Y that has a CoMMUTATIVE OPERATOR-SYMMETRY, must then have a LEFT OPERATOR-
SyMMETRY and RiGHT OPERATOR-SYMMETRY — namely, the previously mentioned COMMUTATIVE OPERATOR-

SYMMETRY.

Definition ITL.1.3 (Operator-Symmetries of Functions). Consider a MappinG =€ that will be from P(YX) —
P(Oy). For A = Y¥, and 9y € Oy, we define the OPERATOR-SYMMETRIES of the SET of FuncTions A as the SET

of OperaTORS that have SYMMETRY POINTS 0n at least one FuncTioN in said SET.
ZG(A) = {ﬁx s dleAs0(A,09%) # @} (I11.4)

Definition II1.1.4 (Function-Coverage of Operators). Consider a MappiNG 2 that will be from P(Thetax) —
P(Y X ).ForieY X and Oy Oy, we define the FuNcTiON-COVERAGE of the SET of OPERATORS Oy as the SET

of all Funcrions that have at least one SYMMETRY PoINT with at least one OPERATOR in said SET.
EA(GX) fo=Y {/1 : 9 elx 30(A,0x) # @} (II1.5)

Lemma II1.1.1 (£® & X" are Functions). Each of these MaPPINGs are defined for all INpUTS.

Lemma II1.1.2 (Non-Empty Input to £® Will Yield Non-Empty Output). The Function € will not Map to

the EMPTY-SET for any argument except the EMPTY-SET itself.

Proof. Take any fixed ELEMENT Xy € X — note that we already assumed that X is non-empty — and consider
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Py, € Ox defined:

X y=2Xx
Py (X,y) = y x=x (I11.6)
xo else

For all 1 € YX, it is the case that A(,,(x, x0)) = A(Fy, (%0, x)) = A(x) V x € X, which means that xy €
o1(4,9y,), and xo € og(4, 9, ), and 50 xg € o¢(A,19,,) as a result. This allows us to conclude that £ ({1}) is
always NoN-Empty, and because all SINGLETON INPUTS yield Non-EmpTy Output, any ComposITE SET will also

be Non-Ewmpry. O
Corollary IIL.1.2.1 (£°(@y) = Y¥).

Lemma IIL.1.3 (Non-Empty Input to £ Will Yield Non-Empty Output). The function T will not Map to

the EMPTY-SET for any INPUT except the EMPTY-SET itself.

Proof. Take any fixed ELEMENT y € Y — note that we already assumed that Y is Non-EMpPTY — and consider
ya € Tr[Y*]. For some ¢ € @y, consider xz, xz, X3 € X. Then, it must be that y,(xs) = y (H(xz, x9)) =
yva(xr) = ya(9(xg,xr)) = ya(xg). This means that x;, xg € or(ya,?), Xr, X9 € or(ya,?), and as a result
xg € oc(ya, ). This means that we can conclude X*({#}) is always Non-Empry, and because all SINGLETON

Inputs yield Non-Empry OutpuT, any ComposITE SET will also be NoN-Empry. m}

Corollary IIL.1.3.1 (A (Y¥) = Oy).

III.2 Symmetry-Set Relations on Functions

Objective We will define several ReLaTiONS that allow us to say more about our ALLGEBRAS.

Strategy We will use common relationships between SeTs, specifically applied to SYMMETRY-SETS, in or-
der to gain additional structure — and so insight — in the form of several ORDER RELATIONS and EQUIVALENCE

RELATIONS on ALLGEBRAS.
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I11.2.1 Several Interesting Relations on Functions

Definition II1.2.1 (Regularity & Similarity of Function Sets: <, ~). Suppose @,8 = Y*; we say that a is

Less REGuLAR than S if and only if Z°(a) < Z°(B).

a<Bo=2%0a) c2B) (I11.7)
Further we say that o and 8 are SiMILAR if and only if @ < 8 and 8 < @, or EQUIVALENTLY:

a~ B =20 a) =2°(B) (111.8)
Lemma IIL.2.1 (Regularity is a Pre-Order on P(YX)). It is the case that <1, <g, and Sc¢ are all REFLEXIVE,

and TRANSITIVE.

Proof. The proof is self-evident, as the definition of REGULARITY is entirely in terms of SET INcLusioN which

itself is REFLEXIVE and TRANSITIVE. O

Lemma II1.2.2 (Similarity is an Equivalence Relation on P(YX)). It is the case that ~1, ~g, and ~¢ are all

REFLEXIVE, SYMMETRIC, and TRANSITIVE.

Proof. The proof is self-evident, as the definition of SiMILARITY is entirely in terms of SET EQuaLiTy which

itself is REFLEXIVE, SYMMETRIC, and TRANSITIVE. O

Lemma I11.2.3 (£° is an Order-Homomorphism from (P(Y%), <) to (P(®x), S)). This, too, is a direct result

of REGULARITY being defined using SET-INCLUSION.
Corollary II1.2.3.1 (Similarity Identifies a Kernel of =©).

Definition II1.2.2 (Coherence & Concurrence of Operators: <1, ). Suppose 6,,60, < Ox; we say that 6, is

Less Conerent than 6, if and only if A (6,) < Z*(6,).

0, < 0, 0= ZM(6,) < M (6)) (I11.9)

Further we say that 6, and 6, are CoNcURRENT if and only if 6, < 6, and 8, < 6,, or equivalently:

6, > 6, 0= 22 (6,) = ZM(6y) (I11.10)
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Lemma I11.2.4 (Coherence is a Pre-Order on P(Qy)). It is the case that <t [, <1 g, and <1 ¢ are all REFLEXIVE,

and TRANSITIVE.
Proof. The proof is self-evident, as the definition of COHERENCE is entirely in terms of SET INCLUSION. O

Lemma IIL.2.5 (Concurrence is an Equivalence Relation on P(@y)). It is the case that X, Xg, and X¢ are

all REFLEXIVE, SYMMETRIC, and TRANSITIVE.
Proof. The proof is self-evident, as the definition of CONCURRENCE is entirely in terms of SEr EQuaLity. O

Lemma II1.2.6 (£ is an Order-Homomorphism from (P(®x, <1 ) to (P(YX), S)). This, too, is a direct result

of COHERENCE being defined using SET INCLUSION.
Corollary I11.2.6.1 (Concurrence Identifies a Kernel of Z*).

Definition II1.2.3 (Resemblance & Correspondence of Function-Operator Pairs: -, |=). Let a,8 < Y¥, and
suppose 6,, € X° () and 6, < X°(B) we say that (o, 6,) REseMBLEs (8, 6, ) if and only if o (a, 6,) < o (B, 6).
(Note: We could equivalently take two Sussers of ®y and take o and 8 to be Sussers of the respective XA

OuTPUTS.)

(@,6,) 3 (B,6) 0= 0 (,6,) < o (B, 6p) (IIL11)

Further, we say that (@, 6,) and (8, 6,) Corresponp if and only if (e,6,) - (B,6;) and (8,6,) — (@, 6,), or

equivalently:
(@,0,) &3 (B,6y) &= o(a,8,) = o(B,0p) (IIL.12)
Lemma IIL.2.7 (Resemblance is a Pre-Order on P(Y* x @y)). The relation of RESEMBLANCE is REFLEXIVE,

and TRANSITIVE.

Lemma I11.2.8 (Correspondence is an Equivalence Relation on P(YX x @x)). The CORRESPONDENCE RELATION

is REFLEXIVE, SYMMETRIC, and TRANSITIVE.

Lemma IIL2.9 (¢ is an Order-Homomorphism from (P(Y* x @Ox), 3) to (P(X),<)). This, too, is a direct

result of RESEMBLANCE being defined using SET-INCLUSION.

Corollary I11.2.9.1 (Correspondence Identifies a Kernel of o).
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Appendices
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.1 Conditional Proof

Given some Premises or Conditions, Py, P, ... P,, aseries of Substitutions, Py, Py ... Py = P P, Pg... Py
Pi... P, Py... P, = Q that follow from previously assumed or proven Logical Rules L;,L;, ... L, and a
Conclusion Q that logically follows from the final substitution, one denotes a Conditional Proof of such a

Logical Rule as follows:

P1) P
P2) P
Pn) P,
S1) | PoPy...P - P, L (13)

S2) | PuPy... PP, L

Sm) | PoPr..P.—Q L

C -0

The far left column is a labeling scheme: P for Premises, S for Substitutions, and C for Consequence or
Conclusion. The middle column is where Premises, Substitutions and the Conclusion are placed. The right
column is only used in the middle row for Substitutions in order to explain what previous Logical Rule

enabled that substitution. The symbol .. is interpreted as meaning ‘therefore’, and " as meaning ‘because

[of]’.

.2 Axioms of Zermelo-Fraenkel Set-Theory

Let the LaNcuace Or ZFC reference the FiIrsT-OrRDER Locic we establish in 0.1.1, supplemented with the

LocicaL ConNEcTIVE € and its NEGATION ¢ defined in 0.1.2.1.

1. Axiom OF EXTENSIONALITY:

VxVy[Vz(zex < zey) = (x =y)] (14)
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. AxioM OF REGULARITY:

Vx[Ja(aex)=3y(yexnfz(zey rnzeX))] (15)

. AxioM SCHEMA OF RESTRICTED COMPREHENSION:
Let ¢ be a Formura in the LANGUAGE OF ZFC such that all FREE VARIABLES are among z,a,b,c...w
[insert footnote about not being limited by the length of the latin alphabet] with y explicitly not FrReE in

W

Vz,Va,¥b,Vc.. YwhVx[x ey < [(x€2) A ¥(x)]] (16)
. AxioM OF PAIRING:
VaxVydliz[Va(aez< (a=xva=y))] (17)
. Axiom OF Union:
VSIIAVYVx[(xe Y AYES) < xeA] (18)

. Axiom ScHEMA Of RepPLACEMENT: Let ¢ be a Formura in the LANGUAGE OF ZFC such that all Free

VARIABLES are among x,y, A, a, b, c...w with B explicitly not FREE in .

VA,Ya,Vb,Ve.. Vw[Ix(x€e A= Ayw(y)) = IBYVx(xe A< Fy(ye B) ry(y))] (19)
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7. Axiom OF InFniTy

iN

Vy

8. Axiom Or POwER SET

Vx(x ¢e)
Jle |

eeN

3y (zey& z=1)
319Vz A

VxIyWz[Va(aez=zex) < z€y]

T: Rendered here as an abstract piece of art.

.3 Axiom of Choice

VX [VaVb(ae X nbeX = Ay(yeAAyeB)) <= IC(Vx(xeX < Flc(cexnce)))]

ZFC <= ZErRMELO-FRAENKEL SET-THEORY With the Axiom OF CHOICE

(20)

21

(22)

(23)

93



