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ABSTRACT

The Kuramoto model is a kinetic model of phase-coupled oscillators. This model has
a long legacy, starting from Kuramoto’s text, Oscillations, Waves, and Turbulence,
which provided the foundation and initial analysis of the model. Kuramoto defined
convenient measures of the average phase and variance to describe the population’s
macroscopic state. Since Kuramoto’s original publication, researchers have worked
to better characterize solution dynamics. In a much-cited paper, Ott and Antonsen
showed that in some cases solutions adhere to a convenient ansatz, which greatly
simplifies model analysis. Here we combine the method of characteristics with an
iterative technique to prove existence and uniqueness of solutions to the infinite di-
mensional Kuramoto model. Our result differs from the result of Ott and Antonsen in
that we require the initial data is twice continuously differentiable and show existence
of continuously differentiable solutions, whereas the ansatz of Ott and Antonsen re-
quires the solution and initial data are twice continuously differentiable and belong to
a special class of Fourier series. We believe the alternative approach to model analysis
developed here has the potential to open doors to future results on the extensively

studied Kuramoto model.
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CHAPTER 1

Background

The Kuramoto model was proposed in 1975 by Dr. Yoshiki Kuramoto to give a more
concrete definition to intuition developed by Dr. Arthur Winfree on phase models
and oscillators [5]. This model of entrainment can be modified to describe the behav-
ior of either a discrete or continuum population of oscillators. More specifically, the
Kuramoto model considers the synchronization of globally coupled phase oscillators
where the coupling between oscillator pairs is given as the sine of their phase differ-
ence. This model is built with uniform coupling strength. In addition, the population
is characterized by a symmetric distribution of natural velocities, that is, the oscilla-
tors need not be identical. Much of Kuramoto’s work for this model was on a finite
number of oscillators. Kuramoto’s work towards the continuum limit was an attempt
to discern the conditions for the synchronization-desynchronization transition. He
stated a critical condition on the coupling strength for the continuum limit of the
model, and also considered the nature of the bifurcation at the critical value for the
coupling strength. However the analysis proved difficult, so he used intuition and
experimentation to posit further results. Kuramoto postured that for the continuum
limit of the Kuramoto model we would see that many problems would remain open,
as it was difficult to approach analytically [5]. Additional results were obtained by
Dr. John Crawford. Through the use of center manifold theory and linear analysis,
Crawford studied the stability of solutions to the Kuramoto model. The bulk of his
research was released in the 1990’s [1], [2]. Then in 2008, Dr. Edward Ott and Dr.
Thomas Antonsen developed an ansatz that can be generated given the initial condi-

tion of a specific geometric Fourier series. They also developed an exact, closed form
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solution to the Kuramoto model when considering a Lorentzian oscillator frequency
distribution, thus proving existence with this distribution. The ansatz is well-studied
and used to develop numerical results in physical mathematics due its closed form
solution given the common physics distribution of the Lorentzian [6].

Most current research in this area focuses on variations and/or control of the
Kuramoto model. A prominent model variant is the Kuramoto-Sakaguchi model.
The Kuramoto-Sakaguchi model includes a phase-lag on the angle between oscilla-
tors which impacts the attractive or repulsive behavior of the oscillators [8]. With
the assumption of the initial conditions and a Lorentzian distribution of natural fre-
quencies, researchers have adopted the Ott-Antonsen ansatz to develop results for
this model.

Here we study the existence and uniqueness of global solutions to the infinite
dimensional Kuramoto model from a different perspective that is based on the method
of characteristics for solving first order partial differential equations. We derive a new
result on the existence of global solutions, however the primary contribution of the
paper is the application of the characteristics to the study of this model. We believe
this alternative approach has the potential to open the door for future discoveries

about this model.



CHAPTER 2

Model exposition

In this paper we consider the infinite dimensional Kuramoto model,

27 [}

%(t, 0,w) = _% (pw + kp(t,@,w)/ / p(t, 6, &)y (&) sin(d — 6) div dé) >0,0cRwER (1)
0 —o00

p(0,0,w) = po(f,w);0 € R,weR (2)

where pg(0,w) is the initial 27-periodic density of a population of oscillators. Here
w is a parameter describing the natural velocity, which varies according to a density
v(w), 0 is the angle, and ¢ is time. In particular, fab v(w) dw gives the probability an

oscillator has natural velocity between a and b and

/_00 Y(w) dw = 1. (3)

o0

We seek solutions p(t, 6, w) that are 27r-periodic in 6 and represent probability distri-

butions as,

/_ " (1,0, 0y (w) dw

o0

gives the probability density of oscillator angles (#) at time ¢, so that for 0 < a <b
f: S p(t,0,w)g(w) dw db gives the probability an oscillator has an angle between a

and b at time ¢, and

/27r /OO p(t,0,w)y(w) dw dd =1; t>0. (4)

Note in addition, assuming the solution is 27-periodic, the coupling term,

Aw/fp@awMWNm@—eﬁMdé (5)

is equal to
(J+1)2

ﬂ/ﬁp@@wh@hm@—@dwﬁ, (6)

j2m
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where 727 < 0 < (j + 1)27. So, the model behaves as if oscillators are only coupled
to those near them.
In this work, we consider a simplified model where all oscillators have a single

natural velocity, i.e. w = 0. Under these simplified assumptions, the model becomes

%(t,e) = —% (kp(t,@)/o Wp(t, 0)sin(d — 0) dé) ; t>00eR (7
p(0,0) = po(0); 0€R, (8)

where pg is non-negative, 2r-periodic in ¢ and satisfies

/%pg(é’) 9 = 1, ek 9)

It will be useful to write (7) as

ap ap

P1,0) =~ 25(1.6) (k: /0 (6. 6)sin(d e)dé) +p(t,0) (k /0 (6.0 cos(d - e)dé) o (0)

where we have differentiated through the integral in (7) with respect to 6, as p is
assumed to be continuous in all variables and sine is smooth.

To motivate (7), first consider the scenario where oscillators are subject to an
initial density, py, with compact support on R. Let p;(¢,6) be the density of these
oscillators at time ¢, so that p(t, ) is a solution of

%(t, 0) = —%(t, 0) (k / Z p(t,0) sin(f — e)dé) +p(t,0) (k: / Z p(t, 0) cos(f — e)dé) :

fort > 0 and # € R. Also p; is subject to initial condition, p;(0,0) = po(0), for 6 € R,
where po() is C? on R with finite support, and

/ po(0)do = 1.
Since we naturally identify 6 with 6 + 2kx, for any k € Z, we define

pa(t,0) == pi(t,0+27j) ; 0 € [0, 2).

=



Assuming that p; has finite support, so the sum in the definition of p, is finite,

dp2 Ip1

JEZ

= —Z 1 (t,0 + 277) k/ p1(t,0)sin(d — 0 d9+ZP1 t 9+2773)k/ pi(t,8) cos(9 — 0)db

JEZ JEL
dps 2m(j+1) 27 (j+1) ) ) )
=25 (& e)kZ/ p1(t,0) sin(6 — 0)d0 + ps(t, 0) kZ/ p1(t,0) cos(6 — 6)dh
jez 2my JEL 27y
2
= —%(t 0)k / Zpl (t,0 + 275) sin(6 — 0)df + pa(t, 0)k / Zpl (t,0 + 2mj) cos(0 — 0)df
0 ez 0 ez
8/)2 2 PPN ~ 2 ~ ~ ~
= —%(t 0k p2(t, 0)sin(0 — 0)dO + pa2(t,0)k pa(t,8) cos(0 — 0)do
0 0

Thus, py is a 2m-periodic solution of (7).



CHAPTER 3

Existence of Solutions

We seck to show the existence of nonnegative, global, 27-periodic, C* solutions of

(7)-(8) subject to the normalization condition,
2
/ p(t,0)do=1,; t>0,0€R. (11)
0

In addition, the initial data, po(6,w), is C? in 0, 2m-periodic, and nonnegative. We
employ an iterative method involving an approximating sequence, characterize the
elements of the sequence, and establish convergence to a solution. Specifically, we

consider the following approximating sequence

%(t’ 0) = —8’:9”0“ (t,0) (k /0% pn(t,0) sin(f — e)dé) + i1 (t,0) (k /0% pn(t,0) cos(d — e)dé) . (12)

where p,, 1 satisfies the initial condition

Prr1(0,6) = po(6). (13)

First we show that if p, is C2, non-negative, and 2m-periodic, there exists a global
solution to equation (12). Note that (12) is a first order, linear, differential equation,
hence we will employ the method of characteristics.

Let

Fo(z,y,2,0,9) =p+¢q (k /027r pn(,0) sin(6 — y)dé) —z (k /027r pn (2, 6) cos(6 — y)dé) , (14)

so (12) can be expressed as

Opns1 Opy



The characteristic equations associated with (12) are

jvonJrl(S) =1

Jaa(s) = / " pn(Ensa(s), 6) sin(@ — g (s))dd
an(s) = a9k [ " on(nsn (),0) c0s(8 — yor ().

together with

2
. 9 S .
Puir(s) = —quir(s)k / 2 palna(5), ) in(0 — g1 ()0
0
2 o . R .
e / = pulnia(5),0) 08(0 — s (5))dd
0
2
b Duna( [ e (9).6) cos(l = s (5)) )
0
2
Gon(5) = 2up(s)k / pu(ns1 (), 8) c08(8 — g (3))d0
0

2
+ Zn-i-l(s)k/ pn<$n+l(s)> 9) Sin(g - yn+1(s))d9,
0

(15)

(16)

(17)

(18)

(19)

where in (15)-(19) we have used the following expressions for the partial derivatives

of F' with respect to x,y, and z. In deriving these expressions, we use the fact that

pn is C? to differentiate through the integrals with respect to z and y.

2m o A . R
(Fn)x = Qn+1k/ 8_pn(xn+1a 9) Sln(e - yn-l—l)de
0 T
2m o R R .
— zn+1k/ a—pn(:an,Q) cos(f — yn11)do,
0 m

~

2T
(Fn)y = _qn+1k/ pn(anrl; 6) COS(G - yn+1)d(9
0
21
— zn+1k/ Pn(Tpi1,0)sin(0 — y,.1)do,
0

~

2m
(Fn). = —k/ Pr(Tpi1,0) cos(0 — ynaq1)do.
0

(20)

(21)

(22)
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We show that the system of equations (15)-(17) has a unique global solution under
any initial data. However, for the purpose of solving (12) subject to (13), the following

initial data, are of interest:

(2041(0), Yn+1(0), 2,11(0)) = (0, 6o, po(6o)), (23)

since (23) is the initial data for the z,y and z components of the characteristic equa-
tions for (12) together with (13). Later we will specify initial conditions for p,1
and ¢,+1 corresponding to (12) and (13). For convenience we will denote solutions of

(15)-(17) subject to general initial data,

(xn+1(50)7ynJrl(SO)aszrl(SO)) = (9170,?/0, 20) = Xo, (24)

as
Xn41(55 50, X0) = (Tns1(55 50, X0)s Ynt1(5; 50, Xo), 2nt1(53 50, X0)),

and solutions subject to (23) by

Xnt1(5:60) = (2n41(5:00), Ynt1(5:60), 2ns1(5;600)).

Lemma 3.1. If py(6) and p,(t,0) are C* in all arguments, then there exists a unique,
glObCLl SOZUtiOﬂH Xn+1 (57 S0, XO) = (anrl(S; 50, X0)7 Yn+1 (57 S0, X0)7 ZTLJrl(S; S0, XO))? to
(15)-(17) subject to the initial conditions of (24). Moreover, X, 1(s;so, Xo) is C*

with respect to all arguments.

Proof. Let Gpy1(s,2,y,2) be defined by the right hand side of (15)-(17). We will
refer to the components of G,,41 as [Gp11]i, @ = 1,2, 3, and we will restrict the values
of s to a compact interval [0,7]. Note that the first two characteristics equations can
be decoupled and solved individually. The unique, global solution to (15) satisfying
the first component of (24) is

Tpni1 = S + Xo,
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which is clearly C? in all arguments. Substituting x,1(s) = s + o into (16) gives
a differential equation for y,,; in s and ¥, alone. Since sine is smooth and its
derivative is bounded by one, [G,41]; is continuously differentiable with respect y and
its derivative with respect to y is uniformly bounded for (s,y) € [0,7] x R.

In particular, [G,,11]; is uniformly Lipschitz continuous with respect to y on [0, T x
R and therefore, there exist a unique, global (i.e. defined for all s € R) solution of
(15) — (16) satisfying the first two components of (24) (See Theorem 2.2, p.38 and
Corollary 2.6, p.41 of [7]) that is continuously differentiable with respect to s.
With x,,1 and y,.; in hand, (17) can be solved by separation of variables. This gives
a global solution:

. k[ [*™ pn(1,8)cos(0—yn11(7350,X0))d0 dr
Znt1(55 50, Xo) = 20€ Juo Jo " ; (25)

continuously differentiable in s. Note that z,.1(s, so, Xo) # 0 provided zy # 0 and
Zn+1(8, S0, Xo) = 0, provided zy = 0.

Thus unique functions of s z,,41(s; S0, Xo), Yns1(S; S0, Xo) and z,41(s; s, Xo) sat-
isfying (15) — (17), subject to (24), exist are continuously differentiable for all s € R.
Moreover, since our assumptions on p,, make G, 1(s,x,y,z) C* in all arguments, the

solution,

Xn+1(83 50, X0) = (Tn+1(5; 50, X0), Ynt1(8; 50, X0) s Znt1(5; 50, X0)),

of (15)—(17), subject to (24) is, in fact, C? with respect to all arguments (See theorem
2.10, p.46 of [7]). That is, x,.1(8; S0, X0), Ynt1(S; S0, Xo) and z,11(s; so, Xo) are twice

continuously differentiable with respect to s, the initial conditions, sy and Xj. 0
Note, that the solution X, 11(s, Xo) = (zn+1(8, X0), Yn+1(s, Xo), 2ns1(s, Xo)) of
(15) — (17), subject to (23), satisfies z(s) = s, and

Zn-i—l(S; 90) _ p0<00)6k fOS f027r pn(T,é)COS(é—yn—Q—l(T;Qo))dé dT‘ (26)
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In particular, since py is nonnegative, so is z,11(s;6p).
By the existence and uniqueness established in Lemma 3.1, if we define ¢,, : R? —
R? by ¢n(s,00) = (S,ynr1(s;60)) then ¢, is onto and invertible with ¢, !(s,0) =

(S, Yn+1(0;5,0)). In fact, we have the following corollary:

Corollary 3.2. If py(0) and p,(t,0) are C* in all arguments then there exists a global
C? solution p,1(t,0) of (12) together with (13).

Proof. As we have just noted the mapping ¢, : R* — R? which carries (s,0) to
(S, Yni1(8;6p)), where y,,11(s; 6p) is the unique solution of (16) subject to y,+1(0) = 6y,

is onto R? and one-to-one, and hence invertible. Moreover, by Lemma 3.1, ¢, is C?.

In fact,
0o,
%00 (5,80) = (1, Gl s (5:60)).
and
0, 5 0lG,
2 s0) = (0,xp ( / ﬁw,ymmea»du)).

Hence, the Jacobian of ¢,, satisfies

1 0

(Grsala (s ynsa(5:60))  exp (fy 25t (v, g (v 60) v )

(/ Aol (v 90))dz/) 40,

ayn+1

V,Yn+10(v;6p)) is bounded for v € [0,s]. By the inverse function

. O[Grn41]2
since =542 (

Yn+1

theorem (See Theorem 7, page 632, appendix C of [3]), ¢, ' is C? at each point in R?.

Finally, we can calculate the total derivative of ¢! at (s,0) as

Dot — 1 exp (f 25 (0, 41 (v 00)) ) 0 o
exp (5 B (v, g (v; 60)) v ) ~[Gnsal2(s, Y (5:60)) 1

OYnt1
where 6y = y,.1(0; s,0). Using (27), we see that p,11(s,0) := 2z,.1(¢, (s,0)) is a
C? global solution of (12). Moreover, p,:+1(0,60) = 2n41(0,(0,60)) = 2,41(0;6p) =
po(6o). O
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Corollary 3.3. If p, is a C? global solution of (12) together with (13) then ap"“ (Pn(t,60))

and ap”“ (dn(t,00)) satisfy the characteristic equations (18) and (19) together with the

mitial data

Pui1(0;60) = —%(90) (k /0277 po(0) sin( — 6o) dé) + po(6o) <k /0277 po() cos(6 — o) dé) . (28)

gn+1(0;00) = 06(00)’ (29)

respectively. That is “255(1,0) = poa(6,(1,0)) and 252 (t,6) = g1 (67(1,0))

Proof. See Theorem 1, page 99, section 3.2 and (30), page 104 of [3]. O

Lemma 3.4. If p, and py are nonnegative and 2w-periodic in 0, and f pn(t,0)d0 =
1, then

i pntr(t,0) =0
i pnt1(t,0) is 2m-periodic in 6.
i [27 ppaa(t,0)d9 =
Proof.

i Since ppy1(t,0) = 2,11(0; (1, 0)), where z,,; denotes the third component of
the solution of (15) — (17) under the initial data
(0,9n+1(0), 2041(0)) = (0,60, po(6o)), by (26), pn11(t,0) = 0, provided
po(0) = 0.

ii Given any ¢ and 6, we evaluate p,41(t,0) and p,11(t,0 + 27) using
characteristics. First note that if (s, y,11(s;6p)) is the unique characteristic

curve through (¢, 6), i.e. if y,41(t;00) = 6, then (s, yni1(s;00) + 27) is the
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unique characteristic curve through (¢, 6 + 27). In fact,

(S, Yni1(8; 60 + 2m)) = (S, Ynt1(s;600) + 2m). Indeed,

d 2 N ‘ . R

E(ynﬂ(s; 0o + 2m)) = k:/ Pn(s,0)sin(0 — y,11(s; 60y + 2m))do
0

d 27 R ) R .

E(ynﬂ(s; o) + 27) = k/o Pn(s,0)sin(0 — y,11(s;60¢))do

2w
= k/ pu(s,0)sin(0 — yni1(s;600) + 2)d0
0

That is, y,+1(s;6p + 2m) and y,41(s;60p) + 27 solve the same initial value
problem, so

Ynt1(8;60 + 27) = yni1(s; 6p) + 2, (30)

by uniqueness. In other words, y,11(s;6y) mod 27 is 2w-periodic in 6. Since
cosine and pg are 2m-periodic in € and y,11(s; 00 + 27) = yn11(s;600) + 27 we

see from (26) that z,41(s;00) = zp41(s; 6o + 27) for all s. Finally,
Pr+1(t,0) = zn41(L; 6o)
= Zn1(t; 00 + 2m)
= pn+1(Pn(t; 6o + 2))
= Pnt1(t; Ynt1(t; 6o + 27))
= Pnt1(t; Ynt1(t; 60) + 27)

= anrl(tv 0 + 27T)

iii Note that (12) can be simplified as

apn+1 o a 2 AL N ~
W(tv 0) - _% <kpn+1 (ta 9)/0 pn(ta 9) Sln<0 - 0)d9> : (31)
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Integrating both sides with respect to 6 from 0 to 27, we get
) 2 27 . R R 0=2m
9 / puia(£,0)d0 = — (kpn+1(t,9) / ot 0) sin( — e)de) —0. (32)
at 0 0 0=0

Thus fOQW Pni1(t,0)d0 is constant with respect to t, and so by (11) iii holds.

O

Corollary 3.5. If po(0) and p,(t,0) are C* in all arguments, then a global solution

of (12) together with (13) is unique.

Proof. Suppose uy(t,0) and uy(t,0) are C?, 2r-periodic global solutions of (12). Con-
sider the difference of these solutions squared and integrate with respect to 6 such

that for all t,

d rom P 9 _
—/ (ug — u2)2d0 = / 2(uy — uz)MdG
dt Jo Jo

ot
2 d(u1 —ug) 27 N N N 2 _ _ R

- / 2(ur — uz) {—Tk/ o (£, 0)sin (8 — 0)d0 + k(u1 — u2>/ pn (¢, ) cos (6 — e)de] 0
0 0 0

/27’ d(u1 — u2)? &
J0

27 R . R 27 9 27 N N N
26 / pn(t,0)sin(6 — 0)d0do + k / (w1 — ug) / pn (t,0)cos(0 — 6)dodo
Jo J0 J0

now we use integration by parts on the first integral,

27 2
= k/ pu(t,0)sin(0 — 0)d0; du = —k/ pu(t,0)cos(0 — 0)d0do
0 0

8(u1 — UQ)2 )

==

)\ = —(Ul — UQ)2
Since sine, p,, ui, and uy are 2mw-periodic, ,u)\‘(z;r = 0 and first integral reduces to

2m 2m
—/)\du = —k/ (ug — u2)2/ pu(t,0)cos(0 — 0)dodo,
0 0

SO
d 2
E . (Ul - U2)2d9 =0.

Therefore u; = uy almost everywhere. Thus we have uniqueness of global, C? solu-

tions to (12) and (13). O
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Now we consider the existence and uniqueness of solutions p,,+1 and g, of (18)-

(19). For this we reintroduce the following initial data:

Prt1(0;00) = 7%(90) (k/o Wpo(é) sin(6 — 6o) dé) + po(6o) <k/0 ”po(é) cos(6 — 6o) dé), (33)
ant1(0;60) = po(6o). (34)

Lemma 3.6. If py(0) and p,(t,0) are C? in all arguments, there exists a unique, global
solution to (18)-(19) subject to initial conditions (28)-(29), continuously differentiable

with respect to s and 6.

Proof. Let [Gpi1]a(s,p,q) and [Gni1]5(s,p,q) be defined by the right-hand side of
(18) and (19), respectively. Since, ,,41(S; S0, Xo), Yn+1(8; S0, Xo), and z,11(s; S0, Xo)
are C? by Lemma 3.1 and p,, is C? in each of its arguments by hypothesis, we see that
|Gi1]5 is C? in all variables by the Leibniz Rule. To see that [G,,.1]s is C? despite
its dependence on %%, note that in case n = 0, pn(x,é) = pg(é), SO %’?" = 0, and

G4(S, Pns1, Gny1) is C? is all variables. In case n > 1,

~

o 0 e S
& pulsib) = ﬁ(pn(s,e)k /0 pnl(s,H)sm(Q—H)d@). (35)

Substituting the right hand side of (35) into (18) and integrating by parts we have,
27 R . 27 A A N
Pnt1(s) = —qn+1(s)k:/ pn(s,0)cos(d — yn+1(s))/ pn—1(s,0)sin(0 — 6)dodo  (36)
0 0
2m 2 N ~ ~
- Zn+1(8)k/ pn(5,0) sin(0 — ypi1(s)) / Pn—1(s,0)sin(0 — 0)dodo
0 0

b D)k / " pu(58) cos(0 — g (5))d0.

So that [G,11]4 is also C2%. In particular, [G,11]s and [G,;1]5 are linear in p,,; and

¢nr1 and hence uniformly Lipschitz continuous on [0,7] x R? with respect to p,.1
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and ¢,41. It follows that there exists a unique global solution of (18)-(19) subject to
(28)-(29) (See corollary 2.6, p.41 of [7]). Moreover a solution of (18)-(19) is C? with

respect to s and its initial data, p,11(0), ¢,+1(0). Since this data is a continuously

9po

a5 (0o), which are continuously differentiable with

differentiable function of py(6p) and
respect to 6y, we see that the solution of (18)-(19) subject to (28)-(29) is continuously

differentiable with respect to s and 6. ([l

Alternatively, we can give an explicit formula for the solution of (18)-(19) subject

to (28)-(29). In particular, the solution of (19) subject to (29) is

t
Qn+1(t§90) _ efo 2fn41(s;00)ds {/0 97»-&-1(5;90)271-&-1(5;90)67 I 2fn+1(u;90)dud8+p6(90) (37)
t
; 00) Po(fo)
= Znt1(t;00)° [/ Gui1l5iB0) g, | b , 38
+1( O) 0 Zn+1(8;90) P0(9o)2 ( )

provided z,4+1(0;60) = po(6y) # 0, where

27 . R R o Gn
Fust(5:60) i= & / (5, 0) c08(0 — gy (51 00)) ) = [a—y]u/( 0)
0

and
27 . . .
gn+1(s;600) = k‘/ pn(8,0)sin(0 — yni1(s;00))d0 == [Gr1]2(s, ynt1(s,0)).
0
And, in case z,.1(0;60) = po(6y) = 0,
Guaa(t:0) = pf)ela sl (39)
Hence,

t
Pri(t;0) = elofrnilso)ds {/ Cos1 (55 80)e™ Jo P (vifo)dv g g +Pn+1(0§90)} (40)
0

= i) | [ S el 2
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Where (41) holds provided z,41(0;6y) = po(6o) # 0, and

27 27 ~ ~
cnt1(8;6p) = —qnﬂ(s;ﬁo)k/ pn(s;G)cos(H—ynH(s;HO))/ Pn—1(s,0)sin(0 — 6)dodo (42)
0 0
27 R R 27 N N . A
= 00k [ pals0) 50— usa(s500)) [ pumi(s.0)sin@ — d)adad,
0 0

Now, from (26) and Lemma 3.5 parts i and iii we see that for all 6.

2ni1(t:60)] < po(fo)e® (43)
2ni1(t:60)] > po(fo)e™ (44)
|fas1(t;00)] < Kk (45)
\Gnt1(t;00)] < k (46)
! ;0o) Po(0o)
i1 (t00)] < |2nsa(t;6)° (/ Gor(sib0) | 4 | 2o ) 47
’q +1( 0)| = | +1< 0) | o Zn+1(5;90) P0(90)2 ( )
t
_ fot 2fn+1(s;00) ds gn+1(5; 90) /
‘ ' (PO(QD) /0 elo frt1(7i00) dr ds + ’p0(90)|
< e (po(Bo)e™ + 1p6(00)])  2zns1(0) # (0)
|gn1(t;00)] < po(00)e*, 2,41(0) = (0). (48)

Note that since pg is C? and 27-periodic in 6, (43) provides a uniform bound, B,(T),
on pny1(t,0) = z,01(0,(¢,0)). Also, by Corollary 3.3, (47)-(48) provide a uniform
bound B,(T") on %(zﬁﬁ) = Gur1(#,'(t,0)). That is, {p,},2, and {86%}211 are

uniformly bounded on [0, 7] x [0, 27]. It follows from the PDE (12) that

‘%(t,@)‘ < k(B,(T) + B.(T)), (49)

for all n € Nand (¢,0) € [0, T] xR. Hence, the sequence {p, } - is uniformly bounded

and equicontinuous. We have the following lemma:

Lemma 3.7. The sequence {p,} —, is uniformly bounded and equicontinuous on

0,7] [0, 27].
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In establishing a global solution of (10), we would like to show also that aait" and

%% are uniformly bounded and equicontinuous on [0, 7] x [0, 27]. Toward this goal,

we have already established uniform bounds. For equicontinuity, it suffices to show

2 2 2 2 .
D%" = [aat@", gtgg} and D%L; = [gtgg, 885)2"] are uniformly bounded on [0, T x [0, 27},

for all T > 0. We have established the existence of a global C? solution p, (¢, #) of (12).

Moreover, by Corollary 3.3, it can be verified that along the projected characteristics

(15)-(16),
apﬁntﬂ (t, Yns1(t;00)) = Prya(t; 00) (50)
agneﬂ (t, Yns1(t;00)) = Guia(t; 60) (51)
Thus,
D[S v (100 | = [aaf (6 e (5000), 2L 1 i 0 90))} Gatomnstn) onn (2252 (:ymwo))d,j)
= [or(360). 2 00 (52)
that is,
820y, 92pn

t, t:00)), t, t: 0 =
222 (ts Yn41(t560)) atao( Yn+1(t560))

:leD)
1 Cxp(ﬁ aynﬂ(V’y"“wgo))dy) ’

a
Frel Pn+1(t00), %(1290)
sxp (rg Ypt1 s ynp1(vs 90))du) 0 —G2(s, yp41(s;00)) 1

(53)

Also,

D [%(tynﬂ(t;@o))]

=22 4 i 0000, 2 (e g 81 00)) ' oGy
T | arae Yn IO Topa i Utk R0 Go (s, yn g1 (si60)  exp (fos ﬁ(v,ynﬂ(w@o))dV)

. 9qni1
- [qnmt;eo),—"* (t:00)] (54)
86
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that is,

62
(Y1 (800)), ——a (£, Uy 1 (85 60))

atoo

1

2G
ex (0 ﬁ(” Yn+1(v;i0p))dv

ex 0Ga v; 0 du) 0
LIRS 90)] 09y +1( Yn+1(v; 00))

{Qn+1(t 90),
) —G2(s,yn41(s; 00)) 1

)

We will proceed by showing the the total derivative of 8”” (that is, (55)) is
uniformly bounded, independent of n, on [0,7] x [0,27]. It will then follow that
the sequence {%% ZOZO, is equicontinuous. We have already seen that D¢, ' is uni-
formly bounded independent of n, so it remains to show that the partial derivatives

8‘1”“ (t;00) and Gn41(t; 6p) are uniformly bounded for (¢,0) € [0, 7] x R.

If we differentiate (16) in terms of the initial condition 6y, we generate

et sty = (i ot Dpsn@ = s 6ot 56)
96y 0 90, Pnl8,0)s110 Yn+1(5; Vo

~

27
= —aym_l (8;90)]{:/ pn(s,9)008<9 o yn+1(s;90))d07
600 0

where we have used 5 xn+1(t ) = 0.

Solving for 2421 (s: 6,), then we find that

B
Wnt1 o\ _ o~ [T F(sib0)ds
890 (S? 90) =e (57)
Since —k < fhy1(s;60) < k,
aynJrl kT
< .
2t (500 < ¢ (58)

Now

2in(5:60) = polf) exp ( [ fantrn df),
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SO
azn+1 / ) ay”Jrl °
50 (5;60) = po(fo) exp (/ fng1(7;60) dT> + zn+1(5;60) 50 (8;90)(8;90)/ gn+1(7500) dr |
o 0 0 0
(59)
and
02p1 / kT 2kT
S (5360)| < |rh(60) 1" + KT pofBu)e™” (60)

where we have previously defined g,,1(s;60) = kfo% pu(s,0)sin(0 — yni1(s;600))d0.

Now we look to uniformly bound aqa”(;gl (t;60p) with respect to time. From (38), if

2n41(0;00) = po(bh) # 0,

' ; 6o) Po(bh)
i1 (£:00) = 2par (10 2(/ In41(5: 0 ds + 0 ) 61
q +1( 0) +1( 0) 0 Zn+1(5;90) p0(60>2 ( )
t
— o J3 21 (si00) ds gn11(5; 60) /
R O A TR

Since the derivatives of f,,; and g,.1 with respect to 6, are continuous and

bounded in magnitude,

6‘[.05 fn+1(7;90) dr > e—ks (63)

- )

and pg(6y) is C? and 27-periodic, we can see from the Leibniz and quotient rules that
9qn+1

s;6p) is bounded independent of n, on [0, 7] x R.
900

Or, if 2,41(0;60y) = 0, then

) ; S
G (£;00) = ph(0p)elo 2nsr(sifo)ds

so again we see that 8‘]8’531 (s;60p) is bounded on [0,7] x R independent of n.
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We will also notice that from (19) and the bounds (43)-(47), ¢,(t) is uniformly

bounded on [0,7] x R. Hence the sequence %L; ZOZO is uniformly bounded and
equicontinuous on [0, 7] x R. From equation (12), we see that %L;}ZOZO , is uniformly

bounded and equicontinuous on [0, 7] x R. We have established the following lemma:

9on V> g {9n 1

50 S o S8 1o are uniformly bounded and

Lemma 3.8. The sequences

equicontinuous on [0,T] x [0, 27].

From Lemmas 3.8 and 3.9 and by the Arzela-Ascoli Theorem [4], we can choose
a subsequence on which {p,} 7, %L;}ZO:O, and {ap” }n: converge uniformly on
[0,7] x [0,27]. Furthermore, uniform convergence of the derivatives together with

convergence of the function gives the limit of the derivative is the derivative of the

limit. That is:

lim p,, (t,0) = p(t,0) (64)
0 0 dp

hm - Ot a7 Pr (tae) = a hm pnk (t 9) ot (t,@) (65)
B, B, dp

Jim —spn(8,0) = o5 lm pn, (¢,0) = ae(t 0) (66)

Uniform convergence enables us to pull limits through the integral in equation
(10), so that this subsequence uniformly converges to a C! solution of equation (10)
n [0, 7] x [0,27]. Since T > 0 was arbitrary, there exists a global C! solution of

equation (10) on R x [0,27]. We have established the following theorem:

Theorem 1. There exists a global C' solution of equation (10) on R x [0, 27].
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CHAPTER 4

Conclusion

Here we have proven there exist global solutions to the infinite-dimensional Kuramoto
model, subject to C? initial data. To the best of our knowledge, our approach to
studying existence of solutions for this model is novel. Hence our existence result
differs from the previous result of Ott and Antonsen, as their initial data and the
solution ansatz is given by a special type of Fourier series.

We consider the method through which we developed these results to be as valu-
able as the results themselves. In future work we will show that this method also
yields an alternative characterization of the solution in terms of a limiting projected
characteristic. Moreover this method has the potential to yield new results about
stability of steady states and can provide a basis for new methods of numerical simu-
lation. It is important to note that this in only the first step in applying the theory of
characteristics to the Kuramoto model. Whereas the Ott-Antonsen ansatz is applica-
ble to models with distributed natural velocities, so far we have only considered the
model without natural velocities. In the future, we plan to adapt the characteristic
method to address the case where natural velocities vary between oscillators. Since
previous results for the Kuramoto model with natural velocities include conditions
on the distribution of natural velocities, we are excited to see if the method of anal-

ysis developed here can also yield new results for this more general version of the



Kuramoto model.
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APPENDIX E

Theorem 5.9. Leibniz Rule:

Consider

b
/ f(t,x)dx wheret € I (E.67)

2]
If f and &

are continuous with respect to x on the interval [a,b] and continuous with
respect tot on R. Then

d [° "9
a/a f(t,x)dx:/a af(t,x)dx

(E.68)
Proof. Consider the difference quotient
1/t
. / Ft+ k) — F(t )da (E.69)
Then by the Mean Value Theorem
I e,
§ [ k) = feads = [ 2 (o), a)de, (5.70)

where ¢(z, k) is between ¢ and t + k. Notice that % is continuous on R x [a, b, so
% is uniformly continuous on [t — 1,¢ + 1] X [a,b]. Therefore given any ¢ > 0 there

exists 0 > 0so thatif 1 > > k£ > 0 then

0 0 €
af(dS(k,.ﬁlﬁ),ﬂ?) - af(twr) < b—a (E71)
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for all « € [a,b]. Thus,

b b
‘%/ f(t—l—k,:)s)—f(t,x)dx—/ %f(t,x)dx (E.72)
b 9
—| [ etk ~ 5 ft 0 (E.73)
g/b bjadx (E.74)
€ (b—a)=c¢ (E.75)

b—a

Since € is arbitrary, we have proven Leibniz Rule. 0
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