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Abstract

Deep learning algorithms have demonstrated encouraging outcomes in resolving Partial Differ-
ential Equations. The advent of physics-informed Neural Networks has greatly enhanced the
precision and effectiveness of Deep Learning-based approaches for solving partial differential
equations. The basic idea of such Deep Learning algorithms is constraining the output of neural
networks to satisfy the physics laws and certain conditions by incorporating the physical laws
and boundary conditions directly into the loss function for training the neural networks. Using
this technology, we propose a variant of the Physics-Informed Neural Network to identify time-
varying parameters of the Susceptible-Infectious-Recovered-Deceased model for COVID-19
by fitting daily reported cases. The learned parameters are verified with an ordinary differen-
tial equation solver, and the effective reproduction number is calculated. Additionally, a Long
Short-Term Memory network predicts future weekly time-varying parameters, demonstrating
the accuracy and effectiveness of combining these two models.

Then, we explore the method that can solve the partial differential equations using the sparse
data. We combine a neural network with a numerical approach to address time-dependent
partial differential equations using initial conditions and limited observed data. The Gated
Recurrent Units network estimates time iteration schemes, integrating prior knowledge of gov-
erning equations. A numerical implicit approach is applied to calculate new time iteration
schemes, with the loss function incorporating the difference between these schemes. After
that, we propose a novel physics-informed encoder-decoder gated recurrent neural network to
solve time-dependent partial differential equations without using observed data. The encoder
approximates the underlying patterns and structures of solutions over the entire spatio-temporal
domain. The approximated solution is processed by the decoder, a Gated Recurrent Units layer,
utilizing the initial condition as the initial state to retain critical information in the hidden states.
Boundary conditions are enforced in the final prediction to enhance model performance. The
effectiveness of these two methods has been validated through their application to several prob-
lems.

Additionally, we observe the traditional physics-informed neural network often fails to con-

il



verge due to imbalances in the multi-component loss function within the back-propagated gra-
dients during training. The standard approach to mitigate this issue involves adding appropriate
weights to each component of the loss function, but determining the correct weights is chal-
lenging. Therefore, we introduce the Self-Learning Physics-Informed Neural Network to solve
some non-linear partial differential equations. In this method, weights are learned by separate
neural networks, eliminating the need for hyper-parameter fine-tuning. The effectiveness of

our method is demonstrated by the Burgers’ and Burgers-Fisher equations.
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CHAPTER 1

INTRODUCTION

Deep learning has emerged as a crucial instrument for addressing complicated problems with
increasingly available data and computing resources. It has yielded numerous spectacular
achievements in diverse fields, such as computer vision [79], image recognition [64], and natu-
ral language processing [52]. Implementing the deep learning technique in solving or learning
differential equations is of great interest. The universal approximation theorem shows that the
neural networks with a sufficient number of neurons in hidden layers can approximate any con-
tinuous function to any level of accuracy [15]. Based on this theorem, the vast majority of deep

learning algorithms are designed and implemented to solve differential equations.

1.0.1 Deep Neural Network

Deep learning is a subset of machine learning that focuses on algorithms inspired by the struc-
ture and function of the brain’s neural networks. It leverages multiple layers of artificial neurons
to progressively extract higher-level features from raw input data, enabling the creation of mod-
els that can perform tasks such as image and speech recognition, natural language processing,
and game playing with remarkable accuracy.

According to the universal approximation theorem [15], neural networks can approximate
any continuous function given sufficient data and appropriate architecture. This theoretical
foundation underpins the practical success of deep learning, which has become a cornerstone
technology driving advancements in artificial intelligence and transforming industries by pro-

viding robust solutions to complex problems.

1.0.2 Basic Concepts and Terminology

Deep neural networks consist of interconnected units called neurons or nodes. These neurons
are organized into layers, with each layer transforming the input data into progressively higher-
level representations. There are three main types of layers in a neural network: the input layer

receiving the raw data, hidden layers processing and extracting features from the input data,



and the output layer producing the final predictions or classifications.

Each neuron in these layers is connected to neurons in the subsequent layer through weighted
connections, and these weights are crucial for the network’s ability to learn from data. They
determine the strength of the connection between neurons in adjacent layers. Biases are addi-
tional parameters that allow the model to fit the data more accurately by shifting the activation
function.

The functioning of a neural network hinges on activation functions, which introduce non-
linearity into the network, enabling it to model complex patterns and relationships in the data.
Common activation functions include the Rectified Linear Unit (ReLU), Sigmoid function,
Hyperbolic Tangent Function (Tanh), and Softplus function. Fig. 1.1 presents the shapes of
these activation functions. We can see that the Tanh function is a smooth, continuous, and non-
linear activation function. It maps input values to outputs in the range of -1 to 1. The ReLU is
a widely utilized activation function in deep learning due to its simplicity and effectiveness. It
outputs the positive input directly, otherwise, it outputs zero. The classical Sigmoid function
maps input values to a range between 0 and 1, which can be interpreted as probabilities, making
it suitable for binary classification tasks. Softplus is continuous and differentiable, providing
a non-linear activation similar to ReLU but without the sharp transition at zero. Selecting the
appropriate activation function is crucial and depends on the specific task at hand, as different

activation functions have unique features that make them suitable for various purposes.
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Figure 1.1: Common Activation Functions

During the training process, the input data is transmitted through the network using forward
propagation, which involves calculating the output of each neuron and transmitting it to the
next layer. The output of the network is subsequently compared to the target values using a loss
function to calculate the error.

In order to minimize this error, the network undergoes a procedure known as backward
propagation, in which the error is retroactively transmitted through the network to modify the
weights and biases. The adjustment of weights is guided by optimization techniques, such
as gradient descent, which updates the weights in a direction that minimizes the error. The
learning rate, a crucial hyperparameter, affects the size of the updates made throughout the
training process. Choosing the ideal learning rate ensures that the training process converges
effectively and consistently. Using a learning rate that is too high can cause the training process
to become unstable while using a learning rate that is too low can cause the training process
to become overly slow. Understanding these underlying ideas and languages is essential for
effectively designing and teaching deep neural networks to solve complex problems in various

domains.



1.0.3 Neural Network Architectures

Selecting an appropriate neural network architecture is crucial for improving the model’s abil-
ity to learn from data and perform well on specific tasks. The architecture determines the
depth and complexity of the network, influencing how well it can capture intricate patterns and
relationships in the data. This section will introduce two main neural network architectures:

Feedforward Neural Network (FNN) and Recurrent Neural Network (RNN).

1.0.3.1 Feedforward Neural Networks

A FNN is a fundamental type of artificial neural network where the flow of information moves
in one direction. Each neuron processes the input data and passes its output to the next layer
until the final prediction is made. Fig. 1.2 describes the forward and backward propagation of
FNN [41]. Fig. 1.2 shows that a multilayer neural network can distort input space to make data
classes linearly separable, as illustrated by the transformation of a regular grid through hidden
units. Fig. 1.2b the chain rule of derivatives describes how a small change in x affects z through
intermediate variable y. The below two figures present the forward and backward propagation.

We can use the composited function Eq. 1.1 to describe the forward propagation.

j=¢ (W(L) <6 (W(L*U . (a (W(l)x+b(1))> -~~+b<H))> +b(L)) (1.1)

where x is the input vector, ¥ is the output vector after the output layer, w® and p) represent
the weight matrix and bias vector for layer /, respectively, and o is the activation function. The
nested composition function captures the entire forward propagation process through the neural
network, from the input x to the final output y. The backward propagation will be introduced

in section 1.0.4.
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1.0.3.2 Recurrent Neural Network

Recurrent Neural Networks (RNNs) are a type of neural networks that excel in handling sequen-
tial data problems [68]. RNNs, unlike conventional neural networks, possess connections that
create directed cycles, enabling them to preserve a state and represent temporal relationships in
sequences. This looping mechanism makes RNNs particularly well-suited for tasks involving
time-series data, natural language processing, and other scenarios where context from previ-
ous inputs is important. Fig. 1.3 presents the compressed (left) and the unfolded (right) basic

recurrent neural network unit.

Unfold TW TW

CEI] :> _v’[ hn ]—v'[ hm ]7
@ @ @

Figure 1.3: Basic Recurrent Neural Network Unit [85]

* Xx; represents the input vector at time 7.

* J; is the hidden state at time step t. It’s the “memory” of the network.



o, 1s the output vector at time ¢.

U is the weight matrix for the input x.

V is the weight matrix for the hidden state A;.

W is the weight matrix for the output vector o;.

Eq.(1.2) shows the way to calculate the new hidden state. f is the activation function and is
applied to the weighted sum of the current input x; and the previous hidden state 4, to produce
the new hidden state 4;. This process allows the RNNs to maintain a memory of previous inputs
and capture temporal dependencies in the data. Eq.(1.3) is the output calculation. The weighted
sum of hidden state and bias is passed through a nonlinear activation function g to obtain the

final output.

he = f(Ux; +Wh_| +b) (1.2)

or =g(Wh;+D) (1.3)

RNNs are powerful for sequence modeling because they leverage their internal state to process
sequences of inputs. However, traditional RNNs can suffer from issues like vanishing gradi-
ents, which limit their ability to capture long-term dependencies in sequences. Thus, advanced
variants like Long Short-Term Memory (LSTM) networks and Gated Recurrent Units (GRUs)

have been developed to address these limitations.

1.0.3.3 Long Short Term Memory

LSTM networks are a specialized form of RNNs designed to model temporal sequences and
their long-range dependencies more accurately than conventional RNNs [30]. LSTM as shown
in Fig. 1.4 are chains of memory cells containing three gates: the input gate, forget gate, and
output gate as explained in [19]. The key part of these memory cells is the cell state that could
maintain the global information of sequence in each time step. The content of the cell state

would be modified at different time steps through the forget gates and input gates.
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Figure 1.4: Architecture of LSTM Cell [19]

More specifically, forget gates decide what information would be thrown away by utilizing
the sigmoid function. Instead, input gates determine what new information would be stored
by combining sigmoid and tanh functions. Then, the cell state is updated and moves forward
to the next state by implementing some operations. After that, the output is calculated in the
output gate. By analyzing the structure of a memory cell, we could see that LSTM architecture
is capable of storing long-term memory by putting new information into cell states.

The first gate, the input gate, determines how much of the previous cell state, C;_ should

be carried forward. It can be expressed as:

fi =oc(Wr-[x¢,hi—1] +by) (1.4)

e W; is the weight matrix for the forget gate.
* by is the bias term for the forget gate.
* f; is the forget gate determining what portion of the previous cell state to forget.
The input gate i; and Candidate Memory Cell C; control the update of the cell state with new

information. They can be updated as follows:

it:G(Wi‘[xhht—l]"‘bi) (1.5)

Cl = tanl’l(WC . [x,,ht_ﬂ +bc) (16)

* Wc is the weight matrix for the candidate cell state.



* b is the bias term for the candidate cell state.

* i; is the input gate vector determining how much new information will update the cell

state.

The output gate regulates the final output o;.

0 =Wy [x,h 1] +b,) (L.7)

* W, is the weight matrix for the output gate.
* b, is the bias term for the output gate.
* 0; is the output vector determining how much of the cell state to output.

The cell state C; can be updated by combining the forget and input gates.

C=fixC_1+ixC,. (1.8)

The hidden state 4; is computed based on the updated cell state and the output gate.

hy = o; xtanh(Cy). (1.9)

1.0.3.4 Gated Recurrent Units

The GRU is a variation of the traditional RNN unit that includes gating mechanisms to control
the flow of information in and out of the cell state [14]. The GRU unit typically comprises
two gates: the update gate and the reset gate. The update gate regulates the extent to which the
previous hidden state is combined with the current input, while the reset gate controls the degree

to which the previous hidden state is discarded. The equations below are given to describe the



GRU unit.

= G(W(Z)Xt + U(z)xl + bz)
ry = G(W(r)xt + U(r)xt + br)
by = tanh(Wx, + U"(r; © hy_) + by,)

h=(1-2)0h_1+z0Oh

X; 1s the x values at time t.

h;—1 is the previous hidden state.

z; 1s the update gate output.

ry 1s the reset gate output.

h; is the candidate activation.

« WO U w) Uy W, U, b,,b,, by, are the weight matrices and bias vectors to be learned

during training.

GRUs can capture long-term dependencies in sequential data and alleviate the vanishing
gradient problem often encountered in traditional RNNs. Additionally, GRU is generally faster
to train and requires fewer parameters than LSTM, which is another type of RNN architecture
that can model sequential data. These are the main reasons why we chose the GRUs as our

decoder. The next subsection will introduce how we construct our model by utilizing GRUSs.

1.0.4 Training Neural Networks

Once the model has been built, it is initialized with random weights. Training the model to
obtain suitable parameters is essential. The core of the training process involves feeding the
network input data in batches, computing the predictions, and then measuring the error using
a loss function, which quantifies the difference between the predicted outputs and the actual
target values. This error is then backpropagated through the network, computing gradients of

the loss with respect to each weight by applying the chain rule of calculus.



1.0.4.1 Loss Function

Loss functions measure the difference between the predicted outputs and the actual target val-
ues. They are crucial for guiding the optimization process during training. In this subsection,
we mainly introduce two types of loss functions: Mean Square Error (MSE) and Cross-Entropy
Loss.

Generally, the MSE is applied to regression problems, which involve predicting a contin-
uous output variable based on one or more input variables, aiming to model the relationship
between the inputs and the output. The MSE calculates the average squared difference between
predicted and actual values.

MSE:%Z?—I(yi_yi)Z (1.10)
* nis the number of data points.
* yis the collected data.
* y is the prediction of the neural network.

As for the Cross-Entropy loss function, it is commonly proposed to solve classification prob-
lems, which entail determining a discrete category label for a given input based on its charac-

teristics, to assign the input to one of several predefined groups.
Cross-Entropy Loss = —X!_,yilog(i) (1.11)

To enhance model performance, it is crucial to select an appropriate loss function tailored
to the specific task at hand. Simultaneously, employing efficient techniques to minimize errors
is essential. In the subsequent sections, the backward propagation and several well-known

optimizers are introduced.

1.0.4.2 Backpropagation
Backpropagation is the algorithm used to compute the gradients of the loss function with re-
spect to each weight in the neural network [68]. This algorithm enables the network to adjust its

weights to minimize the error between the predicted output and the actual target values. Then,
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we will briefly describe the backpropagation in FNN with two hidden layers. Assume we have
the loss function

L=0.5x%(y—5), (1.12)

where y; is observed data, and y; represents the neural network prediction. The activation
function is Sigmoid function ]+17 Starting at the output layer, the gradient of the loss function
with respect to the output is calculated. Then, using the chain rule, the gradient of the loss
function with respect to each layer’s parameters and inputs is computed iteratively. We first

calculate the derivative of the loss function with respect to y;.

oL
o3y, Y (1.13)
Vi

Then, the gradients of y; with respect to the input of output layer z; are computed as follows:

il —e U1+ )?
97 (1.14)

=—yi(1—y)

By combining the Eq.(1.13) and Eq.(1.14), we can obtain the gradients on the output layer.

JdL
o =yi(1=y) (v —3) (1.15)
z

Subsequently, the gradients for the hidden layers, using H| and H, to represent the first and

second hidden layers respectively, are obtained using the chain rule.

oL JE
5 = w(1=x) Y, wu— (1.16)
Zk l€input a
JdL JE
— =yi(l—y; = 1.17
aZj y]( y])k;;]zwjk aZk ( )

where k € H2 and j € H1. Once the gradients are calculated, we can update the weights by
applying an optimization algorithm, such as gradient descent, which adjusts the weights in
a direction that minimizes the loss function. This process involves subtracting a fraction of

the gradient from the current weights, and iteratively refining them to improve the model’s
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performance. The below equations represent this process, and 1) is the learning rate.

OE

Wi =Wkl—nyk8—Zl (1.18)
JE

ijZij—nyja—Zk (1.19)
JE

W,‘j:W,'j—nx,'a—Zj (1.20)

1.0.4.3 Optimizers

Optimizers are algorithms or methods used to adjust the weights of the neural network to mini-
mize the loss function. In the previous section, we have discussed the gradient descent method
to update the parameters. Different optimizers use different strategies to update the weights,
each with its strengths and weaknesses. Here, we mainly introduce three other common opti-
mizers.

Stochastic Gradient Descent (SGD) is a foundational optimization algorithm commonly
used in training machine learning models, particularly neural networks [21]. Unlike traditional
gradient descent, which computes the gradient of the loss function with respect to all training
examples, SGD updates model parameters using the gradient computed from a single randomly
selected training example. This makes SGD much faster and more suitable for large datasets.
Despite its simplicity, SGD can sometimes struggle with noisy gradients and slow convergence,
which can be mitigated by using techniques such as learning rate schedules and momentum [7].

Adaptive Moment Estimation) (Adam) computes adaptive learning rates for each parameter
by maintaining running averages of both the gradients and their squares [37]. These running
averages are then used to adjust the learning rate for each parameter individually. This results
in faster convergence and more efficient training, particularly for problems involving large and
sparse datasets. Adam has become one of the most widely used optimization algorithms due to
its robustness and effectiveness.

Limited-memory Broyden—Fletcher—Goldfarb—Shanno (L-BFGS) is a quasi-Newton opti-
mization algorithm particularly well-suited for large-scale optimization problems [44]. Unlike
SGD and Adam, which are first-order methods using only gradient information, L-BFGS ap-

proximates the inverse Hessian matrix to guide the search for the minimum of the loss function
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more effectively. This approximation reduces the computational and memory requirements
compared to full Newton’s methods, making L-BFGS feasible for large datasets [S1]. It is
particularly useful for optimization problems where the cost of evaluating the Hessian is pro-

hibitive, and it often converges faster than first-order methods.

1.0.5 Special Types of Neural Network

1.0.5.1 Physics-Informed Neural Network

The Physics-Informed Neural Network (PINN) is a data-driven algorithm to approximate the
solution of differential equations and identify parameters [60]. It could utilize any type of
neural network architecture, like the FNN and Convolutional Neural Networks (CNN), as the
main framework. The applied activation functions and optimization methods in PINN are the
same as the usual deep learning techniques. The fascinating part of this algorithm is the loss
function, which is generally comprised of boundary conditions, initial values, and physical
constraints.

The outputs of the neural network are constrained to satisfy the system of differential equa-
tions by penalizing the residuals of differential equations into the loss function. In these residual
equations, the derivatives of outputs with respect to time are computed by a black box, which
is automatic differentiation [47]. Automatic differentiation is employed to train these models
and allows PINN to take derivatives with respect to input coordinates so that it can discover
the latent physical laws. PINNs are capable of obtaining good approximation accuracy given
sufficient data points and an expressive neural network architecture when the given differential
equation is well-posed and has a unique solution [60]. Shin et al. [72] have explained why the

output of PINNs converges to the solution of differential equations.

1.0.5.2 Encoder-Decoder

The encoder-decoder architecture is a neural network design pattern primarily used for sequence-
to-sequence tasks, where the input and output are sequences of different lengths [76]. This ar-
chitecture is particularly prevalent in natural language processing tasks such as machine trans-
lation.

The primary function of the encoder is to analyze the input sequence and condense the
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information into a context vector of a predetermined size, commonly known as the “thought
vector.” This is accomplished by a sequence of concealed layers that convert the input sequence
into a latent representation. The decoder utilizes the context vector produced by the encoder to
build the output sequence. The decoder, similar to the encoder, is commonly built using RNNs,
LSTMs, or GRUs. The decoder sequentially produces the output, generating one element at
a time. It utilizes its previous output as a component of the input to generate the subsequent

element [11].
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CHAPTER 2

Identification and prediction of time-varying parameters of COVID-19 model: a

data-driven deep learning approach

Data-driven deep learning provides efficient algorithms for parameter identification of epidemi-
ology models. Unlike the constant parameters, the complexity of identifying time-varying
parameters is largely increased. In this paper, a variant of physics-informed neural network
is adopted to identify the time-varying parameters of the Susceptible-Infectious-Recovered-
Deceased model for the spread of COVID-19 by fitting daily reported cases. The learned
parameters are verified by utilizing an ordinary differential equation solver to compute the cor-
responding solutions of this compartmental model. The effective reproduction number based
on these parameters is calculated. Long Short-Term Memory neural network is employed to
predict the future weekly time-varying parameters. The numerical simulations demonstrate that

PINN combined with LSTM yields accurate and effective results.

2.1 Introduction

The novel SARS-CoV-2 (severe acute respiratory syndrome coronavirus 2) has spread all over
the world since its discovery at the end of 2019, with millions of confirmed cases and more
than a million deaths [87]. On March 11, 2020, COVID-19 was characterized as a pandemic by
the World Health Organization (WHO) [86]. Due to the huge negative effects of COVID-19,
precautionary measures have been aggressively carried out worldwide, such as facial masking,
contact tracing, social distancing, and some governmental actions such as lockdowns. Hence,
it is significant to analyze the dynamics of COVID-19 so that the effectiveness of those imple-
mented measures can be verified.

Epidemiological models provide an efficient tool for determining and explaining the dy-
namics of disease transmission. In the early stage, one of the classical models is the Susceptible-
Infectious-Recovery (SIR) model presented by Kermack and McKendrick in 1927 [36]. This
compartmental model computes the theoretical number of susceptible people who became in-

fected by the disease and then recovered. Based on the SIR model, many models have been
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proposed for different diseases, like SARS and COVID-19 [71, 26, 81]. The Susceptible Ex-
posed Infectious Remove (SEIR) model is proposed to analyze the effect of the precautionary
measures on the dynamics of the epidemic [8]. Taking quarantine into account, a susceptible-
exposed-infected-quarantined-recovered (SEIQR) model is investigated analytically and nu-
merically [58]. The SEIR model has been extended by two extra classes of populations namely,
’C’, which is the number of cumulative cases, and *D’ that is the number of severe, critical, and
deceased cases, respectively, to understand the trends of COVID-19 outbreak in Wuhan, China
[43].

The Susceptible Infectious Recovered Deceased (SIRD) model is governed by three param-
eters 3, 7, and p. Commonly, these parameters are assumed as independent of time during the
epidemic. However, the interventions and measures implemented by governments to control
the spread of COVID-19 result in significantly varying parameters with time. Thus, if pa-
rameters are still considered as constants, the epidemiology model cannot discover the varied
dynamic of this disease transmission that is affected by those efficient precautions. Regarding
parameters as time-series enables the model to react to the changes in real situations.

Recently, data-driven algorithms were developed for the determination of such time-varying
parameters. Raissi et al. [63] proposed PINN to approximate parameters, which are constants,
of the SIR model using a small data set. Furthermore, Wang et al. [80] divided the period time
into four phases so that their parameters become piece-wise constants. Also, there are some
studies relating to the time-dependent parameter, like a time-dependent SIR model, is proposed
to track their parameter time-series [10]. Similarly, the time-dependent parameters of the SIR
model were identified by utilizing a neural network to analyze the COVID-19 spread in South
Korea [32].

Predicting the trend of COVID-19 transmission is a significant and arduous topic. A model
of COVID-19 in China was developed to predict the cumulative number of reported cases [45].
By averaging the slope of approximated parameters of the SIRD model over the last several
days, the extrapolated trends of infected, recovered, deceased, and susceptible cases were ob-
tained via solving the model with estimated parameters [48]. An artificial intelligence method

was used to predict the pandemic by training on the 2003 SARS data [88]. Recently, several
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forecasting models including autoregressive integrated moving average, support vector regres-
sion, LSTM, and bidirectional LSTM (BiLSTM) were proposed to predict the confirmed cases,
deaths, and recoveries [70]. Similarly, Recurrent Neural Network (RNN), LSTM, BiLSTM,
Gated recurrent units (GRUs), and Variational AutoEncoder (VAE) algorithms were employed
to forecast the number of infected and recovered cases [89].

Based on data collected, the SIRD model is used in this study to simulate the dynamics of
the disease. Parameters of this model are regarded as daily and weekly time-varying. As for
daily time-varying parameters, it represents that parameters would be varied from each day so
that they are more similar to real situations. However, the difficulty of parameter identification
increases with the smaller time interval by utilizing some general regression methods such as
least square methods. PINN is still able to approximate these time-series parameters with some
changes in architecture. Then, they are verified by being substituted into the SIRD model, and
then a numerical algorithm is used to solve this Ordinary Differential Equation (ODE) system.

When it comes to weekly time-series, we divide the collected data week by week and em-
ploy the interpolation method for each week to gain more data so that the neural network has
enough information to learn. The neural network implemented here is the PINN, which can
estimate parameters to fit the collected data [60]. When the identification of these weekly time-
series parameters is validated, LSTM is implemented to predict future parameters. In this way,
by examining weekly values instead of daily ones, LSTM can still accurately predict future
parameters. Another reason to predict the parameters rather than forecast the infectious cases
directly is that we could obtain corresponding reproduction number Ry. It is an essential thresh-
old to reflect the disease transmission speed and verify the effectiveness of these measures in

curbing the outbreak of COVID-19.

Forecast
Data P PINN P LST™M SIRD P Infectious cases

Figure 2.1: Flow Chart of Data-Driven Algorithm

In Fig. 2.1, we describe that PINN approximates the parameters of the SIRD model by

training collected data. Then, LSTM is proposed to predict the future value of parameters.
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After that, the obtained parameters are substituted into the SIRD model so that we can predict
the infectious cases.

In Section 2.2 we introduce the SIRD model and explain model parameters (f3, v, and ).
Following that, we introduce the effective reproduction number and how to compute it. Deep
learning neural networks, including FNN, PINN, and LSTM, are described briefly in Section 3.
In Section 4, the collected data is described, and the loss function of PINN is formulated. After
that, we present LSTM neural networks for the future prediction of parameters. The simulation

results are discussed in Section 5.

2.2 Epidemiology Model

In this section, we introduce the SIRD model employed in our study. One promise of the
SIRD model is that natural birth and death rates are neglected or equivalent so that the total
population is considered as constant. Then, the population could be divided into four mutually
exclusive groups, which are susceptible, infected, recovered, and deceased, respectively. Also,

the reproduction number is introduced in this section.

2.2.1 SIRD Model
We consider the SIRD model described by the following system of ordinary differential equa-

tions [20]:

N
i) = P00 (i)
2.1)
R() = 11()
D(t) = pl(1),

along with non-negative initial conditions:

S(0) = So,1(0) = I, R(0) = Ry, D(0) = Dy.
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where S(7), I(¢), R(t), and D(z) are the numbers of susceptible, infected, recovered, and de-
ceased individuals, respectively, and N is the total population, N = S(¢) +1(t) + R(¢) + D(z).
For the existence and uniqueness of the solution of Eq. 2.1, see [75] and reference therein.
Without loss of generality, N is a large number and difficult to compute in some optimization
problems. Thus, we use the fraction of the population in each compartment, which means that
S(t), I(t), R(t), and D(z) are divided by N. In this way, our calculation is simpler, and we can
still adhere to the same dynamic system of the epidemic.

The parameter 3 represents the number of contacts each day for infected individuals. Be-
sides, there are two essential assumptions. First, contacts between the infected and uninfected
people are sufficient to spread the disease. Second, the population is mixed homogeneously.
Thereby, BS(¢) susceptible people are infected by a patient each day on average, and BS(7)I(¢)
is the number of newly infected people, 7 is the rate at which infected cases become recovered.
Then, there are yI(t) infected individuals turned into the third compartment. Similarly, u is the

rate of mortality by disease, and ptl(t) infected individuals are deceased.

2.2.2 Reproduction Number

There is an essential threshold used to get a better understanding of the transmission rate. This
threshold is characterized by the reproduction number, which is an estimate of newly infected
cases caused by an infected individual [78]. Assuming there is just one person infected in the
beginning, then in the SIRD model, Iy = 1, So = N — 1, and no recovery at this moment. When
we utilized the fraction for each compartment, Iy ~ 0 and Sy ~ 1. By the second equation of

Eq. (2.1), we have:
I(t) =1(1)[BS(r) = (y+u)], (2.2)

where (¢), ¥, and u are greater than 0. In Eq.(2.2), it is simple to obtain / > 0 when S (¢)S(¢) >
(7+ u), which means the number of infected cases keeps increasing.

A key idea about the reproduction number Ry is that it is the gauge of the secondary in-
fections at the beginning of this disease invasion [28]. After the disease invasion, the contact
rate 3 decreases because of the reduction of this susceptible group. Those who are infected

or have already recovered cannot be infected once again. Thereby, another similar threshold,
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which is the effective reproduction number R, [65], is used to indicate whether the disease

keeps spreading, and R is the upper bound of R, [35].

< ——=Ry. (2.3)

2.3 Main Architecture

In this section, we provide a brief description of the deep learning neural network architectures
utilized in our algorithm for parameter identification and disease dynamics prediction. The
feedforward neural network (FNN) is an artificial neural network with a simple architecture in
which the connections between the nodes do not form a cycle. FNN is utilized to approximate
the target function by applying several activation functions to input recursively and then output
a value or vector that is close to the target values.

The forward propagation from one layer to the next layer’s nodes is given as follows [24].
n

2= ngjf,_l(zf)+b1, (2.4)
1

where n; represents the number of neurons in the [t layer, zf, i=1,---,n;, denotes the output of
the " node in (I — 1)/ layer, f represents the activation function, wf ; are the weights between

th bl

node i"* and node j are the bias in the I’ layer. The activation functions employed in this

study are the hyperbolic tangent function

ef—e ™
tanh(x) = —— 2.5
anh(x) = £ @5)
and sigmoid function
1
o(x) = . 2.6
= 2.6)

When output values are obtained from the output layer, they are used to build a loss func-
tion, which is used to estimate the error of the model. An optimizer, like Adam [37] or gradient
descent method [3], is employed to minimize the loss function so that the output is close to the
observations. According to different problems, the selections of optimizer and loss function are

different. Then, any continuous function can be well approximated by a neural network with a
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sigmoid activation function and one hidden layer under some regularity conditions [15].

2.4 Data and Algorithms

In this section, we describe the collected data and introduce our algorithms for parameter iden-
tification and making predictions. In our work, the parameters of the SIRD model are viewed as
daily-varying and weekly-varying parameters to simulate the complex real situation of COVID-
19. Based on this perspective, two algorithms are employed to identify daily and weekly time-
series parameters. Having the identified parameters by PINN as an input, we introduce the

LSTM algorithm for making predictions.

24.1 Data

The data considered in our study is downloaded from https://covidtracking.com/data/download
for New York, New Mexico, and Texas states. It is comprised of commutative infected, recov-
ered, and deceased cases for the period from March 30, 2020, to September 30, 2020. A plot

of the data is shown in Fig. 2.2.
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Figure 2.2: COVID-19 data for New York, New Mexico, and Texas

As can be observed, the three states have different dynamics between the compartments. In
New York, while the number of cases in I, R, and D compartments is increasing, the number

of recovered and deceased cases is relatively small compared to infections. New Mexico data
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shows that the infected and recovered cases kept almost the same increasing rate before August
but then the infections started decreasing slowly, while the number of recovered individuals
kept increasing at a high rate. As for Texas, the infected population started growing fast from

the second half of June, and then went down after about 30 days.

2.4.2 Parameter Identification Algorithm
In this subsection, we describe how to identify the parameters of the SIRD model by utilizing

PINN.

2.4.2.1 PINN Architecture for SIRD Model

The utilized PINN for learning the parameters is composed of an FNN architecture. This
architecture consists of 4 hidden layers and 60 neurons in each layer. The activation functions
of hidden layers and the output layer are the hyperbolic tangent function, and sigmoid function,

respectively.

R1= ; + (i)

=8 g0+ 0+ i

dr
R3= &—w(t)

dd
Ra = o —pi(®

Y

Input Layer Hidden Layer Output Layer Loss Function

Figure 2.3: Physics Informed Neural Network

Fig. 2.3 shows the basic framework, which is FNN, and the loss function of PINN in our
study. The loss function of PINN has two parts, namely GE;,;; and OBj,; in this figure. The
GE),s represents the residuals that are obtained from the SIRD model Eq. (2.1) by subtracting

the right side from the left side:
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2.7

The OB, 1s the mean squared error between the outputs of the neural network and data.
We employ Adam algorithm, which is the first-order gradient-based optimization of stochastic
objective functions [37], to update the parameters of the neural network by minimizing the loss

function.

2.4.2.2 Parameters Identification Algorithm
Algorithm 1 describes how to use PINN to identify the daily time-varying parameters. The
input is time ¢, and outputs include the three parameters and the four compartments of the

SIRD model. The weights w and bias b are initialized randomly.
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Algorithm 1 PINN identify daily time-varying parameters
Data: S,I,R.Dt.

Initialize weights w, bias b
for number of epochs do
Each compartment of SIRD is obtained from forwarding propagation of the neural net-

work

SAaiviéaD7ﬁa%“:NN(t) (28)

Build the loss function components, where N, is the number of collected data of each
compartment, and Ny is the number of collocation points
1 Nob

O&MZN—ZOﬁﬂﬂ+W—H+WKRW+

00 =1

lA)i_DiD

OB,,,s denotes the difference between the output of the neural network and observation
data

D

i .
a MY

1 Y /1dS ol (AT . dR! :
Eloss = — yf lﬂ]f_lﬁ ﬁ(yf_ﬂ\
GE 55 Ntz(dt’+ﬁs | S~ BST A (y )|+ | 5 — |+

)

i=1

GE), represents the SIRD model residual loss, then we have the total loss
loss = OBy,s5 + GEjs

Using the Adam optimizer to update the weights and bias by minimizing the loss func-
tion.
end for

Return S, I, R, D, B, v, .

The approach of identifying the weekly-varying parameters is described in algorithm 2. We
divide the utilized data of algorithm 1 into weekly intervals, and then they are trained to iden-

tify corresponding parameters. Cubic spline interpolation is employed to obtain an adequate
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training data set for the neural network training.

Algorithm 2 PINN identify weekly time-varying parameters
Data: S,I,R,D.t.
Form the weekly data
for each week do
S,I,R,D,t = CubicSpline(S,I,R,D,t);
N = length(t) Each dataset has the same length;
Initialize weights w, bias b, parameters 3,7,;
for number of epochs do
Each compartment of SIRD is obtained from forwarding propagation of the neural
network

S.I,R,D=NN(r)

Build the loss function components.

1 N
OBjpss = NZ (

i=1

Si—Si|2+}ﬁ—1i|2+ R\i_Ri|2+

l’ji_Di‘2>

OB,,s denotes the difference between the output of the neural network and observa-
tion data
)

dst o2 dlf 12 |dR . bt
4 tﬁ\ \_._ ii f” \_._ 7i2 ]_._ D
(‘dﬂ +ﬁS * dr! ﬁS +(Y+N ) + dt! ¥ | + dt! H

i

N
GEloss =

1
NS

GE),s represents the SIRD model residual loss
loss = OBj,s5 + GEjs

Using the Adam optimizer to update the weights and bias by minimizing the loss
function;
end for
save the value of 8 y and u;
end for
Return S, I, R, D, B, 7, U.

24.2.3 LSTM for Prediction of Infectious Cases

Having the learned parameters by PINN, the LSTM is employed to predict the future param-
eters by applying Keras as depicted in Fig.2.4. At first, we normalize these parameters and
create new datasets with multiple inputs and one output. Inputs are the previous three-time
step parameters, and output, which is the prediction of these inputs, is the next one-time step
parameter. Then, the data is used to train the LSTM neural network. We utilize three hidden

layers of 80 nodes each to predict the parameters of the next four weeks.

25



TR T e

Figure 2.4: Flow-Chart of LSTM

2.5 Simulation

In this section, we present and discuss our simulation results. The accuracy of the learned
parameters by PINN is validated using the relative error in the numerical solution of System
Eq.(2.1), obtained using the Fourth Order Runge-Kutta (RK4) method, with respect to the exact
solution. Furthermore, the relative error in the learned solution by PINN with respect to the data
is examined. We start by presenting the results for the learned daily and weekly time-varying
parameters followed by the associated reproduction numbers. Then, predictions of infectious

cases are provided.

2.5.1 Time-Varying Parameters

In general, the daily-varying values of the parameters are more reflective of the daily data than
the single constant average values of these parameters. However, identifying the daily-varying
parameters is traditionally costly and adds to the complexity of the problem. Fortunately, PINN
provides an efficient approach to overcome this difficulty. On the other hand, our simulations
show that the learned weekly-varying data produce precisely identified parameters and more
stable approximation results.

Algorithms 1 and 2 give the identified parameters and the learned values of the SIRD model
by PINN. We use the RK4 method to solve the SIRD model with learned parameters. Then,
the solutions of the ODE system Eq.(2.1) are compared with the learned values.

In Fig. 2.5, 2.6, and 2.7, we present the learned values by PINN, the solution of the ODE
system, and the reported data. Moreover, the relative errors with respect to the reported data

are also computed.
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Figure 2.7: Simulation Results of New Mexico of Daily Time-Varying Cases

There are some large relative errors at the early stage of the outbreak of the disease. This

could be due to the small size of the recovered and deceased populations. However the rela-

tive errors of the solution of the SIRD model are in a reasonable range, which means that we

obtained ideal identified parameters. For the weekly-varying parameters, the period is divided

into weeks and the learned results are presented in Figures 2.8, 2.9, and 2.10.
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Figure 2.8: Simulation Results of New York of Weekly Time-Varying Cases
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Figure 2.10: Simulation Results of New Mexico of Weekly Time-Varying Cases

The relative errors in Figures 2.8, 2.9, and 2.10 are smaller compared to the results in
Figures 2.5, 2.6, and 2.7. Thus, we could infer that the approximation of constant parameters
is more accurate and stable.

The smaller errors in these figures show that the parameters are identified accurately by

algorithms 1 and 2. Since we utilize the cubic spline to obtain sufficient data, then PINNs can
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well identify the parameters and learn the solutions. Computational resources, such as many

epochs, layers, and neurons, are utilized to obtain small errors.

2.5.2 Computational Complexity

Table 2.1 shows the change in relative error of the learned number of infectious cases and
average time (seconds) needed for each week in these three states as the number of epochs
increases. Here, we utilize 3 hidden layers and 64 neurons. In this table, errors are basically

decreasing as the number of epochs becomes bigger.

Epochs | Error (NY) | CPU | Error (NM) | CPU | Error (TX) | CPU

10000 | 6.36e—01 | 62 | 7.02¢—01 | 44 | 6.84e—01 | 55

20000 | 2.15¢—03 | 117 | 9.27¢—01 94 | 1.22¢—03 | 110

30000 | 2.64e—03 | 177 | 535¢—03 | 149 | 8.39¢—03 | 165

40000 | 2.70e —03 | 246 | 5.07¢—03 | 227 | 6.83e—03 | 204

50000 | 1.97¢e—03 | 314 | 4.27¢—03 | 296 | 6.33e—04 | 258

Table 2.1: Computational complexity in terms of time for the infectious cases.

Table 2.2 shows relative errors between the daily number of infectious cases learned by
PINN and real data [25] using different numbers of layers and neurons. In this case, the smaller
errors are obtained with increasing depth and width of the neural network. Table 2.3 presents
the CPU time required to train the neural network with different layers and neurons. From this

table, we can see that the neural network with more layers and neurons requires more time.

Neurons\Layers 2 3 4 5
16 4.98e-03 | 4.65e-03 | 4.13e-03 | 4.26e - 03
32 4.82e-03 | 4.40e-03 | 4.09¢ - 03 | 3.95¢ - 03
64 4.56e - 03 | 4.46e - 03 | 3.85e-03 | 3.84e - 03

Table 2.2: The effect of different numbers of layers and neurons on the relative error between
the learned infectious cases and collected data in New Mexico.
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Neurons\Layers | 2 3 4 5
16 138 | 151 | 164 | 192
32 179 | 209 | 245 | 279
64 265 | 227 | 323 | 354

Table 2.3: The average CPU time is needed for each week in New Mexico

2.5.3 Simulated Reproduction Numbers

By Eq. (2.3), the effective reproduction number can be obtained using the learned daily and
weekly varying parameters. Fig. 2.11 shows the effective reproduction number in the three
states. We could see the daily and weekly time-varying reproduction numbers have similar
trends, which proves the feasibility and effectiveness of our methods to some extent. In the
result of New York, we could see the R, is greater than 1 in the whole period, which represents
that the number of infectious cases keeps increasing. As for the situation in New Mexico, R,
decreases to 1 from August, then the population of infected individuals decreased during that
period. By observing the change of R, in Texas, the value is too large in the beginning because
the parameter identification in that period is not ideal. But after that period, the R, goes back

to normal and oscillates between 0 and 4. Besides, we can see that the growth rate of infected

individuals in New York is faster than the other two states by Fig. 2.2.
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Figure 2.11: Effective Reproduction Number

2.5.4 Prediction of Infectious Cases

The LSTM is employed to predict the future values of the parameters. Fig. 2.12 presents the
predictions of infected cases for the next four weeks. The prediction of New York is close to
the original trend of infectious cases. Predictions in New Mexico show general accord with real
situations, but it cannot capture the small fluctuations. As for Texas, there is a sharp increase

and decrease in infectious cases at the end of September, and our prediction could not detect

this situation.
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Figure 2.12: Predictions

2.6 Conclusions
We introduced a data-driven deep learning approach based on physics physics-informed neu-
ral network to solve the epidemiological models and identify weekly and daily time-varying
parameters. The physics-informed neural network was used for parameter identification and
solving the ordinary differential equation system. Long short term memory neural network
was implemented to predict the weekly time-varying parameters and then substituted predicted
parameters into the Susceptible-Infectious-Recovered-Deceased model so that we could obtain
the future trend of COVID-19. The results and errors have shown that the weekly time-varying
parameters provided a good fit to the real data. The algorithms could be further developed to
achieve a more accurate approximation for complex problems.

In the future, we intend to explore other architectures of physics-informed neural networks.
If the fully connected neural network is replaced by other frameworks such as residual network
and convolution neural network, can the accuracy, trainability, and robustness of our algorithms
be improved? Also, we plan to develop an adaptive algorithm by combining these two models

so that the parameters are identified and predicted simultaneously.
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CHAPTER 3

Sparse Data Regulation on GRU Neural Network

Deep learning algorithms have emerged as an alternative approach for solving partial differen-
tial equations. This research integrates a neural network with a numerical approach to address
time-dependent partial differential equations with initial conditions and limited observed data
from the domain. We use the Gated Recurrent Units network to estimate the time iteration
schemes. We integrate the prior knowledge of governing equations into the iteration process.
The numerical implicit approach is then applied to these iteration schemes to calculate the
new time iteration schemes. The loss function incorporates the difference between these two
iteration schemes. To attain the appropriate precision, the sparsely observed data, randomly se-
lected from analytical or numerical solutions, is incorporated as the regulator. The algorithm’s
efficacy is proven through its application in many numerical experiments, such as Burgers’
equation, Allen-Cahn equation, non-linear Schrodinger equation, and linked two-dimensional

Burgers’ equations.

3.1 Introduction
In a variety of scientific and technical domains, time-dependent partial differential equations
(PDEs) depict the evolution of a dynamic event across time. Finding the analytical solutions
for PDEs is challenging. Then, numerous different traditional numerical methods, like finite
volume method [18], and finite element [16], are introduced to approximate the solutions. How-
ever, because of the infamous curse of dimensionality, these approaches are computationally
expensive and difficult to solve for some complicated PDEs. To address these problems or
find some surrogate models, plenty of recent research is developing deep learning approaches
to estimate the solutions of PDEs. The universal approximation theorem states that a suffi-
ciently large neural network can approximate any continuous function to any desired degree of
accuracy [15].

Physics-informed neural networks (PINNs) have attracted researchers’ attention to solving

PDEs within the quickly expanding field of scientific machine learning [60]. By integrating
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the mathematical model into the loss function, the PINNs confine the network’s output via a
set of PDEs. The concept of using previously arranged prior information about the solution is
introduced before PINNs. The useful strategy of using such previous information was disclosed
by Owhadi [53]. Raissi et al. [62, 61] utilize the Gaussian process regression to generate
linear operator functional representations, efficiently infer solutions, and provide uncertainty
estimates for various physical problems. Then, the availability of automatic differentiation [55,
5] and the significant advancement in computational power [1] allow for the implementation of
this concept on PINNSs.

The success of a neural network can hinge on its architecture. Various applications often
necessitate distinct architectures. For instance, the Convolutional Neural Networks [69] are
effective in handling image recognition while the Recurrent Neural Networks (RNNs) [67] is
crucial for modeling sequential data. According to the universal approximation theorem [15],
any continuous function can be arbitrarily closely approximated by a sufficiently large percep-
tion [31]. However, determining the proper parameters of networks to solve some complicated
PDEs is difficult [6]. The selection of suitable architectures is essential for improving the per-
formance. Ying et al. [42] approximate the iteration scheme by using the fully connected
neural network. In this work, we mainly implement the RNNs in estimating time-dependent
PDEs. The RNNs have the gradient vanishing problem hindering the model’s ability to capture
long-range dependencies [29]. To address this problem, two advanced variants, Long Short-
Term Memory (LSTM) [30] and Gated Recurrent Unit (GRU) [14], are designed. Their gating
mechanisms and improved memory cell structures make them better suited for a wide range of
sequential data tasks.

In this study, we employ the Gated Recurrent Units (GRU) network to solve time-dependent
partial differential equations characterized by sparse data. The neural network serves as an ap-
proximation for time iteration schemes, and we introduce the Adams-Moulton implicit method
to guide convergence to solutions during network training. Integration of sparse data as a reg-
ulatory component enhances the model’s accuracy significantly. The efficacy of this algorithm
is demonstrated through numerous numerical experiments, encompassing scenarios such as

Burgers, Allen-Cahn, non-linear Schrédinger equations, and coupled two-dimensional Burg-
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ers’ equations, validating its feasibility and performance across diverse applications.

3.2 Methodology
3.2.1 Problem setup
ut:f(x,u,@,g—zzu,...,g—,;u> ,xeQ te|0,T], (3.1
X x X
where u = u(x,t) and f is a function that depends on x,7,u, and its partial derivatives with

respect to x. We aim to propose a neural network to approximate the u(x,7) with a few interior

observations only [22].

3.2.2 Algorithm

In this section, we mainly describe our algorithm. The architecture is comprised of one layer
of GRUs and several fully-connected layers. We utilize the finite difference to approximate the
partial derivatives on Eq. 3.1 so we can discretize the domain into a M x N mesh grid, defined
by x;,i=0,1,2,....M—1landt;,j=0,1,2,...,N — 1, with step size Ax and Ar.

The flow chart of our approach is presented in Fig. 3.1. From the left side of this figure, we
use the neural network, indicated as wx,t; 0), to approximate u(x,z). The number of neurons
for each layer is N. The different neurons of the output layer will generate the approximations
ij(x;0) att;,j=0,1,2,...,N—1. The ii;(x;0) is the vector where x = {xo,x1,...,xp—1}.

Then, we implement the central difference method to approximate the spatial derivatives [77],

1

it(xi,17,0) = 5 (@(xi41,1:0) — ilxi-1,1;:0)), (3.2)
1

ﬁxx(x,tj;e) = E(ﬁ(x,ur],tj;e) —2L_ti7j—|—l/_t(xi_1,tj;9)). (3.3)

The right side of Eq. 3.1 f(x,d,iiy, i) is employed to approximate the new iteration
scheme #i(x,7) by applying the Adams-Moulton Implicit methods [27]. The one-step implicit

method or trapezoidal rule:

i/t :ﬁj+%(f(ﬂj+])+f(ﬁj)). (3.4)
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The loss function can be constructed as mean square errors between the i and ii.

Loss; = X7 (t; — ii;)? (3.5)

Implicit Method \
4

Neural Network

=0 =N-1
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k Loss Functiory

- M/

Figure 3.1: Flow Chart
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As for the right side of Fig. 3.1, we randomly select some sparse observations represented
by U4, at first. Correspondingly, the x;,, 1s denoted as values at these selected spatial points.
The ﬁg‘”“, o ,ﬁj‘(,“jal are the output of the neural network. Then, inspired by [84], we put the
A on the data term, which is a hyper-parameter, to force the neural network to satisfy the data

points closely.

LosSqaa = AZN o' (@4 — ud')? (3.6)

We also incorporate the initial condition into the loss function.
Losso = (iig — h(x))? (3.7)
The total loss function is comprised of these three terms.

Loss = (iig — h(x))> + Z]jyz_ll (;—iij)* + 121}]:_01 (ﬁ?am - M?am)z (3.8)

In Fig. 3.1, the neural networks on both sides share the same parameters so that the output at
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the selected positions is fixed. Algorithm 3 describes the procedures mentioned above.

Algorithm 3 Sparse Data Regulation on GRU Neural Network

Input: x;x;..,
Output: Predicted solutions of PDEs: i.
1: Initialize the parameters of Neural Networks.

2: Obtain the outputs iy, .

(O8]

: Compute the loss at data points: 105540 = (Ugara — ﬂdam)z.

4: Implement the central difference to calculate partial derivatives.

)

: Compute f;, = f(u, y, yy, - .. ).
6: Calculate the loss: Set loss =0
for i in range(0,T) do
if i =0 then
lossy = (up — iip)?
else if i = 1 then
AR AR
loss = loss + (i — it')?
else if i =2 then
@ ="+ AT 8 fi)
loss = loss + (i — ii')?)
else
i =i+ O 19 =S5+ £
loss = loss + (it — it')?
end if
end for
7: Calculate the sum of loss: L = lossg + Loss + ALoSS a4
8: Apply the optimizer to minimize the L.

9: Get the prediction U.
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3.3 Numerical Experiments

In this section, we present the results of Burgers’ equation, Allen-Cahn equation, non-linear
Schrodinger, Coupled Burgers’, and Coupled Two-Dimensional Burgers’ equations to validate
the effectiveness of our method. We utilize the numerical method or analytical solution to gen-
erate the synthetic data and randomly pick sparse data from them. The entire spatio-temporal
solutions of these equations are inferred by applying our method. The architecture comprises
one layer of GRUs and some dense layers, and each cell or neuron of the output layer will give
the prediction at nAr, where n is a non-negative integer. Thus, each layer’s number of cells
or neurons depends on the Az. We train the network by applying the Adam optimizer [37],
and then followed by L-BFGS [44] to minimize the loss function. The idea behind this is that
the Adam optimizer avoids the local minimum, and then the solutions can be refined by the
L-BFGS optimizer [27]. We adopt the tanh function as the activation function for neural net-
works. We utilize the Learning Rate decay [13], which started with a relatively large learning
rate and reduced it after a certain number of iterations. The algorithm 3 is implemented by uti-
lizing the computing package PyTorch [56]. Fig. 3.2 presents the code for training the model

by implementing these two optimizers for Burger’s Equation.

model = GRU_Burgers(1,Nt).to(dev)
adam_optimizer = torch.optim.Adam(model.parameters(),lr = 0.005)
for i in range(4000):
adam_optimizer.zero_grad()
loss, data_loss, loss1=model. loss (x,u®,Nt, dt, dx, x_data, ud_data,data)
loss.backward()
adam_optimizer.step()
optimizer = torch.optim.LBFGS(model.parameters(), 1lr=0.005,
max_iter = 4000,
max_eval = None,
tolerance_grad = le-15,
tolerance_change = 1le-9,
history_size = 100,
line_search_fn = 'strong_wolfe')
optimizer.step(model.closure)

Figure 3.2: The Sample Code of Using Optimizers for Burgers’ Equation

3.3.1 Burgers’ equation
The viscous Burgers’ equation is the fundamental nonlinear PDEs in fluid dynamics and shock

waves. The Burgers’ equation with periodic boundary condition is given by

ur +uuy — (0.01/7)uy, = 0,x € [—1,1],¢ € [0,1],
u(0,x) = —sin(mx), (3.9)

u(t,—1) =u(r,1).
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We set the time-step At = 0.01 and obtain 10,000 uniformly spaced x values from -1 to 1. We
utilize the neural network to approximate the solution and then apply the finite difference to

approximate the i, and ii,,. By Eq. 3.9, we can obtain
Sy, uyy) = —uuy + (0.01/70) . (3.10)
Then, we can apply the Adams-Moulton Two-Step implicit method to obtain:
@ S 8 @) - @) 3

The observations are obtained by solving the equation 3.3 numerically. Then, we randomly
choose 10 data points for each time step, and the corresponding A is set to 25 after several
experiments. The network is comprised of one layer of GRUs and two dense layers. Then,
we implement the algorithm 3 to construct the loss function to learn the network parameters,
which is minimized by the 4,000 epochs of Adam and 4,000 epochs L-BFGS optimizers. The

learning rate is set to 0.005.

N
loss = [|iig — uo||* + Y ||t — @l |* + 2| flaara — tdaral|*- (3.12)
i=1

Fig.3.3 presents the results at some t values and compares the prediction and exact solution.
The blue data points in Fig. 3.3 are randomly selected as the regularization in the loss function.
We can see that the prediction of our neural network fits the exact solution accurately. Fig. 3.4
shows the change of the errors generated from the loss function throughout iterations. Table
3.1 presents the relative L, errors, defined as Eq. (3.13), with different numbers of dense layers
at different times. The last column illustrates that the relative errors become smaller when we
put more hidden layers. From each row, we can see the errors are relatively smaller in small

time regions.

N (it — u;)?

L, =
ﬁl(”i)z

(3.13)
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Figure 3.3: Burgers’ Equation: Snapshots of the predicted solutions and exact solutions at

t = {0.0,0.15,0.45,0.60,0.75,0.99}.
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Figure 3.4: The variation of loss with iterations for Allen-Cahn equation
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2

1.35e-3

2.04e-3

2.92e-3

4.98e-3

3.68e-3

3

9.21e-4

2.15e-3

2.05e-3

4.51e-3

2.63e-3

4

7.25¢e-4

1.92e-3

1.04e-3

2.34e-3

1.02e-4

Table 3.1: Burgers’ Equation: Relative L, error between predicted and exact solutions at dif-
ferent times with different numbers of layers
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3.3.2 Allen-Cahn equation

To further validate the effectiveness of our method, we implement the algorithm 3 to solve
the Allen-Cahn PDE, which is a reaction-diffusion equation. It describes the phase separation
process in multi-component alloy systems, including order-disorder transitions. The Allen-

Cahn PDE is given as follows:

1y —0.0001uy + 5u° —5u=0,x € [-1,1],r € 0,1],
u(x,0) = x*cos(mx), (3.14)

u(t,—1) =u(t,1).

We set the time-step Ar = 0.005 in this experiment and use the same x values. The numerical
method is applied to solve the Eq. 3.14 to get observations. We also randomly pick 10 data
points for each time step to force the network to fit in. Considering the smaller Az in this case so
that there are more collocation data points, we increase the A to 40. The network is constructed
by one GRUs layer and two dense layers, and it is trained for 5,000 Adam and 5,000 L-BFGS

iterations. The learning rate is set to 0.001. Similarly, we can obtain:
f(it, ity i) = 0.00001 i, — 5 + 5i. (3.15)

The Adams-Moulton Two-Step implicit method is adopted to calculate . Then, we have the

loss function as follows:

N
loss = [|iy —uo| |* + Y || — @||* + A||flaara — tdaral|*- (3.16)
i=1

Fig. 3.5 illustrates that the network prediction is indistinguishable from the exact solution. The
variation of the loss function is shown in Fig. 3.6, and the loss is rapidly decreasing in the
beginning. Table 3.2 presents the relative L, errors at some time with different number of hid-
den layers. The errors take a minimum when three hidden layers are applied. It illustrates that
accuracy is not necessary to increase with more hidden layers because the larger architectures

are difficult to optimize.
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Figure 3.5: Allen-Cahn Equation: Snapshots of the predicted solutions and exact solutions at
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Figure 3.6: The variation of loss with iterations for Allen-Cahn equation
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4

6.45¢e-4

1.23e-3

2.21e-4

2.42e-3

1.14e-3

Table 3.2: Allen-Cahn Equation: Relative L, error between predicted and exact solutions at
different times with different numbers of layers
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3.3.3 Non-Linear Schrodinger Equation
The non-linear Schrodinger equation, describing the behavior of complex-valued wavefunc-
tions, is chosen as another example to validate the effectiveness of our methodology further.

The equation with the periodic boundary conditions is given as follows:

il +0.5hy + |h)*h = 0,x € [-5,5],1 € [0,7/2],
h(0,x) = 2sech(x),
(3.17)
h(ta _5) - h<t75)7

hx(ta_s) = hx(t=5>7

where % is complex. Then, we can redefine A(x,t) = u(x,t) +iv(x,t), where u(x,z) represents

the real part and v(x,) represents the complex part. Then, Eq. 3.17 could be split into

Uy = —0.5v,, — (u2 + vz)v,
v; = 0.5u,, + (u2 + vz)u,
u(0,x) = 2sech(x),v(0,x) =0, (3.18)
u(t,—5) = u(t,5),v(t,—5) = v(t,5),

ue(1,5) = ux(2,5),vi(t,—5) = vy (¢,5).

We utilize two GRUs networks to approximate the u and v respectively. Each network is con-
structed by one layer of GRUs and two dense layers. We can obtain:

Fid, iy, i) = —0.5V — (@ 4 72)7,
(3.19)

F (%, P, V) = 0.50, + (@ + 7%)di.
Then, combining with the Adams-Moulton implicit methods, f (i, iy, iix,) and f(V, vy, Vyy) are
utilized to calculate the & and V. We still randomly select 10 data collocation points as the
regulator in the loss function, and the A is set to 30. The parameters of these two networks are
learned by adopting 6000 iterations of Adam with a learning rate 0.005 and 6000 iterations of

LBF Gs with a learning rate 0.001 to minimize the loss functions loss = loss,, + loss,,.
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N
loss, = ||’Z0_u0||2+ Z ||’/_li_ﬁi||2+l||’/_‘data_”data||2a

i=1

(3.20)

N
loss, = ||Wo —vo||* + Y |19 — 0il|* + Al Pdata — Vaaral |

i=1

Fig. 3.7 presents the comparison between the prediction |h| = v/iz? + 72 and exact solution

with time step Ar = ;5. It demonstrates that the network’s predictions closely align with the

exact solution. Fig. 3.8 depicts the variation in the loss function as iterations. Table 3.3 provides

insight into the increasing relative L, errors over time. The relative L, errors slightly decrease

when adding one more hidden layer.
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Figure 3.8: The variation of loss with iterations for Non-linear Schrodinger Equation

t m/8 /4 3m/8 n/2 | All Time
Layers
2 3.72e-3 | 4.22e-3 | 4.09e-3 | 6.28e-3 | 4.88e-3
3 2.41e-3 | 2.03e-3 | 4.04e-3 | 6.02e-3 | 4.62e-3
4 1.25e-3 | 2.59¢-3 | 3.21e-3 | 4.02e-3 | 3.32e-3

Table 3.3: Non-Linear Schrodinger Equation: Relative L, error between predicted and exact
solutions at different times with different numbers of layers

3.3.4 Coupled Burgers’ Equation

The coupled Burgers’ equation describes the change in relative concentrations of two types of

particles in fluid suspensions or colloids due to the influence of gravity [17]. The model [17] is

given below:

u 0%u u

— 855 +Nu=+a

ot dx? dx
@ B 2%y

dv
o Mo Tevar TB

subject to the initial conditions:

d(uv)

ox
d(uv)
X

u(x,0) = f1(x),x € Q = [~10,10],

v(x,0) = fo(x),x € Q =[-10,10],
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0,x € [-10,10],¢ € [0,1],

=0,x € [-10,10],z € [0,1],

(3.21)

(3.22)



subject to boundary conditions:

u(a7t) = gl(x)vl’t(bvt) :gZ(x)vt € [07 1]7

v(a,t) = g3(t),v(b,t) = ga(t),t € [0, 1].

(3.23)

The 6 and u, positive viscosity, are inverse of Reynolds number Re, if the 6 = u, then 6 = u =
1/Re. m, &, o, and B are constants. For § = pu = 1.0, 1 =& = 2.0, and ap = 0.05, the exact

solution is given [74]:

w(x,1) = ap — 2A(42aO;3—__11)tanh(A(x— 241)),
281 20— 1

a1 (405[3—1

(3.24)

v(x,t) = ap( Jtanh(A(x — 2At)),

where A = a0(4faﬁ__21 ), and the initial conditions, ug and v, and boundary conditions, lower

bound w3, vy, and upper bound u,;, and u,;,, are generated from the analytical solution. In
this experiment, we set Az = (0.01 and Ax = 0.05 to get collocation points, then observations
can be obtained by plugging these points into the analytical solution. Similarly, we propose
two networks, constructed by one GRUs layer and three dense layers, to estimate the u and v
respectively to obtain the iz and v. The estimations can be differentiated by the finite difference
to get iy, ity lxy, V¢, Vy, and Vy,. Then, we compute:

Fid, iy, i) = iy — Sy + Niily + 0L(iV)y,
(3.25)

f(‘77 Vx, vxx) =V — UV + gﬁﬁx + ﬁ (ﬁ‘j)xa
We use the Eq. 3.25 to compute the & and V. Ten observation data for each time step are
randomly selected and incorporated into the loss function with the A = 15. The learning rate
is set to 0.005 for Adam and 0.001 for LBF Gs. Then, the loss functions are constructed as

follows:

N
lOSSu = HﬁO_uOHZ‘i‘Z Hﬁi_ﬁin"‘lHﬁdata_udatasz

i=1 (3.26)

N
loss, = H\7() —V()||2—|— Z HV,‘ _ﬁin—'—lH‘jdala — VdamHz-
i=1
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The predictions and exact solutions for u and v are presented in Fig. 3.9, which demonstrates

the remarkable accuracy of the proposed methodology. The figures of the first row of Fig. 4.2

display the prediction iz and exact solutions u, and the below figures show the prediction v and

analytical solutions v. The table 3.4 shows the average of relative L, errors of & and v with

different architecture. The errors show a gradual decrease with the addition of more hidden
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Figure 3.9: Coupled Burgers’ Equations: Snapshots of the predicted solutions and exact solu-
tions for v and v att = {0.33,0.66, 1}.
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Figure 3.10: The variation of loss with iterations for Coupled Burgers’ Equation
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0.25 0.5 0.75 1.0 All Time
Layers
2 6.92¢ —3 | 7.23¢—3 | 8.46e—3 | 9.56e —3 | 6.21e—3
3 321le—3 | 3.0le—3 | 435¢—3 | 4.88¢—3 | 3.68¢—3
4 8.8le—4 | 1.0le—3 | 2.19¢—3 | 3.21le—3 | 1.98¢—3

Table 3.4: Coupled Burgers’ Equations: Relative L, error between predicted and exact solutions
at different times with different numbers of layers

3.3.5 Two-Dimentional Burgers’ Equation
To explore the feasibility of our method on multi-dimensional PDEs, we apply the Network for

two-dimensional uncoupled Burgers’ equation:

Ju du Jdu 1 ,0%°u du
—tu—+tuy—=—(=—+—-=—),t€10,2 0,1] x (0,1 3.27
3 Thox T49y = relow T €02y €00 ), (B27)
subject to the initial and boundary conditions:
u(x,y,to) = uo(x,y), (x7y> S [07 1] X [07 1]’
(3.28)

u(Xp,Yp,t) = up,
where the initial condition ug and boundary conditions u; can be derived by analytical solution:

1

Re(x+y—t) *
2

u(x,y,t) = (3.29)
1

+e

We choose Re = 10 for this experiment. The inputs of the network are augmented to two, spatial
coordinates x and y, and the hidden state increases from one dimension to two dimensions.
The output of our network is a three-dimensional tensor. Considering the higher computation
complexity, we utilize four layers where the first layer is GRUs and the other three layers are
dense layers. The tanh activation function is applied, and we still randomly select 10 data
points from the solution for each time step as the regulator, and the corresponding A = 40. We
set At = 0.01 and Ax = Ay = 0.005. The learning rate is chosen to be 0.01 and reduced to 0.005

after 3,000 iterations. The network’s output i is the approximation of the solution of PDE:s.
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The central difference method is applied to differentiate i to obtain iy, iy, ilxy, and ity,. Then,
we can obtain

1 2

f(l/_lx, Ix_ly, If_lxx, I/_lyy) — R—e(ﬁxx + ﬁyy)z - IZ(ZZX + I/_ty) (330)

The Eq 3.30 is utilized to approximate the i by adopting the Adams-Moulton Four-Step implicit

method, which is presented in Algorithm 3. The loss function can be constructed as follows:

N
loss = ||iig — uo||* + Y ||i — il |* + Al faara — taaral |*- (3.31)
i=1

Fig. 3.11 presents three-dimensional plots of the predicted results (right column) obtained
from networks and the exact solution (left column) obtained from analytical solutions for the
Two-Dimensional Burgers’ equation at r = {0.5,1.0,1.5,2.0}. These results exhibit the effec-
tiveness of our methodology to work on Two-Dimensional problems. Table 3.5 shows the L,
errors are decreased as more hidden layers are employed. The architecture featuring two hid-
den layers lacks the necessary capacity to achieve the targeted accuracy in this case. Fig. 3.12

illustrates the changes in loss function throughout iterations.
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Figure 3.11: Two-Dimensional Burgers’ Equation: Snapshots of predicted and exact solutions
att = {0.5,1.0,1.5,2.0}
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1 025 0.5 0.75 1 All Time
Layers
2 832¢—2 | 139¢—1 | 1.89¢ —1 | 2.22¢—1 | 1.84e—1
3 679 —3 | 3.25¢—3 | 3.09¢—3 | 2.87¢—3 | 6.37¢—3
4 479 —3 | 271e—3 | 1.55¢—3 | 1.99¢—3 | 1.87¢—3

Table 3.5: Relative L, error between predicted and exact solution at different times with differ-
ent numbers of layers
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Figure 3.12: The variation of loss with iterations for 2D Burgers’ Equation

3.3.6 Coupled Two-Dimensional Burgers’ Equation
To explore the performance of the network on the complicated equations, we apply this method-
ology to the Coupled Two-Dimensional Burgers’ equation, which is given as:

@_{_ @_{_ %_i(&_%+8_214)
or  "ox v&y_Re oxz  0dy?

3.32
8v+ (9v+ v 1 (82v+82v) (3:32)
—tu—+v—=—(55+=>
ot dx dy Re dx* 0y?”’
where ¢ € [0,2], (x,y) € [0, 1] x [0, 1], subject to the initial and boundary conditions:
M(x7y70> = MO(-xay)a
V(x7y70) = VO(xay)7
(3.33)

U(Xp,Yp,t) = Up(Xp,Ypyt),

V(Xp, Vs 1) = Vi (Xp, Yp,1).
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The analytical solutions can derive the initial and boundary conditions:

3 1
u(x7y7t) - - 9
4 41 +exp[§—§(—4x+4y—t)]] (3.34)
3 1 '
v(x,y,t) =—+

4 4]1 —|—exp[%(—4x+4y -]

In this experiment, the Re = 100. The sparse data points are randomly selected from the obser-
vation data generated from the analytical solutions Eq. 3.34. For this two-dimensional problem,
we utilize two networks to generate the iz and v respectively. Each network is constructed by
one layer of GRUs and three dense layers. Let Ar = 0.01, Ax = Ay = 0.005. We set the learn-
ing rate equal to 0.003 for the initial 5,000 iterations on Adam followed by 5,000 iterations on
LBF Gs where the learning rate equals 0.001. Then, we use the outputs, i and v, to approximate

ly, lyy,ily, lyy, Vx, Vxy, Vy, and vy via employing finite difference method. Similarly, we have

f(ﬁ7 ”_l)ﬁ ’/_lxx) - R_e(ﬁxx + L_tyy) — Uy — Vﬁy,

o I _ _ o
F(V,Vy, Vx) = ﬁ(vxx—l—vyy) — vy — Vidy.

(3.35)

Then, we utilize the implicit method to estimate the new iteration scheme # and V. The loss

function is constructed as follows:

N
lossy = ||iio — uo||* + Y || — @l |* + Al |ftgara — taaral |,

=1 (3.36)

N
loss, = |[70 — vol[* + Y 119 — 5> + Al [Paara — Vaaral|*
i=0

Fig. 3.14 and Fig. 3.15 show the analytical solutions (left columns) and predictions (right
columns) for u and v respectively at r = {0.5,1,1.5,2}. The strong consistency depicted in
these two figures demonstrates that our model can attain high accuracy. A sufficiently large
architecture can generate better results by comparing the errors from Table 3.6. Fig. 3.13

shows the errors are rapidly decreased in a few iterations.

53



0.5 1.0 1.5 2.0 All Time
Layers
2 1.87¢e—2 | 195¢—1 | 1.48¢—1 | 1.69¢—1 | 1.73¢—1
3 4.70e —3 | 6.06e —3 | 3.62¢e —4 | 3.55¢—3 | 4.42¢ -3
4 2.34e—3 | 3.09¢—3 | 1.25¢—3 | 1.86e—3 | 2.60e —3

Figure 3.13: The variation of loss with iterations for Coupled 2D Burgers’ Equation

Log Error

1000

2000

iterations

54

3000 4000

Table 3.6: Average relative L, error of u and v between predicted and exact solution at different
times with different numbers of layers




Exact Solutions att = 0.5 Predicted Solutions att = 0.5

Exact Solutions att = 1.0 Predicted Solutions att = 1.0

Exact Solutions att = 1.5 Predicted Solutions att = 1.5

Exact Solutions att = 2.0 Predicted Solutions at t = 2.0

Figure 3.14: Coupled Two-Dimensional Burgers’ Equation: Snapshots of predicted and exact
Solutions for u att = {0.5,1.0,1.5,2.0}
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Figure 3.15: Coupled Two-Dimensional Burgers’ Equation: Snapshots of predicted and exact

Solutions for v at r = {0.5,1.0,1.5,2.0}
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3.3.7 Solving Inverse Problem
In this example, we propose our model to identify the parameters of the Allen-Cahn equation

by using sparse data. The corresponding Allen-Cahn equation is

Uy — Aty + 5u° —5u=0,x € [-1,1],r € 0,1],
u(x,0) = x*cos(mx), (3.37)

u(t,—1) =u(t,1),

where A1, Ay, and A3 are unknown parameters. In this case, we set At = 0.005, A; = 0.0001,
A» = A3 = 5 to generate the synthetic data by utilizing the PDE solver. Then, we randomly
select 10 data points for each time step. The setup of the neural network is the same as the
example of solving the Allen-Cahn equation. The parameters are firstly randomly initialized

and then utilized to obtain
F(id, i, i) = Aty — 50 + i (3.38)

The loss function is constructed as Eq. (3.16). Then, we also compared it to the regular PINN
by using the same set-up neural network. The loss function Eq. (3.39) of the regular PINN is

slightly different, and it has mean square errors on the boundary condition.

\|it; — | |* 4 40| |figata — tdaral |* + | |iio — uol)* + ||i@(x, 1) —a(x, —1)[|*>  (3.39)

N
loss =

i=1
Fig. 3.16 presents the snapshots of the predicted solution and exact solution by our model.
Table 3.7 shows the estimated parameters and relative L, errors by regular PINN and GRUs

network. This table shows that the GRUs network gives the more accurate approximated pa-

rameters and smaller relative L, error.
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Figure 3.16: Inverse problem of Allen-Cahn Equation: Snapshots of predicted and exact solu-
tion

PINN GRU
M 7.35e-5 | 1.4e—5
A 5.2443 | 5.0075
A 5.2389 | 4.9937
L, Error | 1.2e-1 | 3.97e-3

Table 3.7: Comparison between PINN and GRU

3.4 Conclusion

The GRU neural network is designed to analyze time-series data. The implementation method
involves utilizing a polynomial approximation to forecast the value of the answer at the sub-
sequent time step. Merging these two strategies is instinctive for resolving the time-dependent
partial differential equations. We use neural networks to approximate the iteration techniques
for partial differential equations. The finite difference method is used to compute the deriva-
tives of various schemes. New iteration schemes can be derived by utilizing the implicit tech-
nique. The network can reach the solutions of PDEs by minimizing the discrepancy between
the original and new iteration schemes. Utilizing sparse interior observation data as a regulator

aids in the network’s convergence to the solution. Boundary conditions are unnecessary in our

58



methodology. Adequate architectural size is crucial for achieving the necessary accuracy, as
determined by comparing the relative L, errors of various architectures. We also proposed this
model to identify the parameters of the Allen-Cahn equation by only incorporating sparse data.
To train the massive GRU network efficiently, we are contemplating using transfer learning to

decrease memory utilization and enhance performance without starting from scratch.
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CHAPTER 4

Physics-informed Encoder-Decoder Gated Recurrent Neural Network

The ability of deep learning approaches to approximate complex functions offers a promising
alternative for solving partial differential equations. The methodology of incorporating the
physics prior to the deep neural network can significantly reduce the requirement for labeled
data. In this study, a novel physics-informed encoder-decoder gated recurrent units neural
network is proposed to solve the time-dependent partial differential equations without using any
observed data. The encoder is utilized to approximate the underlying patterns and structures of
solutions over the entire spatial-temporal domain. The approximated solution is processed by
the decoder, which is the Gated Recurrent Units layer. We utilize the initial condition as the
initial state of the gated recurrent units to retain critical information in the hidden states. The
boundary conditions are enforced in the final prediction to enhance the model’s performance.
Then we incorporate physical laws into the neural network during the training process. The
effectiveness of this algorithm is demonstrated by solving Burgers-Fisher and Coupled Two-

Dimensional Burgers equations.

4.1 Introduction
Partial differential equations (PDEs) are fundamental tools to describe systems in physics, bi-
ology, chemistry, and economics. For some complex PDEs that analytical methods can not
solve, numerical methods are developed to approximate the solutions, such as Finite Differ-
ence Method (FDM) [54], Finite Element Method (FEM) [16], and Finite Volume Method
(FVM) [18], etc. While they are effective in a wide range of applications, traditional numeric
methods may struggle, especially for non-linear or high-dimensional PDEs, due to limitations
in computational complexity, stability, and scalability. To address those challenges, alternative
deep-learning approaches are rapidly growing to handle complicated PDEs, which tracks back
to early contributions in the last century [39] [57].

Physics-Informed Neural Networks (PINNs) [60] are a famous type of deep-learning ap-

proach designed to solve differential equations by seamlessly integrating data-driven learn-
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ing with physics-based modeling [34]. Compared with traditional numerical methods, PINNs
could be a mesh-free approach due to the availability of automatic differentiation [55] [5],
which makes them flexible in complex geometries. When the size of observed data is small
in applications, structured prior information is encoded into a learning algorithm that satisfies
given physical constraints, by penalizing the loss function, to maximize the use of available
data [53] [62] [61] [73]. PINNSs are also capable of discovering underlying hidden PDE models
and finding solutions, thanks to the smoothness of the PINN formulation [46] [59]. Moreover,
PINNs can endow a neural network (NN) with uncertainty quantification (UQ) techniques [91]
[90] to improve the accuracy of predictions.

The PINN-based approach has shown significant advancements, with the integration of dis-
tinct architectures. The family of Recurrent Neural Network (RNN)[67] architectures, which
we are more interested in, are effective in language modeling and machine translation [23] [76]
[4] due to their ability to handle sequential data by processing input sequences step by step
while maintaining a hidden state that captures information from previous time steps. How-
ever, RNNs are prone to the vanishing and exploding gradient problem during backpropaga-
tion, leading to difficulties in learning long-range dependencies [29]. Various enhancements
are proposed to mitigate this issue when training RNNs [14] [33] [40], such as Long Short-
Term Memory (LSTM) [30] and Gated Recurrent Unit (GRU) [12], which use gates to control
the flow of information through network. Meanwhile, RNN-based techniques including RNN
Encoder-Decoder [12] [76] attracts our attention, where two RNNs are used and perform well
on some challenging tasks.

In this study, we propose a novel deep learning algorithm, the Physics-Informed Encoder-
Decoder Gated Recurrent Neural Network (PhyEDGNN), for solving time-dependent partial
differential equations (PDEs). This method leverages an encoder-decoder architecture where
the encoder, a multilayer perceptron, learns the underlying patterns and structures of PDE so-
lutions. The initial approximation of the PDE solutions is fed into the decoder after a matrix
transformation. The decoder, composed of Gated Recurrent Units (GRUs), is designed to han-
dle time series data effectively. By using the initial condition as the initial state of the GRUs, we

retain crucial information in the hidden states. Furthermore, boundary conditions are enforced
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in the final prediction to enhance model performance. We also integrate physical laws into
the neural network during the training process. Our results demonstrate the effectiveness of
this approach, showing superior performance compared to the vanilla Physics-Informed Neural

Networks (PINNs).

4.2 Problem Setup

In this chapter, we consider the general form of the time-dependent PDEs in a regular domain:

u(x,t) + L (u(x,t);A) =0,x e Q,t € [0,7T],
u(x,0) = up(x),x € Q, 4.1)

M(X,t) :g(x,t),x S 8Q,t€ [OaT]a

where t € [0,T] and Q C R (d > 1) represent the computational domain, . denotes the dif-
ferential operator, ug(x) is the initial condition, g(x,t) is the boundary condition defined on
the domain dQ. In this work, the solution of Eq.(4.1) is approximated by a neural network

framework without using any labeled data.

4.3 Methodology

In this section, the predictor-corrector GRUs network is proposed for solving the time-dependent
PDE systems. We utilize the Multilayer Perceptron (MLP) as the encoder to generate an initial

approximation of the solution based on the input. Then, the initial approximation is refined by

the decoder, which is the GRUs layer, by taking into account more information, such as initial

and boundary conditions.

4.3.1 Encoder-Decoder GRUs

Utilizing the architecture of the encoder-decoder can efficiently approximate solutions to partial
differential equations (PDESs). In this hybrid framework, an MLP serves as the encoder, initially
generating approximate solutions. The MLP, with its ability to capture complex nonlinear
relationships, provides a fast and effective means of producing initial estimations. This process

can be described as:
a(x,t) = fi(x,t;0y), 4.2)
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where f represents the MLP, ii(x,t) is the initial approximation of solution, 6; is the param-
eters of the MLP. To enhance the accuracy of these predictions, Gated Recurrent Unit (GRU)
layers are employed as the decoder. PDEs often involve dynamic processes where the solution
evolves over time. GRUs, being recurrent neural networks, are specifically designed to model
sequences and capture temporal dependencies. The gating mechanisms in GRUs allow them to
selectively update and retain information over time, enabling the model to capture long-range
dependencies in sequential data while mitigating issues such as the vanishing gradient problem
[14]. The initial approximation # is fed into the GRUs, and the initial condition is served as the

initial state. Then, we have

L_t(X,t) :fZ(ﬁ(th)7u0;92)7 (43)

where f, is the GRUs layer, 0, represents the parameters of the GRUs, i(x,t) is the final
approximation of the solution. Then, we need to consider how to handle the given conditions

such as initial and boundary conditions.

4.3.2 Initial/Boundary Conditions Treatment

Generally, there are two main ways to handle the initial and boundary conditions. The first
one is to add them as the penalty term in the loss function [60]. However, applying the gradi-
ent descent method to the multi-objective loss function may result in poor performance [83].
This happens because gradient descent, being a greedy optimization procedure, may prioritize
certain components over others. This selective focus can lead to an imbalance in the rate of
improvement among different loss components, hindering convergence to the accurate solution
[50].

The second method involves enforcing the initial and boundary conditions as hard con-
straints in the model. This approach offers several benefits. First, it imposes a stringent con-
straint, ensuring zero error on the initial and boundary conditions. Second, the neural network
does not need to learn these conditions independently, allowing it to focus exclusively on learn-
ing the parameters that minimize the residuals of the partial differential equations. Third, there
are no weights to adjust to control the impact of the initial and boundary conditions on the final

solution [66]. We utilized this idea in our algorithm, and the detailed architecture is described
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in the next subsection.

4.3.3 Architecture

Fig 4.1 provides more details of our architecture. The whole architecture is comprised of an
encoder, a multilayer perception, and a decoder, which is a layer of GRUs. The inputs, only
the spatial coordinates x and y, are propagated into the encoder to learn the underlying patterns
and structures of PDE solutions #. Then, we make a matrix transformation and dimension
increasing for i to fit the GRUs layer.

We choose the initial condition as the initial state of the GRUs layer. Then, the first GRU
will output the prediction ity at ty, and add the mean square errors between the iy and ug into
the loss function. We designed it this way because the instantaneous transition in dynamics is
subtle, allowing the hidden state to efficiently discern which information to retain initially and
carry forward to the next unit. Also, the associated loss term won’t impose a significant burden
on the network. Then, we enforce the boundary conditions as the hard constraints so that there
are no errors in them. The loss function is well constructed by leveraging this ingenious design

in subsection 4.3.4.

Decoder Uo Uy Uy_q
hy h; hy_y hy
@@ - @
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- > I -
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x @

Figure 4.1: Architecture of Encoder-Decoder GRUs

4.3.4 Physics-informed Loss function
Since the boundary conditions are incorporated into the neural network, the loss function is

constructed by the governing PDEs and initial conditions. Firstly, we implement the central
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difference method to approximate the partial derivatives [77],

ij(xi,t;;0) = 2—At(ﬁ(xi7tj+1;9) —it(x;,tj-1;0)),
1

L_tx(x,',l‘j;e) = Ex(ﬂ(le,tj;Q) —ﬁ(xl;l,l‘j;e)), 4.4)
1

e (x,j;0) = E(ﬁ(xiﬂ,lj;e) — 2i(x;,1;0) +it(xi-1,1;0)).

Then, the PDE residual is defined as:
H(x,1);0) =i1(x;,t;;0) + L (i(x;,t;);0; 1), 4.5)

which satisfies the Eq.(4.1). Then, the network parameters 6 can be learned by minimizing the
loss function

loss = ||ao—uo\|2+2||93(x,t);92)||2. (4.6)

The above procedures are summarized in the algorithm 4

Algorithm 4 Encoder-Decoder GRUs for Solving Time-dependent PDEs
Input: x, y;

Output: Predicted solutions of PDE:s: ii.

1: Randomly initialize the parameters of Networks.

2: Utilize the Encoder to generate the 7.

3: Transform the i and set the transformed i as the Decoder’s input.

4: Set the initial condition as the Decoder’s hidden state.

5: Utilize the Decoder to approximate the solution i.

6: Enforce the boundary condition.

7: Calculate the loss function Eq.(4.6).

8: Minimize the loss function by applying the Adam and L-BFGS optimizers.

9: Get the final prediction i.

4.4 Numerical Results
In this section, our proposed method is validated on the Burgers-Fisher equation and Coupled

Two-Dimensional equations, and compared to the vanilla PINN algorithm. We utilize the rel-
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ative L errors in Eq.(3.13) to compare the performance between them. We train the network
using the Adam optimizer [38] followed by L-BFGS [44] to minimize the loss function. The
Adam optimizer helps avoid local minima, and L-BFGS refines the solutions. We use the tanh
function as the activation function for the neural networks. Additionally, we implement learn-
ing rate decay, starting with a relatively large learning rate and reducing it after a set number of
iterations. Each GRU generates a prediction at each time step, so the number of neurons and
GRUs per layer depends on the time step size. To test the effectiveness and accuracy of our
algorithm, we apply our model to the Burgers-Fisher and Coupled Two-Dimensional Equations
and compare the results to their exact solutions. Then, we evaluate the model using different

step sizes to examine how the step size affects the model’s performance.

4.4.1 Burgers-Fisher Equation

To show the efficiency of PhyEDGNN, we applied it to solve the generalized Burgers-Fisher’s
equation [2]. This equation models various phenomena in fluid dynamics, reaction-diffusion
processes, and population genetics by incorporating nonlinear advection, diffusion, and reac-

tion terms.

du s0u  d%u s
E u E_W_Fﬁu(l_u )7(x7t)€[0a1]><[071]7
—ad

I 1
u(x,0) = (E - Etanh(m

“4.7)
)9 xe0,1].

The Burgers term Ozu‘s% represents the nonlinear convection, the Fisher term Bu(1 — u5)

describes logistic population growth or reaction kinetics, and the diffusion term % accounts

for spatial spreading effects. The exact solution to Eq.(4.7) is given as below:

u(x,t) = (l + ltanh —a0 “ plo+1)

DT S VLA o i)' (4.8)

In this case, we setthe 0 = 1, & = 1, and B = 1. We choose Ax = 0.001 and At = 0.005.
N represents the number of time steps, and N = 1 + é. So the encoder consists of four hidden
layers, each with N neurons, while the decoder is a single GRUs layer with N units. The output

i is generated by the neural network, and the finite difference approach is utilized to calculate
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the partial derivatives. Then, the corresponding loss function is

N—1
loss= Y ||a@ +ai. — . —a(1—a)
i=1

|I? + |20 — uo||*. (4.9)

The parameters 0 are learned by minimizing the loss function. The initial learning rate for
Adam is set to 0.005. After 5000 epochs, it is reduced to 0.001 for another 5000 epochs. Then,
we keep using the same learning rate for L-BFGS. Fig. 4.2 demonstrates the comparison be-
tween the ground truth and predicted solutions of Eq.(5.27) atr = (0.15,0.3,0.45,0.6,0.75,1).
The blue lines represent the exact solution, and the orange lines represent the predicted solu-
tion of the proposed algorithm. Our model exhibits remarkable accuracy in approximating the
solutions to Burgers-Fisher equations, with the results closely aligning with the exact solutions.
This high degree of precision demonstrates the model’s effectiveness in capturing the underly-
ing physics of the problem. To show the effect of the step sizes, Table 4.1 presents the relative
L, errors at different step sizes. We set the learning rate to 0.003 for the initial 8000 epochs
and then decay to 0.001 for the following 8000 epochs for all of these cases. We observe the
case, At = (0.001 and Ax = 0.001, achieves the smallest L, error. Choosing the smaller Ar and
Ax can bring the smaller relative L, errors compared to the larger step sizes.

t=015 t=03 t=045

—— Exact Solution —— Exact Solution —— Exact Solution

Prediction 0358 Prediction _— Prediction

—— Exact Solution — Exact Solution — Exact Solution
Prediction Prediction Prediction

00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10

Figure 4.2: PhyEDGNN Solving Burgers-Fisher equation
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At
0.05 0.01 0.005 0.001
Ax
0.01 1.12e-2 | 4.54e-3 | 9.53e-3 | 2.90e-3
0.005 | 1.84e-2 | 8.82e-3 | 8.58e-3 | 4.25¢-3
0.001 | 4.39¢e-2 | 2.53e-2 | 4.58e-3 | 3.77e-4

Table 4.1: Relative L, errors between predicted and exact solutions using different step sizes

4.4.2 Coupled Two-Dimensional Burgers’ Equation

To evaluate the network’s performance on complex equations, we apply this methodology to

the Coupled Two-Dimensional Burgers’ equation, defined as:

8u+ 8u+ du 1 (&zu_’_&zu)
—tUu—+tv—=—(55+=>
ot dx dy Re dx* 0y? 4.10)
8v+ 8v+ dv 1 (82v+82v) .
—tu—+tv—=—(s5+=5
dt  dx dy Re dx? 0y?”’
where 1 € [0,2], (x,y) € [0, 1] x [0, 1], subject to the initial and boundary conditions:
u(x7y70> - MO(X,)’);
V(x7y70) = VO(X»}’)a
(4.11)
”(xba}’b,f) = ub<xb7yb7t)a
V(Xp, Vb, 1) = Vi (X, Vi, 1)-
The analytical solutions can be used to derive the initial and boundary conditions:
(x3,1) 3 1
ux,y,t) = —— ’
4 4l +exp[X(—ax+4y—1)]]
3 1 (4.12)
v(x,y,t) ==+

4 A1+ exp[B(—ax+4y—1)]]

In this case, we set Re = 100, Ax = Ay = 0.0025, and At = 0.01, then correspondingly N = 201.
We utilize two networks to estimate iz and v respectively. Each network consists of an encoder
with three hidden layers, each containing N neurons, and a decoder with N GRUs. We minimize

the loss function using the same approach as in the previous numerical example. The loss
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function is given as follows:

—1
e 1 » _
lossy = z‘i (187 + 8+ 7, — o (4 1) [ + 0 — uo
1=

- (4.13)

loss, = 121 |19} -+ ' + 99, — Rie(vj;x + )P + 1[0 — vol %,
where loss = loss, + loss,. Fig.4.3 and Fig.4.4 present the strong consistency of the predicted
solution and the exact solution for u and v respectively at t = {0.6,1.2,1.8,2.0}. The left
columns of the figures are the exact solutions, and the right columns are the predicted values.
The deep learning approach has shown exceptional performance in solving partial differen-
tial equations, yielding nearly indistinguishable results from the exact solutions. The minimal
discrepancy between the model’s predictions and the exact solutions indicates that the deep
learning model can learn the complex patterns and dynamics inherent in this equation. Fur-
thermore, we can observe that the shocks are well predicted in Fig. 4.4. Table 4.2 presents the

average relative L, errors of u and v at different step sizes. It shows that the different choices

of step sizes in spatial and temporal dimensions impact the accuracy of the model.

Table 4.2: Average Relative L, errors between predicted and exact solutions using different

step sizes

At
0.05 0.01 0.005
Ax
0.01 2.37e-3 | 2.44e-4 | 4.43e-2
0.005 | 1.31e-3 | 8.33e-3 | 3.77e-2
0.0025 | 1.82e-3 | 4.32e-3 | 1.73e-3
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Exact Solutions at t = 0.6 Predicted Solutions at t = 0.6

Exact Solutions att = 1.2 Predicted Solutions at t = 1.2

Exact Solutions att = 1.8 Predicted Solutions att = 1.8

Exact Solutions att = 2.0 Predicted Solutions att = 2.0

Figure 4.3: Coupled Two-Dimensional Burgers’ Equation: Snapshots of predicted and exact
Solutions for u att = {0.6,1.2,1.8,2.0}
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Exact Solutions att = 0.6 Predicted Solutions att = 0.6

08 08
w0 00 w0 90

Exact Solutions att = 1.2 Predicted Solutions at t = 1.2

Figure 4.4: Coupled Two-Dimensional Burgers’ Equation: Snapshots of predicted and exact
Solutions for v at r = {0.6,1.2,1.8,2.0}

4.4.3 Comparision of PhyEDGNN with PINN
To demonstrate the advantage of our approach, the relative L, errors of vanilla PINN and
PhyEDGNN are listed in Table 4.3. We employ Latin hypercube sampling (LHS) to gener-

ate 20,000 collocation points within the spatio-temporal domain and 1,000 collocation points
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on boundary and initial conditions. We use five hidden layers with 128 neurons per layer, and
the Hyperbolic Tangent function is applied. The training process involves 8000 iterations using
the Adam optimizer and subsequent iterations using L-BFGS until convergence. The initial
learning rate is 0.001 for the first 5,000 epochs, then decreased to 0.0005 until the convergence.

The results indicate that PhyEDGNN performs better. While PINNs offer a powerful frame-
work for solving PDEs by integrating physical laws into the neural network training process,
their application to the Burgers-Fisher equation can be problematic due to the complexity and
interplay of nonlinear advection, reaction-diffusion processes, and optimization challenges. As
for the Coupled Two-Dimensional Burgers equation, we choose a relatively large Reynolds
number, Re = 100, resulting in the discontinuity in the solution making it difficult for PINNs

to accurately approximate the solution.

PDE PINN | PhyEDGNN

Burgers-Fisher 1.15¢e—1| 6.8le—4

Coupled 2D-Burgers | 2.15¢ — 1 1.73e -3

Table 4.3: The comparison of PINN and PhyENGNN with respect to relative L, errors

4.5 Conclusion

In this study, we proposed a novel deep learning algorithm, Physics-informed Encoder-Decoder
Gated Recurrent Neural Network, for solving time-dependent PDEs. We utilized the encoder-
decoder architecture in this method. The encoder is a multilayer perceptron learning the under-
lying patterns and structures of PDE solutions. The initial approximation of the PDE solutions
is fed into the decoder after the matrix transformation. The decoder is the layer of Gated Re-
current Units to handle the time series. We utilized the initial condition as the initial state of
the GRUs to easily retain the important information in hidden states to improve the ability to
capture and maintain long-term dependencies in the solution. This way enables generalization
to various initial condition scenarios. The boundary conditions are enforced into the final pre-
diction to improve the performance of the model. Then, we incorporated the physical laws into
the neural network for the training process. The results demonstrate the effectiveness of our

model, and our model performs better than vanilla PINN. In the future, we consider applying
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our model to irregular domain problems. Therefore, the Graph Neural Network is considered
to handle the irregular domain by leveraging the flexibility and locality of graph-based repre-

sentations.
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CHAPTER 5

Self-Learning approach for solving PDEs

The regular PINN fails to converge to the solution due to an imbalance in the multi-component
loss function within the back-propagated gradients during training [82]. The standard approach
to mitigate this issue is to add appropriate weights to each component of the loss function.
However, determining the proper weights is challenging. In this chapter, we introduce the Self-
Learning Physics-Informed Neural Network (SL-PINN) to solve PDEs. In this method, the
weights are learned by separate neural networks, eliminating the need for fine-tuning hyper-
parameters. The effectiveness of this approach is demonstrated by the Burgers’ and Burgers-

Fisher equations.

5.1 Methodology
In this section, although we have introduced the PINNSs in previous sections, we firstly give the

overview of the PINNSs to better present other methods.

5.1.1 Overview of the PINNs

Consider the general PDEs:

u (x,t) + L (u(x,t);1) =0,x € Q,t € [0,7T],

u(x,0) = up(x),x € Q, (6.1

u(x,t) = g(x,t),x € Q. t € [0,T],
where time ¢ € [0, 7] and space x € Q C R (d > 1) represent the computational domain, .# de-
notes the differential operator, up(x) and g(x, t) represent the initial condition and the boundary
condition defined on the domain dQ respectively.

Utilizing the feedforward neural network to approximate the solution u,(x,t), we can con-

struct the corresponding loss function. Firstly, we can define the PDE residual f(x,t):

Fx,t) = uy (x,t) + 2L (u(x, t); ). (5.2)
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Then, the loss function can be constructed as follows:

L =2(0)+24,(0)+Z5(0), (5.3)

where 0 represents the parameters of the neural network, which can learned by minimizing the

loss function. Each term of Eq.(5.3) can be expressed as:

1 M o .
%(0) =5 (u(xf, th, 0) — uo(xj))?, (5.4)
i=1
1 N o )
-i”b(e):ﬁb (u(x},t,,0) —g(x}))", (5.5)
i=1
PN
Z5(6) = N; Y (f(xE,t,0))% (5.6)
i=1

In the above equations, {x}, tf)}i.\gl denote the initial training data, {x},t/ }fv:bl are the boundary
training data, and {x},t)}; /| are the collocation points in the domain Q. The baseline PINNs

are described as above.

5.1.2 PINNSs with fixed weight

A fixed weight loss function in PINNS is essential for balancing the multiple objectives of data
fidelity and adherence to physical laws. While it provides simplicity and stability, the choice of
weights needs careful tuning to ensure optimal performance. By integrating these components

effectively, PINNs can solve complex scientific and engineering problems with high accuracy.
Lo = 2L(0) +1,2,(0) + Ar.Z5(0), (5.7)

where the fixed weights {Ag, 4, A }determine the contribution of each component, balancing
the data fidelity and adherence to physical laws. The largest drawback of this method is difficult
to find the appropriate constant weights. This procedure may require a lot of experiments. To

overcome this problem, we applied the softmax function to the loss function.
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5.1.3 Self-Adaptive PINNs
The PINN algorithm is remarkably successful in approximating solutions of many well-posed

PDEs. Consider the loss function given below:
Z(0) = 2.,(0)+ £.(0)+ £5(0) + Z(6), (5.8)

where Z,(0), £,(0), £,(0) and £,(0) force the output to satisfy the sample data points,
PDEs, the boundary condition, and the initial condition respectively. As mentioned before,
the PINN fails to converge to the solutions because the gradient descent is easy to create an
imbalance in the rate of descent on the different parts of the loss function resulting in inaccurate
convergence. To address this issue, SA-PINN puts trainable weights in the loss function as

follows:

L0, 2 My, A0) = Zal0) + L0, A) + L0, 20) + L8, 4), (5.9)

where 4, = (A,,...,AN), Ao = (Ad,..., A0%), and A, = (A),...,A%). No,N, and N; are the

numbers of initial data points, boundary data points, and the residual data points.

1 Mo

20(0,4) = ﬁo m(ﬁo)|JV(x6,0;9) —uo(xi)|2, (5.10)
i=1
1 Ny, ) )
Z(0, ) = N Y m(Ap)|A (%, 150) — g(x},) [, (5.11)
i=1
1 N . .
Z(0,Ar) = 1 Yo m(An) A (x,150) = f(xp) (5.12)
ri=1

where the m(A) is defined as a self-adaptation mask function on [0,e0), which is a differen-
tiable, non-negative, strictly increasing function of A [49]. The choice of the mask function is
supposed to be selected carefully to avoid the numerical overflow by keep these weights values

below suitable values. The loss function .Z’(0, A, A5, A9) will minimize the network weights 6
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but maximize the self-adaptation weights Ag, A,, ;. Then, we have

0/t =0/ —peVe.2(67, 11,1/, 2), (5.13)
W = A0+ poVo 2 (67,40, 4], 40), (5.14)
A=A+ oV 2 (67,40, 4], 49), (5.15)
A=A+ .V, 267,00, M, 20), (5.16)

where pg, Po, P», Pr are learning rates. More details about SA-PINN can be obtained in [49].

5.1.4 Self-Learning PINNs
In this section, we introduce another adaptive weights method. Unlike the previous self-
adaptive PINNs using the differentiable, non-negative strictly increasing function of weights,

we utilize three separate network to learn the weights. Then, we have the loss function

Z(6,60,65,6,) = Z,(0) +2(0,A4:(6)) + £0(0,20(60)) + £4(0,4,(6)),  (5.17)

where 6y, 6, 6, are the parameters of networks for learning the weights on initial, boundary,
and PDEs residual loss respectively, and A9(6p), A,(6p), A-(6,) are the output of these networks.
To avoid the loss decay to zero, we need to add some proper constraints. In this study, we apply

the exponential function on them. Then, we have

(8,60, X(60)) Ze 00 | () 10:.6) — o (xh) 2, (5.18)
EACK WACS) Ze b))y (xd 1 0) — g (1) |2, (5.19)
Z5(0,0r,4(8,)) = - Ze 10|y (x 1,,0) — £, (5.20)

ri=

The parameters 0, 6y, 6, 6, can be learned by minimizing the loss function Eq.(5.17). Also, to
avoid the ¢*(¢) decay to zero, we propose the LeakyRelu function on output layers of weights
networks and set minimum values for the weights. This setup prevents the negative weight from

becoming too small, ensuring that e*®) does not decay to extremely low values. The inputs
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of these weights networks are uniformly generated numbers between O and 1. The activation

function of the hidden layers are Hyperbolic Tangent function.

Algorithm 5 Self-Learning PINN for Solving PDEs

Input: x, ¢;

Output: Approximated solutions of PDEs: i.

1:
2:

Construct the main FNN, and randomly initialize the parameters 6.

Construct three weights networks, and randomly initialize the parameters 6y, 6, 6;.

: Uniformly generate the inputs for weights networks.

: Forward propagation: the main FNN output i, the weight networks output the A9, A, A,
: Construct the loss function Eq.(5.17).

: Minimize the loss function by Optimizers.

: Generate the output i

5.2

Numerical Experiments

In this section, we apply the above methods to the Burgers and generalized Burgers-Fisher

equation. The performance of the above methods is compared. Similar to previous sections,

we propose the Adam optimizer followed by L-BFGS to minimize the loss function.

5.2.1 Burgers’ Equation

Consider the Burgers’ equation

ur +uny — Vuye = 0,x € [0,1],1 € [1,3.5],
x
u(l,x) = T 20250 (521)
l+e 4

u(t,0) =u(t,1)=0.

Correspondingly, the exact solution of Eq.(5.21) is

w(r) = — (5.22)

X2 t )
+ edvt —
1 4-eaviy o1/8V
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where v = 1%’ and we set v = 0.0005 in our case [9]. We utilize the above four methods to
solve this equation. The main architecture is a feed-forward neural network with 6 hidden layers
and 120 neurons for each layer. As for the self-learning PINNSs, three weight neural networks
are fully connected neural networks with 3 hidden layers and 60 neurons for each layer. The
activation functions are the Hyperbolic Tangent function, and the LeakyReL.U function, the

negative slope is 0.001, is applied to the output layers of weight networks. The loss function is

constructed as previously described.

L(0) = Z0(8,40) +-L(0,4) +.2(6, 1), (5.23)
where
Z0(0, NOZeé (1,x5) — u(1,x)))2, (5.24)
Z(0,2) = z% y: M ((a(1],0) - 0))2 +(r), 1) — 0))?), (5.25)
i=1
and
L(0.4) =+ Ze (it + i, — 0.00051L,) 2. (5.26)

ri=1
We set Ny = 1000, N, = 1000, and N, = 10000. When Ay = A, = A, = 1, then Eq.(5.23) is the
loss function of regular PINN. As for the fixed weights method, we set Ag = 1, A, = 20, and
Ay = 1. In self-adaptive PINN, the mask function is m(4) = A2. The model is trained for 1500
epochs using the Adam optimizer with a learning rate of 0.001, then for another 1500 epochs
using the Adam optimizer with a learning rate of 0.005, and finally for 2000 epochs using the
L-BFGS optimizer. Fig.5.1 presents the snapshots of the predicted solution of self-learning
PINN and the exact solution. The Table 5.1 shows the comparison of L, errors of these four
methods. We can see that all methods perform well and obtain the relatively small L, errors.

The self-learning PINN performs slightly better compared to other three methods.
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t=1.8, Prediction
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Figure 5.1: Self-Learning PINN for solving Burgers’ Equation

Method L» Errors
PINNs 3.8e-3
Fixed Weights 3.9¢e-3

Self-Adaptive PINN | 4.2e-3

Self-Learning PINN | 3.21e-3

Table 5.1: Relative L, errors of four methods for Burgers Equation

5.2.2 Burgers-Fisher Equation
To show the difference between these four methods, we applied them to solve the generalized

Burgers-Fisher’s equation [2].

du s0u  d%u 5
—ad

1 1
u(x,0) = (= — <tanh

>3 (mx))1/5,xe [0,1]. (5.28)

The exact solution to Eq.(5.27) and Eq.(5.28) is given as below:

) (5.29)

1 —ad a  B(é+1)
”(xvt)_(§+§mnh[2(5+l)(x_(5+l +

For simplicity, we set the d = 1, @ = 5, and B = 1. We continue to use the Feedforward

Neural Network (FNN) as the primary architecture, maintaining the same number of layers
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and neurons as in the previous example. For the self-learning PINN, the negative slope of
LeakyReLU is set to 0.01. The boundary condition can be extracted from the exact solution.

Similarly, we have the loss function.

2 (6 = —Ze’v (1,x5) —u(1,x5))2, (5.30)

Z(6 =—Ze (@t} 0) — u(t},0))% + (a(th, 1) —u(e},0))2),  (531)
1N

L(0.4) = 5 M (i, + Sttty — ity — (1 — 1)) (5.32)

i=1

Similarly, Ny = 1000, N, = 1000, and N, = 10000. The model undergoes training for 5000
epochs with the Adam optimizer at a learning rate of 0.001, followed by an additional 5000
epochs using the Adam optimizer at a learning rate of 0.005, and completes with 2000 epochs
using the L-BFGS optimizer. Fig5.2 shows snapshots of the predicted solution from the self-
learning PINN alongside the exact solution, demonstrating that the results are highly accurate
and closely match the exact solution. Table 5.2 presents a comparison between the four meth-
ods. It shows that the self-learning method achieves a relative L, error that is 15 times lower
than that of the self-adaptive PINNs and performs significantly better than the other two meth-

ods.
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In this chapter, we introduced the self-learning PINN to solve the Burgers’ and Burgers-Fisher
equations. The weights were entirely learned by three smaller fully-connected neural networks.
To prevent the entire loss function from decaying to zero, we incorporated exponential func-
tions and LeakyReLU in this method. We compared this approach to regular PINN, fixed
weights PINN, and self-adaptive PINN. The self-learning PINN outperformed all three meth-

ods. Additionally, while tuning hyperparameters is crucial for enhancing performance in these

= t=0, Exact
t=0, Prediction
—— t=0.1, Exact
—-= t=0.1, Prediction
\\
~———
0.0 0.2 04 06 08 10

09 —— t=0.2, Exact
, t=0.2, Prediction
08 \'\,‘ - t=0_3, Exact
~ == t=0_3, Prediction
07 \
0.6 =
05
04 b
.
\-.
03 e
0.0 02 04 06 08 e

100

0.98

096

094

092

= t=0.4, Exact 0901 — t=0.6, Exact \
t=0.4, Prediction " t=0.6, Prediction \
— - » EXac 3 088 — = Xac
— E:g: IEredltctlon e E=g ; EredltCtIOI'l \
= r + : ' : 0.86 - . . . " r
0.0 0.2 04 0.6 08 10 00 02 04 06 08 10
Figure 5.2: Self-Learning PINN Solving Burgers-Fisher equation
Method L, Errors
PINNs I.1e-1
Fixed Weights 8.2e-2
Self-Adaptive PINN | 2.le-2
Self-Learning PINN | 1.4e-3
Table 5.2: Relative L, errors of four methods for Burgers-Fisher equation
Conclusion

methods, the self-learning approach can mitigate this issue.
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CHAPTER 6

Conclusion and Future Research

Deep learning algorithms have demonstrated significant promise in solving partial differential
equations. Firstly, we proposed a variant of the physics-informed neural network to identify
time-varying parameters of the Susceptible-Infectious-Recovered-Deceased model for COVID-
19 by fitting daily reported cases. The learned parameters were validated using an ordinary dif-
ferential equation solver, and the effective reproduction number was calculated. Furthermore,
we explored solving differential equations using sparse data by combining a neural network
with a numerical approach to address time-dependent partial differential equations. The Gated
Recurrent Units network estimated time iteration schemes while integrating prior knowledge of
governing equations. A numerical implicit approach calculated new time iteration schemes, and
the loss function incorporated the differences between these schemes. We also proposed a novel
physics-informed encoder-decoder gated recurrent neural network to solve time-dependent par-
tial differential equations without using any observed data. This method effectively approxi-
mated solutions over the entire spatio-temporal domain. The effectiveness of these methods
was validated through applications to various problems.

The regular physics-informed neural networks fail to converge to solutions due to the im-
balance in the rate of descent on the different parts of the loss function resulting in inaccurate
convergence. To address this problem, we introduced the Self-Learning Physics-Informed Neu-
ral Network. This method learns weights through separate neural networks to mitigate the im-
balance problem in multi-component loss function and eliminate the need for hyper-parameter
fine-tuning. The effectiveness of our approach was demonstrated on the Burgers’ and Burgers-
Fisher equations, highlighting its potential for improving the convergence and performance of
physics-informed models.

The above methods are created for our future projects. Firstly, we will focus on the irreg-
ular boundary problems by incorporating the graph neural network into the physics-informed
encoder-decoder gated recurrent neural network. We partition the domain into an irregular

mesh and treat this mesh as an undirected graph for training the network. Specifically, we rep-
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resent the grid points as graph nodes and assign edges between nodes that are nearest neighbors.
The encoder transforms these nodes and edges to proper features, enabling the Graph Neural
Network to predict latent feature variations of the nodes. Finally, the decoder approximates
the final solution. Secondly, we will propose and develop a self-learning method to tackle
stiff problems. We expect this method to learn the characteristics of stiffness and handle it in

an appropriate way, improving the accuracy and stability of the solutions in such challenging

scenarios.
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