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ABSTRACT

In this thesis we explore the mathematical theory of some epidemiological models
that represent infectious disease and try to establish the mathematical properties of
the differential equations representing the models. We describe the SEIR models we
study with time varying transmission and recovery coefficients and constant latency
and vaccination rates. We prove that the models satisfy the requirements such as
existence and uniqueness of solutions and the continuous dependence of solutions on
initial conditions. Using these properties we derive the long term behavior and the
condition for an outbreak to occur of the solutions. This helps us to understand the
biological implications and the control measures that can be applied. We also develop
an implicit discrete formulation for the numerical algorithms to use data and verify

that the model can be used on the COVID-19 data.
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CHAPTER 1

INTRODUCTION

Mathematical modeling has been increasingly recognized as an important research
tool for infectious diseases control. The objective of a mathematical model of an
infectious disease is to describe the transmission process of the disease. When the
disease spreads quickly to many people, it is an epidemic. When a disease spreads
quickly, mathematical modeling tries to help the public health authorities to answer
the following questions.[1]

1. How severe will the epidemic be?

2. How long will it last? When will it peak? What will be its time course?
3. How effective will quarantine or vaccination be?

4. What could be the control measures?

5. What amount of vaccines and drugs are required?

Since the onset of COVID-19 global pandemic there has been an increased interest
in comparing the data of infection to the various mathematical models to find which
model the data matches well. Therefore, we try to apply the theory of the models
that we develop to the data published by the state of Tennessee and CDC of the
United States.

There have been various models proposed ever since Kermack and McKendrick
have introduced their epidemiological SIR model [7] in 1927. However the main
questions each model tries to answer remains the above. We aim to study the com-
partmental epidemic models similar to the SIR model in this thesis. We describe
models with time dependent parameters in their implicit discrete form for numerical

calculations.



1.1 Compartmental Epidemic Models

In the compartmental epidemic models, the host population is divided into compart-
ments which are mutually exclusive groups of population. For a simple infectious
disease, a simple model assumes the the compartments to be, S : susceptible hosts,
I : infectious hosts and R : recovered hosts. The disease transmission process can
be illustrated using transfer diagrams to show the movement of individuals from a
compartment to another. Mathematical models track the number of individuals in a

compartment as a function of time.

loss of immunity

| |

new susceptibles new infections recovery

S I R

removal removal removal

The arrows in the diagram indicate the direction of movement of individuals. The
transfer diagram given above can be modeled by equations as follows. At time t, let
S (t),I(t) and R (t) be the number of individuals in each compartment. Supposing
that new individuals are being added to the susceptible compartment and on recov-
ery some of the individuals become susceptible again, and deaths or removals happen
from all the three compartments , we consider a small interval of time [t,¢ + At] and
write the change in the number of individuals in the compartments during this inter-
val as,

AS (t) = new susceptibles + transfer from R - new infections - removal from S .
Al (t) = new infections - transfer into R - removal from I .

AR (t) = transfer from [ - transfer into S - removal from R .

The model then proceeds to derive the differential equations by taking the limit



At — 0, of the change in the number of individuals in each compartment.
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The differential equations representing this simple mathematical model consists of

a system of equations representing S (¢), I (t) and R’ (t) in terms of the populations

in the compartments.

1.1.1 Exponential Probability Distribution

N (#)

rN (t)

The proportional transfer rates from a general compartment as described in [1],

says that if the total population in a compartment C' at time ¢ is N (¢) and the pro-

portional rate of transfer from the compartment is rN (t), the change of population

satisfies the differential equation

If Ny is the population in the compartment at time ¢ = 0,

dN (t)
dt

N(t) =

=—rN(1).

Noeirt.

(1.2)

(1.3)

The survival function defined as the probability of surviving ¢ units of time which

gives the fraction of individuals remaining in the compartment is, e

the associated probability distribution function is given by F' (t) = 1—e™"

. Therefore,

t>0.



The probability density function of the distribution of F' (¢) is,

_dF (1)
o dt

I =re™ ; t>0. (1.4)

The mean residence time in the compartment is given by,

/OO tf (t)dt =1/r. (1.5)

[e.9]

1.1.2 SIR model

I
s ALS I il R

A simplistic SIR model was first described by Kermack and McKendrick in 1927 .
The basic assumptions of the Kermack-McKendrick Model as stated in [1] are,

1. Transmission occurs horizontally through direct contact between hosts.

2. Mixing of individual hosts is homogeneous and thus the Law of Mass Action

holds.
3. There is no latency period after getting infected and becoming infectious.

4. The rate of transfer from a compartment is proportional to the total population

in the compartment at the time.
5. There is no loss of immunity and no possibility of reinfection.

6. There is no input of new susceptibles and no removal from any compartments.

Therefore the total population remains a constant.

Based on these assumptions, the change of population equations in each compart-
ment as,
AS (t) = - new infections

Al (t) = new infections - transfer into R



AR (t) = transfer from [

In addition to these assumptions, we also state that the coefficients of transmission,
A and 7, in the differential equations we derive shortly, are constants in this model.
This means that the recovery rate as well as the mean time spend as infectious is a
constant for the disease at all time. Similarly, the transmission rate is also a constant
for the disease at all time. We note that a modified model with time dependent

transmission coefficients is presented in [2].

1.1.3 SEIR model

For some diseases, there is a latency period after a host becomes infected and before
the individual can be contagious or infectious. In such diseases, we include a latent
compartment to which the individuals move from the susceptible compartment upon
infection. Once the latent period is over, the individuals could spread the infection

and they move to the infectious compartment. [1]

I
g A S E el I gl R

The change of population equations in this case when there is no removal from
any compartment and no influx of susceptibles are written as,
AS (t) = - new infections
AFE (t) = new infections - latency completed individuals
Al (t) = latency completed individuals - transfer into R
AR (t) = transfer from [



1.2 Deriving Model Equations

1.2.1 Rate of incidence

The incidence term is derived based on the Law of Mass Action for chemical kinetics.
If M and N are the quantities of the two substances that interact, the substitution
force is equal to aM*N® | where o, a, b are constants that depend only on the nature
of the substances.

Incidence term modeled after mass action, called simple mass-action incidence or
bilinear incidence is derived as follows[1]. The disease spreads due to the contact of
infectious individuals and susceptible individuals. The rate of incidence, same as the
rate of change of susceptible individuals, S’ (¢) is then proportional to the product
of the total number of susceptible individuals and the total number of infectious
individuals . Let S (¢) be susceptible and I (¢) be the number of infectious populations
at time ¢ . Then,

S (t)=-NS@)I(t). (1.6)

We consider the incidence form with A being a positive constant. The basic
assumptions for law of mass action according to [1] are, homogeneous mixing, law
reactant densities and conservation of total mass. In the case of compartment models,
these corresponds to homogeneous contact of individuals, lower population density

and the total population being constant.

1.2.2 Rate of Infection and Rate of Recovery

We now proceed to derive the differential equations for the Infected and Recovered
compartments and the mean residence time in these compartments. The incidence
rate or the rate at which individuals move out of the susceptible compartment into
the infectious compartment. Assuming the conditions for the Law of Mass Action,

for the interaction between a susceptible individuals and infectious individuals, the



rate of change of susceptibles does not get modified by probability.
AS(t)I(t)G(t). (1.7)

Suppose that the residence time in the compartment I follows a general probability
distribution, P (t) . Then, the associated survival function in the I compartment is
given by, G (t) = 1 — P (t). For any given time 7 > 0,G (¢t — 7) is the fraction of
individuals who become infected at time 7 > 0 and are still infectious at time ¢ > 7 .

Therefore, the population infected at time 7 and remain infectious at time ¢ is,[1]

AS()I(t)G(t). (1.8)
When P (t) =1—e " fort > 0 and P (t) = 0,for ¢t < 0, the survival function follows
the exponential distribution, e™7*. Let I (0) be the number of individuals in the I
compartment at time 7 = 0 and let I (¢) be the number of individuals infected at time
7 = 0 and remain infected at time ¢t. Since the residence time in the compartment
follows the exponential probability distribution, G (t), I (t) = I (0) e 7. The number

of individuals accumulated in the I compartment at time ¢ since 7 = 0 is ,

t
[(t)=1(0)e "+ / AS (1)1 (r)e """ dr, (1.9)
0
Differentiating with respect to t,
t
I'(t)=—vL () +AS @) I(t) —~ / AS(T)I(r)e " Ddr
0
==l () +AS ) L) —v (L () — Lo () =AS ()L (t) —v (I (t). (1.10)
Thus, I' (t) = AS(t) I (t) — ~I(t) is the differential equation corresponding to the
transfer to and from the I compartment when the survival function in the compart-
ment follows the exponential probability distribution.
Since the residence time in the compartment I follows the probability distribution,

P (t) =1— e 7 The mean residence time in the compartment is given by,

/Ooot%t(t)dt =1/r. (1.11)
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To derive the equation for the rate of change of recovered individuals, we note that,
when G (t) is the survival function in the I compartment, 1 — G (¢) is the survival
function in the recovered compartment because the individuals get transferred from
I to R compartment upon recovery. Then the equation for R (t), the number of

recovered individuals at time ¢ is,

R(t)=R(0)(1—e) + /Ot AS(7)I(7) (1 —e ) qr. (1.12)

Differentiating with respect to t,
t
R (t)=R(0)(1—e™) =R (t) +AS () I(t) - 7/ AS (7)1 (r)e " Dar
0

=4I (t). (1.13)

Thus, R’ (t) = I (t) is the differential equation for the transfer to the R compart-
ment. The SIR model that assumes exponentially distributed infectious period, can

be thus described in terms of the ODEs,

!

S ()= -ASH) (1),

I'()=AS@)I()—~I(t), (1.14)

R (t) =~I (t)

In the case of SEIR [1] model, the differential equation for the rate of change

of susceptibles remain the same. That is, S’ (t) = —AS (t)I(t). The susceptible
individuals, on infection move to the latent compartment instead of being infectious
immediately. Suppose we denote the latency period by e. Then general probability
distribution representing the residence time in the E compartment is P (t) = 1 —e™,
for t > 0 and P(t) = 0, for t < 0, the survival function follows the exponential

distribution, €™ in the F compartment. Let £ (0) be the number of individuals in

the £/ compartment at time 7 = 0 and let Ej (¢) be the number of individuals infected
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at time 7 = 0 and remain infected at time ¢. Then, Ey (t) = E (0) e . The number

of individuals accumulated in the E compartment at time ¢ since 7 = 0 is,

t
E({#)=E(0)e "+ / NS (1)I(t)e "dr. (1.15)
0
Differentiating with respect to t,
/ t
E (t)=—€eEy(t)+AS(t)I(t) — e/ NS (7)1 (1)e Mdr
0
=—cEy(t)+AS()I(t)—e(E(t)—Ey(t)=ASt)I(t)—eE(t). (1.16)
The rate of change of individuals in the I compartment could be similarly derived,

I'(t)=eBEt) -7 (I(1). (1.17)

The differential equation representing the rate of change in the R compartment is

the same as that in the SIR model,
R (t)=~I(t). (1.18)

The system of ODEs representing the SEIR model [1] therefore is,

(1.19)

1.3 Mathematical Background

The theory developed in this thesis tries to find the following properties in the models.
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1. Boundedness and nonnegativity : Whether the solutions to the system of ODE
remain bounded in the region of existence? Are the solutions non negative since

the solutions are number of individuals and need to be non negative.
2. Existence and uniqueness of solutions in the positive axes.
3. What is the long term behavior of the system.
4. Is the system well-posed?

To develop the theory given in this thesis, we depended on the following mathe-

matical background; already known definitions and theorems.

Definition 1.1 ([2]) The supremum norm of a continuous function f : [a,b] — R in

an arbitrary time interval [a,b] is defined in [2] as || f (1) ||oo:= SUDseay | f (1) |

Definition 1.2 ([1])
Let E be an open set in R%. A function f(y,z) = f (y',...,y% 2", ..., 2%) defined
on the (y, z) set E, where y € RY,is said to be uniformly Lipschitz continuous on E

with respect to y if there exists a constant L satisfying

| f(#2) = f(y,2) [ < L|z—y|

for all (x, 2) , (y, 2) € E. Any constant L satisfying this condition is called a Lipschitz
constant for f on E. Further, we could chose a suitable norm on the corresponding

FEuclidean space R? | so that for the Lipschitz constant for f on E.
| f (2, 2) = f(y.2) |lpe < L[| 2~ y||ra
for all (z, 2),(y,2) € E.

Definition 1.3 ([2]) Let U C R be open. Let F: U — R% .F is locally Lipschitz
continuous if for every point xg € U, there exists a neighborhood V' of xy such that

the restriction of F to V is Lipschitz continuous on V.



11

We state the Gronwall’s Inequality in R here.

Lemma 1.4 Gronwall’s Inequality : ([4]) Suppose f is non-negative and continuous

on R | and suppose there exist positive constants C' and K such that ,
t
f(t)§C+K/ f(s) ds
0
for allt € [0,a] . Then f(t) < CeXt for allt € [0, ql.

We apply the following theorem [2] to prove the global existence of solutions for the

differential equations, that is a direct consequence of Gronwall’s Inequality.

Theorem 1.5 ([2]) If G : R" — R" is locally Lipschitz continuous, and if there exist

nonnegative real constants B and K such that,
|Gt (1)) [[er < K| 2(2) ||rr +B

holds for all z(t) € R™, then the solution of the initial value problem (2) exists for all

time t € R and, moreover, it holds,
Bk
1 2(0) llen <1 20 (1) [l +5= (e = 1).

To prove the dependence on initial conditions, we use the inequality named after

Gronwall as stated below.

Theorem 1.6 (]2, Theorem 3] ) Let I := [a,b]. Let u,f : I — [0,00] be continu-
ous and nonnegative functions. Let g : I — (0,00) be a continuous, positive, and

nondecreasing function. If the inequality
t
u<g(t) —i—/ f(s)u(s)ds (1.20)
holds for all ¢ € I, then we obtain
u < g(t)els /(s (1.21)

forallt e I.
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We first state a simple definition of well-posedness given in [4]

Definition 1.7 ([4]) An initial value problem ' = f (z) x(0) = 2

15 called well-posed if each of the following criteria is satisfied.

i) Ezistence: The problem has at least one solution.

it) Uniqueness: The problem has at most one solution.

iii) Dependence on Initial Conditions: A slight change in initial conditions does not

profoundly impact the solution.

To prove global uniqueness in time, we need Banach’s fixed point theorem which

we recall below.

Theorem 1.8 /2, Theorem 2] Let (X, Q) be a complete metric space with the metric
mapping, Q : X x X — [0,00). Let T : X — X be a contraction , that is, there exists
a constant K € [0,1) such that Q (Tz,Ty) < Q(x,y) holds for all x,y € X. Then
the mapping T has a unique fized point.

1.3.1 Basic Reproduction Number

Based on the monotonicity properties and the boundedness of S, I and R, we can

draw the following biological conclusions for the SIR model.[1]

1. Some number of susceptibles always escape the infection at the end of the

epidemic.
2. The epidemic ends not because the susceptibles are exhausted.

3. The disease eventually dies out and the infectious population tends to zero after

a long period of time.

4. Since the infectious population increases initially, there must be a period of time
after which the change in I becomes negative. In other words, the epidemic first

rises, the declines after reaching the maximum.
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We further explore properties 1 and 2 here. The basic reproduction Number,
denoted by Ry [1] measures the average number of secondary infections caused by
a single infectious individual in an entirely susceptible population during the mean
infectious period.

We can interpret, Ry as, [average number of effective contacts of a single infectious
host] . [initial susceptible population]. [mean infectious period]

In the context of Kermack - McKendrik model, the basic reproduction number,

at the beginning of the infection,

1
ROI)\SO—.
v

The significance of Ry is in determining whether an epidemic outbreak will occur
or not, given the constants A and + and the total susceptible population at the begin-
ning of the infection. If the parameters A and ~ are constants, the basic reproduction
number depends only on the value of Sy. From the assumptions A,y > 0, since

So > 0, we observe that, Rq := )\SO% > 0O forallt>0.

Theorem 1.9 ([2]) I (t) steadily decreases with t when Ry < 1 . In other words,an

epidemic does not occur if the basic reproduction number Ry < 1.

Proof. From equation 1.14, I () = Ie*Jo S(Mdrefo —rdr,
From the monotonicity of S (t) , we know that A fot S(r)dr < ASpt .
I(t) < Iyif )\fOtS(T) dr < fot vdr . That is, when A\Sy < 7 or, when Ry < 1.

—dT

An epidemic occurs when, Ry > 1, since I (t) = Ie* Jo 8(ydr oy > [ in this case.
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CHAPTER 2

PROPERTIES OF THE MODELS

In this chapter, we discuss the properties of the differential equations associated
with the SEIR model. We discuss the well-posedness property in detail and also
examine the effect of perturbations on the model equations. We discuss the modified
SEIR model with time continuous transmission coefficient and recovery rate and the
time discrete model as given in [2]. Since we consider that the total population

remains a constant over all time ¢ > 0, we have ,

Nt)y=St)+E@t)+I1(t)+R(t). (2.1)

2.1 SEIR model with time varying coefficients

In this section we examine the SEIR model with time dependent transmission, and

recovery coefficients. We first state the assumptions of the model below.
1. The total population N is fixed over time.

2. The total population is divided into homogeneous groups, with S (t) represent-
ing Susceptible population, E (¢) Latent population, I (¢) Infectious population
and R (t) Recovered population at time ¢. Since the total population is a con-

stant, N (t) =S (t) + E(t) + 1 (t) + R (¢) for all time ¢ € [0, c0).

3. the time varying transmission coefficient A (¢) is Lipschitz continuous and is
continuously differentiable for all ¢t € [0,00). It holds that 0 < A < A () <
Amaz » for all t € [0,00) , where A\, is the lowest and A4, is the highest value

A achieves.

4. the latency period remains a constant and is independent of time.
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5. the time varying recovery coefficient 7 (¢) is Lipschitz continuous and is contin-
uously differentiable for all ¢ € [0,00). It holds that 0 < Yin < 7 (1) < Yinaz
, for all t € [0,00) , where 7y, is the lowest and 7,4, is the highest value 7

achieves.

2.1.1 SEIR model equations

Since the total population remains a constant over all time ¢ > 0,
we have , N (t) =S (t)+ E(t)+1(t)+ R(1).
The differential equations for the SEIR model with time varying transmission and

recovery rates are,

I'()=€e¢E@{t)—~v @) I(t), (2.2)

N#)=St)+E({t)+I(t)+ R(t)

The initial conditions for the system of equations are,

2.1.2 Nonnegativity and boundedness

We first find the feasible region for the solutions of the system of differential equations

2.2. Our aim is to prove that each of S, E, I, R are non negative functions of ¢.

Lemma 2.10 FEach solution of the system given by 2.2 is bounded below by 0.
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Proof

1. We use separation of variables and write the S equations as,

S(t) _
S0 - () I(¢) (2.3)
Integrating,
S(t) = — t T T)dT
ln(m) _ /OM VI(r)d
S (t) = S (0) e Jo MDI()dr. (2.4)

Where S (0) is the initial condition on S (¢) , corresponding to the initial popu-
lation in the S compartment. Since S (0) > 0, we see that S (¢) > 0 at all time
t>0.

2. Now we divide the E equation by F (t) and write,

E'@M) Xt SEHI®
B - B@) ¢ (2:5)

We replace F (t) with N—(S (t) + I (t) + R (t)) on the right hand side to obtain,
E (1) A S @) I(1)

= — €

E{) N-(S@O+I1(t)+R(1)

Integration yields,

" (%) - / (N = @((?) i(fTETI)(?R N ) u

Therefore,

E(t) = Ey.exp. Uot (N — (g((?) i(;()f)(l)R o e) df} . (2.6)

Since Ey >0, E(t) > 0 for all t > 0.
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3. We divide the I equation by [ (¢) and write,

I'(t) €B(t)
T~ 10 -7 () (2.7)

We replace I (t) with N—(S () + E (t) + R (t)) on the right hand side to obtain,

I'(t) eF (1)

T N-GosEn+rm W

Integration yields,

(7)) = / (rsirmTRe )"

Therefore,

1) =lo-exp. U (FsmirmTR )| e

Since Iy > 0, I (t) > 0 for all ¢ > 0.

4. Since R (t) = v (t) I (t), integration yields,

t
R (t) = Ro +/ v (7)1 (7T)dr. (2.9)
0
Sincel (t) > 0 and v (t) >0, R(t) > 0 for all ¢t > 0.

We now state the boundedness theorem for the solutions.

Theorem 2.11 For each solution of the system given by 1.19,

For allt > 0.
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2.1.3 Global existence of solutions

We define the solution vector,

and z (t) =G (t,z(t)).

We state the global existence of solutions as follows.

Theorem 2.12 ([1], [2]) At least one solution to the differential equations 2.2 exist

for all time t € [0, 00).

Proof. A ST ()
. . 353 [ A S@)I(H) —eE(t)
We define a function G (¢,z(t)) : [0,00) x R* — R as eE () —~ () I (¢)
v(t)I(t)

We first prove that G is Lipschitz continuouous using the property that the upper
bounds of S, E, I and R are N and \,qz, Vimasz €Xist.
Consider VAl (t) = (Sl (t) ,El (t) ,[1 (t) ,Rl (t)) and Zo (t) = (SQ (t) ,EQ (t) s [2 (t) ,R2 (t))
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| G (t,21 (1) — G (t 22 (1)) |

[Ag (t) S (t) L2 (t) — A1 (t) Si () 11 (1)
(A1 (8) S1(t) I (t) — Ao (t) Sa () Lo (1) — (eEa (t) — By (1))]
eBy () —€By (t) — (71 () I (t) — 2 () 12 (1))

7 () I () — 2 (2) L2 (¢)]

[ A2 (t) S (t) 2 (t) — A1 (2) Si () 11 (2)]

MBSO 1 0 5] = 05 (OB 5 0] = 6B (1) - B 1)
<
- L (t) Iy (1)
By (0) 1)~ a0 )| b (01 ()~ 2 (0 B 1)

S‘)\max+7max+€|

Ha

1(t) — Ea (1

= N Mmaz +%ma +6) |1 4 ) |
| Ry (t) — Ry (t) |

= N (Mmaz + Ymaz +€) | 22 (t) — 21 (2) . | (2.10)
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Thus G is Lipschitz continuouous in z ().

Now we consider the supremum norm,
1 G (t2(1)) [l

= sup {[ =A@ SO L) [[A@)SOLE)—eE@) ][ eE) =y @) L) [ [vE)I) [}

t€]0,00)

< sup {Amae [ S L(E) [, Amaa | S(E)I(2) [ +€| E(1) ],

te(0,00)

€l E@) | +Ymaz | L @) ] Ymaz | 1(2) [}

< sup {AmaeN [ S @) |, AmaxN +€) [ E(@) |5 (€+ Ymaz) [ 1) [ Ymae | 1(2) |}

te[0,00)

< sup {AmaeN [ S(0) [, Amaa N | E@) [+ | E@) [, €| 1) | +maa [ T(8) ],

te[0,00)
Ymaz | R (t) |}

< N (Anaz + €+ Yimaz) Sup){ls(t) LEE@ LIT@) ] RE) [}

te[0,00

< N (Amas + Ymao +€) || 2(2) [|o - (2.11)

by the boundedness of S (t), E (t), I (t) and R (t) and the transmission and
recovery coefficients. Thus the conditions for Theorem 1.5 are satisfied and the proof

is complete.

2.1.4 Global uniqueness of solutions

Theorem 2.13 ([1] , [2]) There exists a unique solution for all time t € [0, 00), for

the initial value problem given by the differential equations 2.2

Proof.

First choose an interval [0, 7] on which the Banach’s fixed point theorem is applicable.
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Now, suppose that there exist two different solutions in the interval [0, o), say, z (t) =

(S, B0, 1(t),R(1) and Z(t) = (S(1), E (1), T(1), R(1)) .
Then,

sup ‘S(t) —S(t)‘

te(o, 7]

[ (@SEIE-A@sE 1)

= sup
telo, 7]

—~—

SE|[1E-1G)|+11G)I]8 () - 56|

—_— —~—

I(z)—[(z)‘ —|—N‘S(z)—S(z)‘dz

< Sup Apas Nt {’[Tt)—f(t)‘ + ‘S(t)_s(t>‘}

tel0, 7]

z(t) —z(t)

< 2Mnmaz N T

(2.12)

‘ [e.o]

Similarly, we obtain,

sup]’E(t)—E(t)‘

tel0, 7
= sw /Otk(z) (S 1) = SR (=) dz + s /Ote(E(z)—E(vz)>dz
< sw A tN{‘@-I(t)M\S(t)—é(?)\}+t255]et{‘%-E(t)\}

—_—

(2.13)
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t:{l&pﬂ I(t)— ]N(t)‘
= t:;é,pﬂ /Ote <E(z) — m> dz| + t;t&pﬂ /Otv(z) (I () — ]72)) dz

< swp et [E(D) = B(®)|+ sup ymart [1(1) = 1 (1)
telo, 7] telo, 7]

< (s + 97 ||2(0) =2 @)]|_

< (Ymaz +€) NTHz(t) —th)HOO. (2.14)
Furthermore,
~ t —
sup |R(t)— R (t)‘ = sup / v (2) (I (z2) =1 (z)) dz
telo, 7] tefo,7] 1Jo

< Ymas N7 [[2.(6) = 20)||_. (2.15)

Summarizing the steps above, we obtain,

2(t) = 2(0)|| < (2Aar + €+ maa) N7

‘z(t) —ﬁt)‘(m. (2.16)

1

By choosing the interval 7 = STCE —

we obtain the necessary contraction.

o0 < 370 o

This proves the uniqueness of the solution in the interval, [0, 7].
We can now inductively derive the contraction for each interval, [k7, (k + 1) 7] for all

k € N. This proves the uniqueness of the solutions for all time ¢ > 0.
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2.1.5 Continuous dependence on initial conditions

We have stated a simple definition of well posedness in the previous section. todo
quote the section.We now prove the dependence on initial conditions.

To prove the well posedness, we consider the perturbed initial value problem,

(2.18)

R, (t) = Yala (t)

with initial conditions, S, (0) = S, 0 > 0, E, (0) = E,0 > 0,1, (0) = I,0 > 0, R, (0) =
Ra,O Z 0

and

Sy (1) = =X (1) Sy () Iy (¢)

Ey (t) = Xo (1) Sy (8) I, (t) — €Ey (t)
! (2.19)

I, (t) = €Ey (t) — v () I ()

Ry () = s ()
with initial conditions, Sy, (0) = Spo > 0, E, (0) = Epo > 0,1, (0) = Io > 0, R, (0) =
Ry > 0.

Ve

Here we consider the transmission rate A\, and )\, and the recovery rate, 7, and
v, have small differences, as well as the initial conditions have small perturbations.
We proceed to prove that this lead to solutions that have small differences in short

intervals of time [0,77] as in [2].



S, (1) Sp (1)
Theorem 2.14 ([2](Theorem 3)) Let z, (t) = %l((zf)) and z (t) = %((tt)) be
R, (1) Ry (1)

the solutions of 2.18 and 2.19.

Define a function

9 (@) =1l 2 (0) = 2 (0) l[oc + Ngt [| Aa (t) = Ao (t) [loo + Nat || 7a () =% (t) [loc
and the constant, Kgp := { max { Mnaz.a, Amazp } Na No + max {Viaab, Ymaza} + €}
Then, || 2z, (t) — 2 () || < g (t) €58 holds for arbitrary t € [0,T] with given T > 0.

Proof.

We see from 2.2 that, N, = S, (0) + E, (0) + 1, (0) + R, (0) and
Ny =S, (0) + E, (0) + 1, (0) + Ry, (0) holds for all ¢ € [0, T7.

We recall the inequality,

|z1y1 — Toyo| < |x1]|yr — vo| + |ya] |21 — 2] (2.20)

In all the derivations below, we apply the triangle inequality, the inequality 2.20 and
the boundedness of the functions,S (t), E (t), I (t) and R (t).



25

1. First we estimate |Sa (t) - S (t)| and obtain,
1Su () — S (1)
< 184 (0) = S (0 \+/ D ( — A (1) S (1) I (7)) dr
< | S, (0) =S, (0 \—l—/[)\ — X (1) Sa (1) I, (7) | dT
b [ I S0 1) = X (1) 8 () L (1) | dr
ARG ECTACECECIACIE,
< 184 (0) = Sy (O] + N2t |1 (6) = 2 (B
i o Mz } Vo [ 154(7) = 8,7 dr
+ max { Anaz.as Amazs + No /Ot I, (1) — I, (7)| dr (2.21)
for any ¢ € [0, T].
2. For |E, (t) — Ey ()] we have,
B, (t) - B, (1)
< |E,(0) — E, (0 |+/ | Ao ( — XN (T) Ey (1) I (7)] dT
+/0 €B, () — B, ()| dr

Define equation

I := fot | Aa (T) So () Lo (T) — Xo (7) Sy (7) I, (T)| d7

and
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We see that,

I < |1,(0) = I (0)| + N2t [|Xa (£) = X (B)]] o
t
4 e { Amas.as Amacs } N / 1S, (7) = S, ()] dr
0
t
4 masx { Mnas.os a3 N / 0, (%) — I, ()] dr
0
and Thus we obtain
|Eq () — Ey (t)]
< |E. (0) = By (0)] + N2t || Aa (8) — X ()]
t
4 max { s Ay } N / 1S, (7) = S, (7)] dr
0
t
4 mas { Mmae.as Amass } N / 0 (7) — I, ()] dr
0

+ 6/0 | Eo (1) — Ep (7) | dT (2.22)

for any t € [0, 7.

3. Now we estimate |1, (t) — I, (t)].
L (t) — I ()]
< |1, (0) — I, (0)] + /0 leaEq (T) — ey (T)] dT

t
+ / |7aIa (T) - rYbIb (T)| dr
0

Define equation

I:= f(]t |’Ya]a (T> - '7bIb (T> | dr.
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We see that,

t
II < / | Yo (7) I, (T) — |d7’+/ ‘% — Yoy Lo (T )}dT
0
< Nat 1179 () = 2 (8) | + m85 (s o) / 5o (r) = Iy ()|
0
Thus, we obtain
Lo () = 1y (1)
< |1, (0) = I, (O |+€/ | B, (T 7) | dr

T Not |7 — | + max {7, 70} / L(r)— L) |dr  (2.23)
0

for any t € [0, 7.

4. Similarly, we estimate, |Ry (£) — By (1)
Ra(t) = o (1)
< 1Ra0) = RO+ [ (7)o 7) =0 7)1 ) d
< 1RO = B O+ [ 1900 1o (7) =20 1o (1)
+ [ 1) L) = () 1) dr
< R (0) ~ R, (0)
F Nt [ (0= ()]

¢
+ max {Yimaz bs Ymaz.a t / | I, (1) — I (7) | dT (2.24)
0

for any t € [0, 7.
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Finally from [S, (£) — Sy ()] | Eu (£) = By ()] 11 (1) = Iy (8)] | Ra (£) = Ry (£)] we find,
70 () — 2 (D]

20 ()~ 2 (D)l

< 117 (0) = 2 O) o + N2 [P0 () = N0 (1)
N7 () = 0
e O Ao} Vo o [ Tl () = 2 ()
te [l ()= m (Dl

t
5 (st Tmana) [ 120 () = 20 (1) d 2:29
0

for any ¢ € [0, T].

Define the functions,
u(t) = |za (t) — 2 (V)]
g(t) = ||z (0) = 2z (0)[| o + NGt [Aa = ol + Nt [ 70 — |

f (t> = { max { )\maz,aa )\max,b } Na Nb + max {/Vmax,ba f)/max,a} + 6} = KGB

We see that the assumptions of Theorem 3 are fulfilled and

120 (t) = 2 ()], < g(t) "o (2.26)

for any t € [0, 7.

2.1.6 Long time behavior of solutions

In this section, we derive some monotonicity properties and the long time behaviour

of our solutions.
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Theorem 2.15 ([2]) We see the following behavior for S (t), E (t), I (t) and R ()

1. S(t) decreases monotonically from S (0) > 0. There exists S* > 0 such that
lim; 00 S (t) = S* . Further, it holds that S* > 0.

2. R (t) increases monotonically from R (0) > 0. There exists R* > 0 such that
lim; o R (t) = R* .

3. I is Lebesgue-integrable on [0, 00) and lim;_,, I (t) = 0.
Proof. [2]

1. S(t) = -A(#)S®#)I(t), and by Lemma 2.10, we know that since S’ (t) < 0
since A (t) > 0. By the boundedness of S () , therefore, 0 < S (t) < Sy . Thus,
S :[0,00) — [0, 00) monotonically decreases and is bounded below by 0.

To prove that limy_,, S (t) exists , we divide the S* equation by R,

Amaa)
CHO RO M

By separation of variables,

S’ (t) Anaz

—_— > — R (t

U
Integrating, we obtain,

max )\maw

- (R(t)—R(0)) - (R(t)—Ro)
S (t) > S (O) e Tmin > Spe TYmin >0 (227)
for all ¢ > 0.
~ = (R(1)~Ro)
Thus, S* := lim;_, S (t) > 0 exists for all ¢ > 0. Since Spe Tmin >
)\max

Spe Tmin > 0, we have, S* > 0.
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2. R(t) = v(t)I(t) > 0foralt>0and 0 < R(t) < N by Lemma 2.10.
Therefore, R : [0,00) — [0,00) is monotonically increasing and is bounded

above by N. Therefore, it follows that R* := lim;_,o, R (t) > 0 exists.

3. By assumption, A (t) > 0 and from Lemma 2.10. , S, : [0,00) — [0,00) > 0
and are bounded above by N.

Therefore,

/ SI(T)dT:S*—S():/ —A(1)S(r)I(7)dr
0 0
o0 t
/ M) S (F) T () dr = Sp— S* > Apin S / [(rdr  (2.29)
0 0
Therefore, I is Lebesgue-integrable on [0, 00) and lim; . I (t) = 0.

4. From property 3 and from I' (t) = eE (t) — v (t) I (t), we see that,

Based on the monotonicity properties and the boundedness of S, [ and R, we can

draw the following biological conclusions.[1]

1. Some number of susceptibles always escape the infection at the end of the

epidemic.
2. The epidemic ends not because the suseptibles are exhausted.

3. The disease eventually dies out and the infectious population tends to zero after

a long period of time.

4. Since the infectious population increases initially, there must be a period of time
after which the change in I becomes negative. In other words, the epidemic first

rises, the declines after reaching the maximum.



2.1.7 Basic Reproduction Number

The basic reproduction number, Ry [1] in the SEIR model, is defined by,

A0 s =20,
From the non negativity and boundedness of A (t) an ( ), we see that ,

)\min )\max
0 < 8o < Ro(t) < - 50

Ymaz Ymin
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(2.29)

2.2 Discrete SEIR model with time dependent coefficients

We now examine the time discrete SEIR model with time dependent transmission and

recovery rate . We assume that a time interval [0,7") has been divided into a strictly

increasing sequence {t; } _, such that t; = 0 and ty; =T. We represent f (t;) by f;

for any time dependent function f.
In this model we state a fully explicit form |,
AS. . —S. )
S; _ Sj41 S? — ST,
Atj tj—i—l — tj
AE;  Ejn — B
At; b —t)
Al I — 1y,
— — B — ~yin ]
At; -ty a T T
AR;  Rjg1—Rj

= )‘jJrISj[j — €Ej

— T
At; tjy1 — 1] AR J
and a fully implicit form as in [1]
AS;  Sjp— S )
At? - tJ:l _ tjj = =Ny,
j j
AE; FEiWw—FE;
AL = t]: . tj] = Al — eBjp,
j j

Al

lin —1j

AR;  Rji1 —Rj o
— — = "Vj+1d541
At]‘ tj-i-l — t] g V,

(2.30)

(2.31)



for all j € {1,..., M — 1}. Both of these satisfy,
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(2.32)

We first show that the fully explicit form reduces to a set of linear equations and the

fully implicit form has non-linear nature. From equation 2.30, the fully explicit form,

Sj-i-l = Sj — >\j+1SjIjAt]’ = Sj — >\j+1 Sj[j (tj—i-l — t]) s

Ej1 = Ej+ (MjaSil; + €E;) Aty = Ej + (X Si1 + €Ej) (L — 1)

Livy = 1j + (eEj — v ly) Aty = Ij 4 (eEj — vj4dy) (Ejen — £5)

Rjp1 = Rj + v ljAt; = Ry + vl (G40 — 1)

(2.33)

is linear. From equation 2.31, the fully implicit form, appears to be in the nonlinear

form below.
S;
(14 XNy (G — t5))]
Ej + AjnSinlin (G — 1))
(I +e(tjn —ty)) ’
Ij+€eEj 1 (ti1 —t))
(I + 951 (L1 — 1))

Sir =

Ejn =

Lip =

Riy1 = Rj+ vl (1 — t5)

forje{l,...,.M -1}

2.2.1 Unique Solvability

)

(2.34)

The time discrete implicit form given in 2.34 is uniquely solvable for every j &

{1,..., M — 1}. If we replace F;;;in the I,;; equation with we find that,
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L+ €Bji (ti — 1)

(L4 %1 (Ej1 — 1))

. (Ej A Sl (G — t)
(1 +e(tjr —t)))
(L4741 (Ej1 — 15))

L (At et — 1)) + e (B + AjaSitalin (G —t5)) (Ei — 1)

(L4 €1 —85)) (L4 vj01 (Gr — £5)) '

We now replace S;j;; using equation 2.70

I =

I+

J

) (i1 —t5)

S
[] (1 -+ EAthrl) —+ EAtj+1 (E] -+ )\j+1 (1 n )\~+1]J-+1At-+1)[j+1Atj+1)
J J J

(14 eAtjy1) (14 vj4140841)

Iy =
(2.35)

Rearranging, we have,
[j+1 [1 + >\j+1[j+1Atj+1] (1 + 6Atj+1) (1 + ’}/j+1At]’+1)
=141 ([j)\j+1Atj+1 —+ E)\j+1[jA2tj+1 + EEj)\j+1A2tj+1 + 65j)\j+1A2t]’+1)

+ [J (1 + EAthrl) —|— EAtJ+1E]

oy At + A A% + X eA% 0 + Ay €A% ]

+ Ly [T+ 7000 + €At + ey 1A% |

= L [(LAn At + e\ LA g + eBjA i A% + eSiA 0 A% 1) |

=1; (1 + eAtj11) + eAtj 1 Ej. (2.36)
Now we define,

Ajr = [N At + 9N A% 4 N e+ Ny et

1
BjJrl = 5 |: =+ Atj+1 (7j+1 +€e— [j)\jJrl) + AthJrl (E’YjJrl — 6)\j+1[j — €>\j+1Ej — 6)\j+1Sj)]

(2.37)



Thus Equation 2.36 becomes,

Aj+1lj2+1 + 2Bj+1]j+1 — Ij (]. + EAtj_H) - EAtj+1Ej =0

So that,
. —Bj+1 BJ2+1 [j (1 + EAthrl) + €Atj+1Ej
L = Tz T
Ajn Aj+1 Ajn

Since [;4+1 >0 forall j e {1,...,M —1}

2.2.2 Monotonicity and Long Time Behavior

34

(2.38)

(2.39)

Theorem 2.16 For the time discrete implicit form given in equation 2.31, the fol-

lowing hold

~

.0<I; <N forallje{l,...,.M —1}.

2.0<E; <N forallje{l,...,.M —1}.
3.0<S;<Nforallje{l,...,M—1} and Sj41 < S; forallj € {1,...,M—1}.
4. 0< R; <N forallje{l,...,M—1} and Rj11 > R, forallj € {1,..., M —1}.

Proof

1. By assumption, /; > 0 for all j € {1,..., M — 1}.Thus, by 2.31, I; > 0 and

from 2.32 , [; < N forall j € {1,...,M — 1}.

2. By property 1 and by equation 2.32 , E; > 0 and , E; < N for all j €

(1,...,M -1},
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3. By assumption, S; > 0 for all j € {1,...,M — 1}. Thus, S; > 0 and by
Property 1) and from 2.32 , S; < N for all j € {1,...,M — 1}. Further ,

from 2.32, S;y 1 = J < S, since I;;1 > 0,A;41 > 0 and
T T ML (G — 4) ’ ah Ak

tj+1 — tj > 0.

4. By properties 1, 2 and from equation 2.32, 0 < R; < N forall j € {1,..., M —
1}. Further, from equation 2.32, R;11 = R; + 741141 (tj41 — t;) > R; , since

Vj41 5 tj+1 —t; > 0 by assumption.

5. Since R;; is monotonically increasing and bounded above by IV . there exists
a positive R* , such that lim; ,, R; = R*.
Rjp — R

Vi1 (tjg — ;)

Further, Rj+1 — RJ = 7j+ljj+l (tj+1 — t]) implies, Ij+1 =

Bin—R

Therefore, lim;_,o I; = lim;_,o, S ——.

6. From property 5 and equation 2.32, we can conclude that lim;_,., E; = 0.

2.2.3 Basic Reproduction Number

The basic reproduction number, R (¢x) [1] in the time-discrete SEIR model, is defined
by,

Ro (tr) = A (ty) € (tg) m S (tk) = igi;

for arbitrary k € {1,---,M}. From the non negativity and boundedness of A (¢)

LS (). (2.40)

and ~ (tx) , we see that |

>\min >\max
0 < S < Ro(ty) < - So (2.41)
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2.2.4 Final Size Formula

The final size formula gives the fraction of susceptibles that escaped the infection at

the end of the epidemic. Since ,
S(t) = S(0) e~ 7 (BO-RO) _ g o=3(R(t)~FRo)

S*:=lim S(t) = 1tlim Spe™ 5 (RO~Fo),
—00

t—o0
Therefore,
5% i e 2 (R()-Ro)

2.3 SEIR model with vaccination

2.3.1 Assumptions

In this model, the compartments remain the same as in the SEIR model. A fraction
of the susceptibles are directly placed to the recovered compartment on vaccination.
We do not assume a loss of immunity as in the previous cases. So, all vaccianted
individuals are moved to the R compartment and remain there for all time. The
fraction of individuals vaccinated is also considered a function of time in our model.
Since the total population remains a constant over all time ¢t > 0,

we have , N (1) =S () + E )+ 1(t) + R (1)

p ()5S (t)

eE (t)

We now state the assumptions of the model below.

1. The total population N is fixed over time.
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2. The total population is divided into homogeneous groups, with S (¢) represent-
ing Susceptible population, F () Latent population, I (¢) Infectious population
and R (t) Recovered population at time ¢. Since the total population is a con-

stant, N (t) = S(t) + E(t) + I (t) + R (¢) for all time ¢ € [0, c0).

3. The time varying transmission coefficient A (¢) is Lipschitz continuous and is
continuously differentiable for all ¢ € [0,00). It holds that 0 < A\ < A(F) <
Amaz » for all t € [0,00) , where A, is the lowest and A4, is the highest value

A achieves.
4. The latency period remains a constant and is independent of time.

5. We consider a time varying vaccination coefficient p (t) which is also Lipschitz
continuous and is continuously differentiable for all ¢ € [0,00). It holds that
0 < pmin < p(t) < prmas , for all t € [0,00) , where py,, is the lowest and prq0

is the highest value p achieves.

6. The time varying recovery coefficient 7 (¢) is Lipschitz continuous and is con-
tinuously differentiable for all ¢ € [0, 00). It holds that 0 < Vi < ¥ () < Yimax
, for all t € [0,00) , where 7y, is the lowest and 7,4, is the highest value 7

achieves.

The differential equations for the SEIR model with vaccination are,

I'()=€eE{t)—y()I(t), (2.42)
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The initial conditions for the system of equations are,
N (t):==Ny=N

S(O):So>0,](0):I()>O,E(0):E()ZO,R(O):RQZO

2.3.2 Nonnegativity and boundedness

We first find the feasible region for the solutions of the system of differential equations
2.42. Since the equation for £ and [ are same as the previous model, we prove that

S and R are non negative functions of .
Lemma 2.17 FEach solution of the system given by 2.42 is bounded below by 0.

Proof

1. We use separation of variables and write the S equations as,

i—((t? ==A(t)I(t)—p(t). (2.43)
Integrating,
S _ — t T)I(7)dr t T)dr
()= ([ o)
S (t) = S (0) e o Q@) Fe(r)dr, (2.44)

Where S (0) is the initial condition on S (¢) , corresponding to the initial popu-
lation in the S compartment. Since S (0) > 0, we see that S (t) > 0 at all time
t>0.

2. Since R (t) =~ (t) I (t) + p(t) S (t), integration yields,

R(t) = Ry + /0 v (r) I (7)dr + /0 p(t) S (t)dr. (2.45)

Sincel (t) > 0S(t) >0 and vy (t) > 0p(t) > 0, we know R (t) > 0 for all ¢ > 0.
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We now state the boundedness theorem for the solutions.

Theorem 2.18 For each solution of the system given by 2.42,

For all ¢t > 0.

2.3.3 Global existence of solutions

We define the solution vector,

and z (1) = G (t,z (1))

We state the global existence of solutions as follows.

Theorem 2.19 ([1], [2]) At least one solution to the differential equations 2.42 exist
for all time ¢ € [0, 00).

Proof.
=A@ S I)—p(t) S()
A(t) S(t) 1 ()—GE()
eE(t) —~v () 1(t)

(
’y(t)f(t)er(t) S ()

We first prove that G is Lipschitz continuouous using the property that the upper

We define a function G (¢,z (t)) : [0,00)xR3? — R3 as

bounds of the coefficients exist amd the upper bounds of S, E, [ and R are N.
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Consider VAL (t) == (Sl (t) ,El (t) ,Il (t) ,Rl (t)) and V) (t) == (52 (t) s E2 (t) s ]2 (t) ,RQ (t))

| G (1,21 (1) — G (t,22(1)) |

| Ao (8) Sa (t) I (t) — A1 (t) S (¢) L1 (t) + pa () S2 () — pa1 () S (2) |
[ AL (8) Sy (8) 1 (t) — Mg (1) S2 (t) I (t) — By () + eBa (t) |

| By (t) — €y (1) — i (t) L (t) + 2 () I (1) |

|y (8) 1 (8) — 2 (8) I () + py (t) Si(t) — p2 (t) Sa (1) |

| A2 (£) So () I (t) — Ao (8) St (8) I (t) | + [ pa () Sz (t) — p1 (t) S1 (2) |

M) O 50 G0 % OS (0 L0 T | = B (8 = B0
<
B0 g~ B (O 70 |~ 11 O 6 () -2 (0 0]
|71 @) I (1) =2 (8) L2 () | + [ p1 (1) S1 (1) — pa (8) S2 () |
¥ B B )
1 t) — 1 t
< | Amaz + Ymaz + € + Pmaz | N || L (t) — L (¢) |
N 1R (6) ~ R (1)

= N()\max +’7ma:c +E+pma:(:) (

=N ()\max + Ymazx + €+ pmaac) | VAl (t) — Zy (t) | . (246)
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Thus G is Lipschitz continuouous in z ().

Now we consider the supremum norm,

1 G (t2(1)) [l

= sup {[=A() SO I(t) —p(t) SE) [| A () SE) () —€E(1) |,

te(0,00)
[ eE () =~ () L@) [,[v(E) 1) +p(t)S () [}

< sup {Amaz [ S ()1 (E) | +omaz [ S ) [, Amaa | S(E) (L) | +€| E(2) ],

te[0,00)

| E@) | +Ymae | L (1) | Ymaw | L(E) | +pmaa | S (1) |}

< sup {AnaeN [ S(0) [, AmaaN +€) [E(8) ], (€+ Ymaa) | 1(2) ],

te[0,00)
(Ymaz + Pmaz) | R(t) [}

< N (Amaz + €+ Ymaz + Pmaz) sup {| S (&) || E @) [,[L(t) || R() [}

te[0,00)

by the boundedness of S (t), E(t), I (t) and R (t) and the transmission and recov-
ery coefficients. Thus the conditions for Theorem 1.5 are satisfied and the proof is

complete.

2.3.4 Global uniqueness of solutions

Theorem 2.20 ([1], [2]) There exists a unique solution for all time t € [0, 00), for

the initial value problem given by the differential equations 2.42

Proof.

First choose an interval [0, 7] on which the Banach’s fixed point theorem is applicable.
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Now, suppose that there exist two different solutions in the interval [0,00), say,

2(t) = (S(t),E(t),I(t),R(t) and 7 (t) = (§(t),E(t)j(t),é(t)) . Then,

sup ’S g(t))

tel0,
- /Ot (M&BEIE) - A ()8 () ds

< sup Apae
te(0, 7]

50| [T 16|+ 1G5 (2) - 579 ¢

0

t
+ sup pmax/ S(z) — S(z)‘dz
0

t€(0, 7]
t ——
< sup Apaz | NI (2) —1(2)|+N|S(2) —S(2)|dz
te(0, 7] 0
¢
+ sup pmax/ S(z)— S (2)|dz
t€l0, 7] 0

—

< sup Ay N1 { [(t)—](t)‘+’5(t)—5(t)’}+ sup pmmt{

te(0, 7]

S(z)— S (2)

}

< (s + par) N7 |[2(8) = 20| (2.48)

Similarly, we obtain,

tgé’pﬂ E(t)—E(t)‘
:ts[l&pﬂ /Ot/\(z) (S (2)1(z) —g\(z/)l/zz/w dz| + t:gp} /Ote (E(z) —Zf(?)) dz

< sup )‘maxtN{‘](t) -

telo, 7]

I(t)‘+‘5(t)—5(t)‘}+ sup et {‘E E(t)‘}

te(0, 7

< Omae N+ 6) 7 H H

< (2Mnar t € NTHZ —z( H (2.49)
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t:{l(l)g—] I(t)— f(t)‘
= sw /Ote(E(z)—EZZ)) x|+ sup /th(z) (1(2)—172)) dz

< sup et ‘at/)—E(t)’+ SUP Vimax t ‘[fzt/)—f(t)‘

telo, 7] telo, 7]
< Omar +6)7[[2(0) = 20|
< (Omas + N7 [[2(0) = 2(0)|| - (2:50)

Furthermore,
s [R() = R@] = s /Otv(z) (1)-1(2)) dz
+ ti[%,pf] /Ot,o(z) (S (2) §EZ/)> dz
< (mas + ) N7 || (1) = 2.()||_. (251)

Summarizing the steps above, we obtain,

Hz(t) . th)H < (2 Amaz + € + Vomaz + Prmaz) NT Hz (t) - th)H L (252)
By choosing the interval 7 = CTCE— Mlmm N e obtain the necessary contrac-

tion.

et = o570 o5
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This proves the uniqueness of the solution in the interval, [0, 7].
We can now inductively derive the contraction for each interval, [k7, (k + 1) 7] for all

k € N. This proves the uniqueness of the solutions for all time ¢ > 0.

2.3.5 Continuous dependence on initial conditions

We have stated a simple definition of well posedness in the previous section. We now
prove the dependence on initial conditions for this model.

To prove the well posedness, we consider the perturbed initial value problem,

Sa (t) =X (t> Sa (t) I, (t) — PaSa (t) )
E, () = Aa () Sa(t) Lo (t) — €Ea (),
(2.54)
Ia <t> = EE1a (t) —Ja (t) [a (t) )

R:z (t) = Yala (t) + Pa Sa (t)

/
with initial conditions, S, (0) = S, 0 > 0, E, (0) = E,0 > 0,1, (0) = 1,0 > 0, R, (0) =
R, >0 and

Sy (t) ==X (£) Sy (8) I (t) — pu Sy (1),
Ey (8) = Xy (8) Sy (1) 1 () — €Ey (1) ,

(2.55)
L, (t) = €Ey (t) = b (8) I (1) ,

R, (t) = Iy (t) + py Sy (1)

with initial COHditiOHS, Sb (0) = Sb70 > 0, E, (0) = Eb70 >0, I (0) = [b,O > 0, Ry (0) =
Ry > 0.

Here we consider the transmission rates A\, and ), , the vaccination rates p, and p,
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and the recovery rates, v, and =, have small differences, as well as the initial condi-
tions have small perturbations. We proceed to prove that this lead to solutions that

have small differences in short intervals of time [0, 7).

Sa (1) Sp (t)
Theorem 2.21 ([2](Theorem 3)) Let z, (t) = ?:((;)) and z (t) = ib((:)) be
R, (1) Ry (1)

the solutions of 2.54 and 2.55 .

Define a function

9(t) =11 2a(0) = 2 (0) lloo + Nt || Aa(t) = Ao () lloo + Nat || Ya (t) = % (£) Ilo
+ Not || pa — pb || and the constant,

Kep = {max{ Maz.as Amazb} Na Np + max {Vimaz.b, Ymaz.a} + € + MaX{ Praz.as Pmazp }}
Then, || zq (t) — 2 (1) ||oo < g (t) €65 holds for arbitrary ¢ € [0, T] with given T' > 0.

Proof.

We see from 2.42 that, N, = S, (0) + E, (0) + I, (0) + R, (0) and
Ny =5,(0)+ Ey (0) + I, (0) + R (0) holds for all ¢ € [0,T7.

We recall the inequality,

|11 — Toy| < |z1] Y1 — yo| + |ye| |21 — 22 (2.56)

In all the derivations below, we apply the triangle inequality, the inequality 2.56 and
the boundedness of the functions,S (¢), E (t),I (t) and R (t).

1. First we estimate |S, (t) — S, (¢)| and obtain,

[Sa (t) = Sb ()]

< 15 (0) = S, (0)] + i [Aa (7) Sa (7) Lo (T) = X (7) Sy (7) 1 (7)] dT

) |Pa (7) Sa (T) = pu (7) S (7)| dT

(2.57)
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Define equation

I:= fot |Aa (T)Sa (7) Lo (T) — Xo (7) Sy (7) I, (T)| d7

and
Il := fg | paSa (T) — ppSe (T) | dr.
We see that,

[ IS L) - W) S o) | dr
< N - MOl
i (Aara s} Vo [ 182(7) = S0
#mx Oonana Ao} o [ 1o @) = L@l (259
for any ¢ € [0, 7.

I < / |9 (7) 5 (7) = po (v) Su (7) | dr + / [0 (7) Su (7) = prmySo (7) | 7

t
< Not || pa(t) = po (t) [l + max {pmaz b, pmax,a}/ | Sa (7) = Sy (7) [dr
0
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Thus, adding I and 11 , we obtain,
|Sa (t) = S (1))
< [8a(0) = Sy (0)] + Nat [[Xa (8) = N (B)]]

¢
4 max { Amasas Amass } N / 1S, (1) = Sy (7)] dr

0

t
- max { Mmasas Amass } Ny / L () — I, (7)) dr

0
t

F N 100 0) 0 0) |+ 05 e ) [ 15) = 547
0
(2.59)
for any t € [0, 7.
2. For |E, (t) — E} (t)| we have,
|Ea (t) — Ey (1)]
¢
< [Eq(0) — E, (0)] +/ A () Ea (7) La (T) = Ao (7) B (7) Ly (7)| dT
0
t
+ / |eE, (1) — €Ey (1)| dT
0

Define equation
I:= fot Ao (7) Sa (T) Iy (1) — X (7) Sy (1) I (T)| dT
We see that,
I < |L(0) = Iy (0)] + Ng t [[Aa () = N ()]

t
4 max { s Ay } N / 1S, (7) = S, (7)] dr
0

t
+ max { )\ma:p,aa >\max,b } Nb / |Ill (T) - Ib <T>| dr
0
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We obtain,
|Eq () — Ey (t)]
< |E, (0) = By (0)] + N2t || Aa (8) — X (D)
t
4 mas { Amas.as Amass } Na / 1S, (7) = S, (7)] dr
0
t
4 masx { Anas.os Amass } N / 0, (7) — I, ()] dr
0
t
be / B, () — By () | dr (2.60)
0

for any t € [0, 7.

3. Now we estimate |1, (t) — I, (t)].

L (1) — 1, (1)
< 11,(0) — 1, (0)] + / (€Ey (7) — cBy (7)) dr

+ |'7ala (T) - /ybjb (T)| dr

Define equation
I:= f()t |7a]a (T> - ’Yblb (T) | dr.
We see that,

t

N T AC RN I AT / 7 () I (7) — iy o () | dr

t
< Nat |70 () = % (£) 1oy + MAX {(Ysas mara} / | (1) — I (v) | dr
0



Thus, we obtain
1o (t) = I (1))
< |1, (0) =1, (0)] + ¢ / |E, (T )| dr

+Natm—%|+max{%,%}/ I, (7) — Iy (7) | dr
0

for any ¢ € [0, 7.

4. Similarly we estimate |R, (t) — Ry (t)]

|Ra (1) — By (1)]

< R, (0) = Ry (0)] + / e (1) I () — 7 (1) Iy (7)

n / 19 () 5 (7) — po (7) 1 (7)) dr

—Rb<o>|+/0 e (7) Lo (7) — 7 (7) L (7) | dr

t
+/ |V (T) Lo (T) — Y (7) Iy () | dT

/|pa s, () S <r>|d¢+/0\pb<7>s<> ooy S (7

IN

< [Ra(0) = Ry (0)]
+ Nat {70 (8) =7 (1) [l
e O nasa} [ 1o (7) = 1) dr
+ Naot | pa () = oo (1) ||

t
+ max {pma:c,b7 pmax,a} / ’ Sa (7—) - Sb (7—) | dT
0

49

(2.61)

‘dT

(2.62)
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for any t € [0,T].

Finally from |S, () — Sy (£)], | Ea (t) — By (8)] L (£) — I (£)] , | Ra () — Ry (£)| we find,
||Za (t) — 2 ()]

+ Naot || 7a (1) =7 (1) [|o + Nat || pa (£) = p () ||
t
+ max { Mnaz.ar Amazp | Na Nb/ 2o (T) — 2o (T)]| . dT
0
t
+e/ 2 () — 2 (7). d
0
t
- max {(Yoas s e} / 2 () — 24 (1), d7
0

t
4005 (passs sz} [ 12 (1) = 2 (1) d (269
0

for any ¢ € [0, 7.

Define the functions,
u(t) = |lza (t) — 2 ()]
g(t) = 112a (0) = 2 (0)llg + NZ t [Aa = No| + Nat [7a = |+ Nat | pa = p3
f @) = {max{ Anaz.as Amazp } No No + max { Yoz bs Vimaz,a }

+ € + max { Pmaz,ar Pmaz,b }} = KGB

We see that the assumptions of Theorem 3 are fulfilled and

120 (t) = 2 ()], < g(t) "o (2.64)
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for any t € [0,T].

2.3.6 Long time behavior of solutions

In this section, we derive some monotonicity properties and the long time behaviour

of our solutions.

Theorem 2.22 [2] We see the following behavior for S (t), E (t), I (t) and R (t)

1.

S (t) decreases monotonically from S (0) > 0. There exists S* > 0 such that
limy ., S (t) = S*. Further, it holds that S* > 0.

. R (t) increases monotonically from R (0) > 0. There exists R* > 0 such that

I is Lebesgue-integrable on [0, 00) and lim; o I (t) = 0.

limy o0 E (1) = 0.

Proof.

1.

We know that , S'(t) = —A(t)S()I(t) — p(t)S(t) . By Lemma 2.17, we
know that S (t) < 0 since A (¢) > 0 and p(t) > 0. By the boundedness of S (t)
therefore, 0 < S (t) < Sy . Thus, S : [0,00) — [0,00) monotonically decreases
and is bounded below by 0.

S ) =-AW)SO) L) =p)S 1)
So, §'(t) = = (A (O I (t) + p () S (t) = = (\max I (t) + pimaa) S (1).

Therefore, > — (Mmaz L (t) + Praz)-

Integrating,

S(t) > Sy - exp <— <)\max fot I(t)dt+ pmaxt>> > 0 for all ¢ > 0. Hence it holds
that S* > 0. Note that the monotonicity of S (¢) ensures that S (t) < .Sy for all

t > 0. Hence S* < S,.
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2. R ()=~ I{t)+p(t)S(t)>0forallt>0and 0 < R(t) < N by Lemma
2.17. Therefore, R : [0, 00) — [0, 00) is monotonically increasing and is bounded

above by N. Therefore, it follows that R* := lim;_,o, R (t) > 0 exists.

3. By assumption, A (¢) > 0 and from Lemma 2.17, S, I : [0,00) — [0,00) > 0 and
are bounded above by N.

Therefore,
/OOOS/(T)dT:S*—SO:/OOO—A(T)S(T)I(T)CZT—{—/Ooo—p(T)S(T)dT
/OOO/\(T)S(T)[(T)dT:SQ—S*—/Ooop(T)S(T)dT

¢
> )\minS*/ I(r)dr
0

Since [ p(7)S (1) dT < pmasSo , So—S*— [ p(7) S (1) dr > 0. Therefore,
I is Lebesgue-integrable on [0, 00) and lim; o, I () = 0.

4. From property 3 and from I' (t) = eE (t) — v (t) I (t), we see that,

Based on the monotonicity properties and the boundedness of S, [ and R, we can

draw the following biological conclusions.[1]

1. Some number of susceptibles always escape the infection at the end of the

epidemic.
2. The epidemic ends not because the suseptibles are exhausted.

3. The disease eventually dies out and the infectious population tends to zero after

a long period of time otherwise.

4. Vaccination can reduce the number of susceptibles but not stop the infection as

long as there are infectious individuals.
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5. Since the infectiousfect population increases initially, there must be a period of
time after which the change in I becomes negative. In other words, the epidemic

first rises, then declines after reaching the maximum.

2.3.7 Basic Reproduction Number

The basic reproduction number, Rq [1] in the SEIR model, is defined by,

. _ A0
OO S ().

From the non negativity and boundedness of A (t) and ~y (t) , we see that as in the

Ro (t) == A(t)e(t)

previous case,

)\min

Sy < Ro(l) < 2me. g, (2.65)

Ymaz Ymin

0 <

IN

2.4 Discrete SEIR model with vaccination

We now examine the time discrete SEIR model with vaccination and time dependent
transmission and recovery rate. We assume that a time interval [0,7") has been
divided into a strictly increasing sequence {tj}gjw such that t; =0 and ¢, =7. We
represent f (t;) by f; for any time dependent function f.

In this model we state a fully explicit form ,

AAij = Etj: :5]- Al ek (2.66)
R N
o e A
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and a fully implicit form as in [1]

AS;  Si1—S;
At? = t];l — tj] = = X151l — pjr1Sit,
J J
AE; FE.W—FE;
At-j = tjj: _ tjj = Nj41Sj41dj41 — €Ejy,
! ! (2.67)
Al I —1j
Atj- = tjj: 45 = €1 — Vir1dj4a,
J J
AR; Rj;1—Rj
At, - Vi+1dj+1 T Pj+1905+1 )
for all j € {1,..., M — 1}. Both of these satisfy,
N=Su+En+Lan+Rip=S5+E+1+R; (2.68)

We first show that the fully explicit form reduces to a set of linear equations and the

fully implicit form has non-linear nature. From equation 2.66, the fully explicit form,

\

Sj+1 =85 = Nj15ilj + pjr15;) Aty = S5 — (Njr1Si1; + pjsaSy) (L1 — ),
Ej1 = Ej+ (A1l + €E;) Aty = Ej + (X Si1 + €Ej) (L — 1)
Ly = 1j + (eEj — v ly) Aty = Ij 4 (eEj — vj4115) (tjen — £5)

Rjt1 = Rj+ (vj1lj + pjn1S;) Aty = R + (j41dj + pjaSj) (B — 1)

J

(2.69)

is linear. From equation 2.67, the fully implicit form, appears to be in the nonlinear
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form below.

S 5
i+1 — 5
T+ VL + pir) (B — 1)
B — E; + XNj1Sipidj (L — t5)
j+1 =

(I+e(tj — 1)) ’

Lt eEj (i — t))
+1 — )
al (1451 (tjr1 — 5))

(2.70)

Riv1 =R+ (vjt1lj41 + pjs1Si+1) (L1 — t5)
forje{l,...,.M -1}

2.4.1 Unique Solvability

The time discrete implicit form given in 2.70 is uniquely solvable for every j €

{1,..., M — 1}. If we replace F;;;in the I,;;; equation with we find that,

_ L+ eBjn (ti — t))
L=
T (g (i — 1)
I+ (Ej + NS L (G —t
(1+€e(tjrr — 1))
(L4 %41 (L1 — )
L (At et — 1)) + e (B + AjaSiralin (G —t5)) (Ein — 1)
(L4 €er — ) (L4711 (L1 — )
We now replace S;j;; using equation 2.70

j)) (i1 —t5)

S
I; (14 eAtj) + €At (Ej + A 0+ valin 1[,.“) AL ,H)Ij+1Atj+1>
I — j+14; j j '
i (1 + eAtjr) (14 v 41At )
(2.71)

Rearranging, we have,
Livi [T+ (N Ly + pjen) At ] (1 + eAtjn) (1 + 9414841)
= Lt (LA Aty + X A 1 + eBjA A%y + €S0 1A% 1)

I (14 €Aty + pja Aty + epin D) + €Aty By + epj 1 A%t B
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That is,

IJZH [)\j—i-lAtj-H + ’Yj+1)\j+1A2tj+1 + /\j+1€A2tj+1 + /\j+17j+1€A3tj+1 + Pj+17j+1€A3tj+1}
+ L [ 14910 + €At + pja At + pi 8% 1
+ Y1 0% 1 + P €A1 + P71 ]
— I [(LiAj1 A1 4 eNj LA o1 + eBN A% 4 €SjA 01 A% 41) |
= I; (14 €Aty + pjs1Atj1 + €pjy107°t41) + epj At Ej + eAtjq E;. (2.72)
Now we define,
N

A= [Nt + v A A%+ A €A%+ Ny €A%+ iyl
Dji1 = evjp1 + epjra + pjr17j41 — €Xjrl; — €dj Ej — €A 55,

1
Bjs1 = 5 [T+ Aty (v + i+ € = Lidja) + A% Dy + A%t apjayiae]

2

Cip1 = = (14 eAtjn + pja At + epja A1) I — eAtyp + epjp A% B

(2.73)
Then Equation 2.72 becomes,
Aj+1]jz+1 + 2Bj+1lj+1 - Cj+1 - 0 (274)
So that,
2
Lja = —Bin | B%'H L L (A4 eAM) + eAtin B (2.75)
Aj A Aj

Since I;41 >0 forall j € {1,...,M — 1}

2.4.2 Monotonicity and Long Time Behavior

Theorem 2.23 [2] For the time discrete implicit form given in equation 2.67 , the
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following hold

1.0<I;<Nforalje{l,...,M—1}.

22 0<E;<Nforal je{l,...,M—1}.

3.0<S;<Nforalje{l,...,.M—1} and S;4; < S; forall j € {1,...,M —1}.

4. 0<R;<Nforallje{l,...,M—1}and R;;; > R forall j € {1,..., M —1}.

Proof

1. By assumption, I; > 0 for all j € {1,...,M — 1}.Thus, by 2.67, I; > 0 and
from 2.68 , [; < N forall j € {1,...,M — 1}.

2. By property 1 ,2 and by equation 2.68 , E; > 0 and , E; < N for all j €
{1,..., M —1}.

3. By assumption, S; > 0 for all j € {1,...,M — 1}. Thus, S; > 0 and by
Property 1) and from 2.68 , S; < N for all j € {1,..., M — 1}. Further , from

S
2.70, S;1q1 = J < S, since ;41 > 0, Aiy1 >0
T T Nl pia) (G — 1) s s

and tj-i-l — tj > 0.

4. By properties 1, 2 and 3 and from equation 2.68 , 0 < R; < N for all j €
{1,..., M — 1}. Further, from equation 2.70,
Rjp1 = Rj+ (Vjr1Lj1 + pjr1Sj1) (Gr — 1) 2 Ry, since Yy, pjan, Ejpa — 15 >
0 by assumption.

5. Since R;; is monotonically increasing and bounded above by IV . there exists

a positive R* , such that lim;_,, R; = R*.
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Further, Rj+1 - Rj = (’Yj—i—l]j-&—l + ,Oj-l—lSj—H) (tj-f—l - t]) implies,

Risi—R;  pinig

G+

oy (=)
Therefore, lim; o [; = 0 due to the non negative property of I;.

i

6. From property 5 and equation 2.70, we can conclude that lim;_,., £; = 0.

2.4.3 Basic Reproduction Number

The basic reproduction number, R (¢x) [1] in the time-discrete SEIR model, is defined
by,

1 A(tr)

Ro (tr) = A(tp) e (tp) ————— - S (tp) = —= - S (t1) . 2.76
for arbitrary £k € {1,---,M}. From the non negativity and boundedness of A (¢)
and 7 (tx) , we see that |

/\min /\ma:v
0< Sy < Ro(t) < M5, (2.77)

2.5 A model with quarantine and unreported infections

A model with quarantine is studied in [3]. There is no latency for the disease in
this model. However there is incubation period for the disease, the disease symp-
toms are not immediately apparent in the individuals exposed to the virus. However,
such individuals could also transmit the disease to others. The reported infectious
compartment represent those individuals who are quarantined on confirmation of in-
fection. Those individuals that are asymptomatic or who do not report infection are
in the unreported compartment.

A diagram representing the model is given below.[3]. Note that the E compartment
here stands for the " Exposed” to infection compartment containing infectious individ-

uals and the I compartment stands for the ”Infected and Reported” (Quarantined and
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so not infectious) compartment. The U compartment contains infectious individuals
corresponding to the people that are not quarantined (asymptomatic /unreported).

I

~I
foE

AS (E +U)

(1-f)oE

U

Compartment S Susceptible, E Exposed , I Reported infected, U Unreported
infected and R Recovered. We here replace the constant coefficients with time de-

pendent coefficients. The system of differential equations for this model is [3].

)

(2.78)
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The initial conditions for the system of equations are,

S(O):So>0,l(0):I()ZO,E(O):EQ>O,U(O):U()ZO,R(O):R()ZO

We can prove the non negativity property and boundedness of this model using
the fact that the total population N does not change during all time and the total
population in each of the compartment is less than or equal to N. However here we
wish to state the conditions for an outbreak to occur assuming the non-negativity of
meaningful solutions.

The condition for an outbreak given in [3] is that E' (¢) + U’ (t) + I' (t) > 0.
So assuming that there exists a 0,4, and a 0,,;, such that 0, < 0(t) < Ona,
an outbreak occurs if, A(¢) SE)[E() + U@)] —~@)[ L)+ U()] >
outbreak does not occur when A (t) S (t) [E(t) + U (t)] < ~v(t)[I(t) + U (t)].

1. This could be the case when E (t) = U (t) = I(t) = 0, that is the trivial

solution where there are no infections.

2. When there are infections, £ (t) + U (t) < (I (t)+ U (t)) ~—= -

that there is no outbreak.

2.5.1 Basic Reproduction Number

The condition two above stated differently gives the basic reproduction number of this
model. When % . ﬁ =1, E(t) < I(t), gives the condition for no outbreak. This
implies that when more infected individuals are quarantined than that are exposed
to the infection, an outbreak does not happen. Thus, the basic reproduction number

can be estimated by,

0 < i g < Ry (t) = —2.5(t) < Amaz g (2.79)
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Then, in terms of the basic reproduction number Ry (), the condition for no

outbreak is,

Ro(t) E(t) + (Ro (t) = 1) U (1) < (1), (2.80)



62

CHAPTER 3

ANALYSIS OF THE MODELS

3.1 Analysis of discrete and continuous SEIR models

In this section we formulate the difference between the solutions of the time discrete

and the time continuous problem formulations. We state the assumptions below.[2]

1. Let the considered time interval be [0, 7] with t; = 0 and ¢, =T

2. Let the initial conditions of the time continuous and the time discrete models

coincide.

3. Let the solution functions S, E,I,R : [0,7] — [0,00) be twice continuously
differentiable.

4. Let the time-varying transmission rate A : [0,7] — [0, 00) and the time-varying

recovery rate v : [0,7] — [0, 00) be once continuously differentiable.

5. Let the time-varying transmission and recovery rates be bounded, i.e., there
are nonnegative constants, \pin, Amazs Ymin, Ymaz, Such that, 0 < A, < A(t) <

Amaz < 1 and 0 < Yimin < ¥ () < Ymae < 1 for all ¢ € [0, T7.

6. The latent period € is a nonnegative constant measured relative to the time
period A,.

1
4 (Amaw + ’Ymax) ’

7. Choose A, < min{ 1} < 1 for all p € N and set

A 1= maxyen 4.

Theorem 3.24 ([2]) If the assumptions given above are satisfied by the SEIR model,

and if the differences between the actual value and the approximating functions can be
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ignored, the difference between the solutions of the continuous problem formulation

and the time discrete problem formulation satisfies ,

HZ (thrl) o Z/I—O\/HHOO < Cloc - A§+1 (31)

Time-discrete solutions are denoted as S, E,, I,,, R, at time ¢, and time-continuous
solutions as S (t,), E (t,), R (t,),S (t,). We first estimate the local errors between
time-continuous and time-discrete solutions. We then consider the propagation of the
error in time and then find the cumulative error.

For examining the local differences, by the assumptions, (¢,,5,) = (t,, S5 (t,)) ,
(tp, Ep) = (tp’E(tp)) sty Ip) = (tp, I (L)) o (tp RRp) = (tp, R(tp)) hold for arbi-
trary p € {1, .. — 1} on the time interval [t,, ,11].

We denote the time discrete solutions at p+1 by Sp+1, /;z, I, fi;z and (tp41 —tp)

by Ap+1 .

Proof

1. First we evaluate the difference in S between the models. It holds that,

— LA
Sp—i—l _ va _ S(tp) _ >\P+1 p+1 P+IS< )

1+ )‘p+llp+1Ap+1 1+ )‘p+1[p+1Ap+1

Therefore,

‘S (tp+1> - Sp+1

)‘p+1lp+1Ap+1S (tp)

L+ )‘p+1jp+1Ap+1
>‘p+1[p+1Ap+1S (tp)
L+ )‘p+1[p+1Ap+l

=15 (tp+1) -5 (tp) +

>‘p+1]p+1Ap+IS( )
L+ Apr Ly A

>‘p+1]p+1Ap+18( )
L+ Apir Ly A

IN

7)d7 — ApaS (1)| + [ApaS (1) +

/’p+1

p+1 ,
= / dT+AP+IS( p) = Bpr1S (1) +
/P+1
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by triangle inequality.

, , LA
‘/‘t’;p+l S (7_) dr — Ap+15 (tp) )‘p+l p+1 +1S< ) .

L+ ALy A
, S'(r)— S (¢
Ltp+1 {S (r) — }dT) _ ‘ tp+1 (r—t,) (1) : (tp) dT‘.
P T —
By the mean value theorem of calculus, there exists {s1 € (t,,t,+1) such that,

5 (55,1)|Z'S (=5 W) 5

T —1,

Let Igy := and [Ig; := Ap—HSI (tp) +

We evaluate Ig; =

t)||... This yields,

tp+1 "
t)Hoo/t (r—t,)dr = 2A§+1‘ S (t)HOO (3.2)
Now we evaluate
: M1 L1811 (t
IIS,l _ Ap—l—lS (tp) + p+1-p+1 p+1 ( )
1+ A1 Lpp1 g
LA
A T (1) 8 (1) + 2t Ben S ()
L+ ALy A
A +1[
= A, 1S (t)] . | =N (t,) + £
' ' B TS WY +1Ap+1
A _)‘pI (tp) (1 + )‘p-i-l[/p\;rlAp—H) + >‘p+1[p+1
’ 1+ )‘p+1Ip+1
- AP-H' _)‘p] (tp) (1 + )‘p+1j1—1\/--1Ap+1> + >‘p+1fp\/-$-1)
= Dy | Mpsi D = NI (). {1 + Ap+1)‘p+1fpv+1}‘
= Dpr1- (Apsrlpin = AL (8)] + Dy (AL (E) )‘p+1]p+1‘
= Apir [ Mpsrlprr — M (8)] + A2 NN (3.3)

We now define, 1175, := Ayi1. [Apr1lyy — M (t,)| and estimate it.

— L+ eEA
We plugin [,,; = - e p+1A Pt
(L +pr18p11)

and obtain,
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I+ eEp A
I]IS,l = AP‘H' )‘p-f—l (;; —|—"}/ ::rlA ij)l - )\pl (tp)
P P
I+ €Ep A
it <t e
D 4

I(ty) + GE;;APJA
(1+ 7p+1Ap+1) I (tp>

= Ap+1 ‘I (tp)‘ . )‘p - >‘p+1-

= A ‘I (t >‘ )\p- (1 + 'Yp+1> Aerl[ (tp> — )‘p+1-[ (tp) _ EEp+1Ap+1
p+1 p)l- (1+vpr18p41) I (t)

= ADpi1 |1 (2p)] Ao Bpirl () + M Ypr1Bpial (8p) — Api1d () — €Ep1Bpia
p+1 »)l- (1 + v 18p01) I (t)

APAP+1I (tp> + )‘p’VerlApHI (tp) — )‘p+1-l (tp) — 6EerlAerl
(L4 Yp+18p11) I (1)

AV {/\p-I (tp) + Ap-Ymaz-1 (tp) — Apy1-d (tp)} —eEp 1Ay

< Ap+lN'

<A, ..N.
R (T + 91 Bp0) L (1)
1
=< 1+ 5 : ’APJrl {)‘p[ (tp) - )‘erl'[ (tp)} - AerlN {E - Amazf)/maxH .

by the boundedness property of v (¢), A (t) and E, I. We now apply the triangle

|

inequality to obtain,

2

A D — A}
IIle; < —PF L p__7ptl
T e Ll e

{6 - Amaxf)/max}
Apt1

N - >\max max
N ‘ {e Yrmas }
Apti

b

< AI23+1 N { {)\P — >\P+1}
1 + Ymaz Aerl

+

By the mean value theorem of calculus, there exists £x1 € [tp,tp4+1] such that,
/ Apt1 — A
A (&’1)‘ — |t 7P

tpr1 — tp
erty and triangle inequality again,

<

N\ (t)Hoo holds. Hence by the boundedness prop-
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A2
]]IS,I S 1—{H/\ H +{€+)‘ma$7maa:}}-

’Ymacc

(3.4)

Therefore,

—_—

S (thrl) - Sp+1

Lo " 2 2 A12J+1N !
S §AP+1 S (ﬂ‘ ‘ + Aerl )‘mazN + 1 7y {‘ A (t>‘ ‘oo + {E + )\ma:p’}/max}}
1 N /
2 2 2
= Ap—f—l {_ (t)H + e N+ 1+ Yoas {‘ A (t)HOO + {e+ )‘mameax}}} .

(3.5)

We define Cloe 5 := % ’

g N ,
H +>‘%nax T{H/\ (t)Hoo—i_{e_’_/\ma:cerax}}-

Thus, |S (tp+1) — p+1’ < A2, .Cloes holds true.

p+1-

2. We now estimate the difference in £ between the two models.

o T T _ Bt )‘p—s-lgp:lj;:lAp-i-l _E(t) + >‘p+15/;:1]/1—1v+1Ap+1

p P

—E(t,) — E(tp) eApia )‘p+1§;11/p\:1Ap+1
g (1+€eApi) (1+€eApi)

By the application of triangle inequality and mean value theorem as in the case

of the previous case, we have,
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‘E (tp+1> - Ep+1‘

E (t,) €Apt1 — Apr1Sper Lpi1 Ap

= |E (ty1) — E(t,) +

(1+€Api)
o1 E — Npi1Spr1 Ly
— / E (1)dr — (tp) EAPJr(ll +)‘IX15P+1IP+1Ap+1
lp € p-‘rl)
tp+1 )
< / E (t)dr — E (t,) Apa
tP
, E(t,)eAy 1 — M1 Soer Lyt A
+|E (tp) Apr1 + (tp) € :o+(11 +€;Xl+f)+1 p+18p+1
P

E(ty) eApi1 — )‘p+1§p\+/lj1—7\/+1Ap+l

—s= |5 o]+ I+ eA,n)

E (tp) A]H-l +

(3.6)

’ E(ty) eApy1 — )‘p-l-lg;—l—/lfp:-zApH

We define, I, = |E (t,) A
e define, I, (tp) Apyr + (14+eAptq)
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We plugin E' (t,) = \,S (t,) I (t,) — €E (t,). Thus, we further obtain,

Ipa

E(tp) eApi1 — /\p—l—l‘sf'p;—;—/l]/z—)v-i-lAp—kl

= | ApS (tp) I (tp) Apy1 — B (1) Apyr +

(1+€AP+1)
E(t) € — Apr1Spsr I
= A1 (NS (8 (t,) —€eE (¢ P pr_PT P
p+1 | ApS () I () — €E (t,) + 1+ A1)
Api1Soir Lot E(t,)e
<A NS () (1) — ZpHl=ptliptl | A _Z\E
< Apir | ApS (1) 1 (tp) (1+ A1) T Apt1 1+ M) B (tp)
< Ap+1 /\pS (tp> I (tp) . (1 + GAP-H) - /\p+1§;1]/1;+/1

E(t,) e
A NP/
< Ap+1 >‘pS (tp> I (tp) - )‘p+1‘§;1]/p\:1 + ‘)‘PS (tp) I <tp) €'A127+1‘ +

+8p1a ‘EQE (tp) A117+1|

< Afp+1 >‘pS (tp> 1 (tp) B )‘p+1'§;1]/p\/+1

+ Amar€ N?AZ L+ NAZ €. (3.7)

We define, Igo := Apiq [AS (Ep) I (t,) — )\pHS/';lji:l and plugin
7. I(ty) + EE];-:AP-H

P T A
Ipo
< D1 NS (8) 1 () = Aps1Spin T ()] + Dpia A () T (1) Y1 A
+ Apit M1 Spr1€Bp1 Apis
< At (M () T (ty) = Apr1Spa ] (E)| + Az Vmae N2AZL 1 4 Ao N2AZ .

(3.8)
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We now substitute for 67,:1 and obtain,

Ips

+ )‘max’ymaxN A2+1 + Ama$EN2AZ+1

< Dy [MS (t) I (1) — Api1Spia ] (ty)

< AplN? Dy = | +

7. 2 A2 2A2
D p+1]p+1Ap+1‘ + )‘maermamN A p+1 + )\mamEN AP-H
max p+1

gAp+1N2H)\(t)H FA2 NA?

+ AmazYmaz N A2+1 + Mnaz€N? Ap m

= AZLN ||+ NP Conasmas + Amas®) + NN AL (39)
Thus,

’E (tpy1) — Ez;r/l

A%H E ! 2
< =R [E @]+ a3 n h @]+ VAL, (e + )
+ N?A%L (MmasVmas + 2Amas€ + Amas) (3.10)

Define
Cioers = 5 ||E" 0| _+87 A0 || 45 O+ )4V ot + 2 A € + A
Thus,

E (1) = Bpro

< A2 Cloce. (3.11)
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3. Next we estimate the difference in I between the two models. We note that,

/\/1 e A I (tp) €Lp1Qpia

1= =

8 (1 +9pr18p11) T+ 7418p41) (T +Yp118p41)
I(t A EynA

—I(t,) - (tp) Yo+18p11 ELp+10p+1

(T +1lp1) (14 7p+1Ap+1).

Hence,

‘I (tp+1) - Ip+1

—_~—

= I (tps1) — I (t,) + I (tp) Yor18pta B €E, 110,41
(I +18p1) (14 Yp18p11)

_ /tp+1 I/ (7-) dr X I (tp) ’Yp—‘rlAp—l—l EEp+1Ap+1
t

Y (T +vr18p51) (T +7p118p41)

IN

_|_

(I +7pr18pr1) (1 +718p11)

o1 / , I(t A E A
/ I (t)dr—1 (t,) Apia I (t,) Apia () Yp+18p+1 Copr12ptl
t

P

) o
< AP+1. ‘I“ (t)H 7 (tp) Apys + I (1) Yo+1Dp+1 _ €Ep 1Ay '
2 o0 I+ %18p11) (1 +7p118p11)
(3.12)
By following the same argument as in the previous cases.
, I(t A E A
We now define, ;1 = |I (t,) Aps1 + ) Y1 Bpir _eBpiBpin and
(1 + 7p+1Ap+l) (1 + 7p+1Ap+l)




plugin, I' (t,) = €E (t,) — 7,1 (t,). Hence,
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Irq

o) =) A+ (s e
| R R
~ S| F ) = +7ENA> T oy =l 0

By

Vp+1

= Api1 (e E(tp) —

E\/

= Ap+1 €

{E (t) - (1 + 7pr1Dpi1) —

(1 + 7p+1Ap+1)

< A {|e (B ) - Bprn)

< Ap+1 €

E(t,) = Epn )

(
(Bt - Epn)

S Ap+1

E (tp) + )‘p+1§1;:1]p + 1Ap—i—l

(1 + 7p+1Ap+1) } ! (tp) { (1 + 7p+1Ap+l) B ’Yp}

p+1} +I(t) {%H

+ ’€E (tp) 'YerlAerl‘ + ‘I (tp) ('Yerl - 'Yp)l + \f (tp) ’Yp+1Ap+1‘}

Wi lugin, E,.q =
e now plugin, k4 1+ Ay

— Y- (1 4+ %p118p11)
(1 + 7p+1Ap+1)

|

+ EfymaxNAfH-l + Ap+1 ‘[ (tp) (7p+1 o ’Yp)’ + NﬁymaxAIQH‘l

+ Fmar NAZ + A2 N ny (t)‘ Lo + Npar A2,

(3.13)

into Equation 3.13, and



72

obtain
Irq

< Apit [AprieE (tp)] + Apia

)‘p+1§p:1—§:1Ap+l‘

+ e NAZ + A2LN || ]|+ NmarZ

= NeAZ,, + A N2A2, | + ae NAZ, | + A2 N Hy () ( Lo + NYmae A2,
— NA?,H (6 + Yimaz + €Ymaz) + )\m(mN2A§+1 + AIZ,HN Hyl (t) ’ ‘oo

(3.14)

Thus,

‘I (tp+1) — Iy

Az2>+1 Z 2 ' 2 202
< —5 I (zt)Hoo + A0 N Hy (t)HOO + NAS 1 (€4 Ymaz + €Ymaz) + Amae N"A5 44
(3.15)
1 1 !
Define Cioe1 = 3 ‘ 1 (t)HOO + N‘ v (t)‘ ‘OO + N (€ + Yimaz + €Ymaz) + Amac N2
Thus,

‘[(tw) - fp:l‘ < A2, Cloer. (3.16)

4. Finally, we estimate the difference in R between the two models. We note that,

P

Rpi1 = Ry + Ypr1Lip1 (tps1 — tp) = Ry + Ypr1Lps1Dptar.
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Hence,
’R (tp+1) - Rp—i-l
= | R (tp11) = R (1) = Y1 Lpt1 Dy
tp+1 , P
= / R (T) dT — ’Yp+1]p+1Ap+1
tp
thrl / / / -
< / R (t)dr — R (tp) Apia| + ‘R (tp) Aps1 — Vpr1lpr18p41
tp
< S|l R (t,) A LA 3.17
=9 ()OO+ (tp) Apr1 = Ypr1dpr1Bpra] - (3.17)
Define Iz, := |R (t,) Api1 — fypﬂffprlApH’ and plugin R’ (t,) = 7,1 (t,) and

I = I(ty) + GEP\‘:AIH—I
a (1 + Vp+1Ap+1)

to obtain,

Ira

Yol (t))Ap1 — 7p+1fp+1Ap+1‘

Yol (tp) = Vps1lpt1

I(ty) + EE;—;A;;-H
(1 +Yp+18p11)

= App1

= Api1 |1l (tp> — Vp+1

< App |7pl (tp) — Vo1l (tp)| + A;%—i—l |7p7p+ll (tp)| + A;2>+1 €7p+1Ep+1‘
S AIQH‘IN H,yl (t)‘ ’oo + A127+1N772nam + A;Q)—l-lNE Ymaz -

(3.18)
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Thus,

—_~—

‘R (tp+1) - Rp+1

2
< AP+1

’R/’ (t) ‘ ‘ p+1N ’ "Y ’ ) + Ap-l—leYmaa: + Ap—l—lj\/v6 Ymax

p+1

‘R H P+1NH7 H +AZAN (Vige + € Ymaz) - (3.19)

1 1 !
Define C1loc,R = 5 HR (t)HOO + N Hry (t)Hoo + N (f)/rzna:c + Efymax)'
Thus,

’R (tp+1) - Rp+1

< A2 Clocr (3.20)

Now define C(loc = maX{Cloc,Sa CIOC,E7 C’loc,h CIOC,R}~
Then it holds that,

HZ (tPJrl) - Z/P\/HHOO < C'loc AiJrl (321)

for local errors in time intervals, [t,,t,41]. If the same assumptions are valid, the
difference between the time continuous and time discrete solutions can be determined

in the same way for the SEIR model with vaccination.

3.1.1 Error due to approximation

We now proceed to modify Theorem 3.26 ?? to account for the errors from the discrete
solution, S,, E,, I,, R, not coinciding exactly with the time-continuous solution. We
therefore examine how the procedural errors such as S (t,) — Sy, E (t,) — Ep, I (t,)—1,,
R (t,) — R, propagate to the next step in time.

From Theorem 2.19 , Equation 61, we see that,

Zps1 — 2 (tpr1) = 2p — 2 (tp) + Bpi1{G (tpr1,Zp1) — G (tp41,2(2p))} holds.
This implies,
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Zpr1 — 2z (Lps)ll oo < 1Zp — 2 (Ep)|| o FAp11- |G (o1, Zpir) — G (tpr1, 2 (1))

We now proceed to estimate, ||G (tpt1,Zpr1) — G (tp+1,2 (2p))]]

- holds.

oo’

|G (tpH? Zp+1) -G (tp+1a z (tp))Hoo

>‘p+1 { S (tp+1> 1 (tp+1) B Sp+1lp+1}
Apr1 {8 (1) I (tpsr) = Sparlpia} + e {Epr1 — E (tp11)}
e{Ept1 — E(tpr1)} + Ypr1 {Lps1 — I (Lp11)}
Vor1 {Lp+1 — 1 (tp41)}

o0

Aot { [ Dpsr — 1 (tp) || + 11801 — S (ps1) [0 }
>‘p+1 { ||Ip+l —1 (tp-i-l)Hoo + HSP-H B S<tp+1)’|oo} +e {HEp—i-l - F (tp-l-l)Hoo}

<
- € {HEP+1 - F (tp—i—l)Hoo} + p+1 H{]pﬂ -1 (tp+1)’|oo}

Tp+1 “{Ip—irl —1 (tp+1)||oo} s
<2 ()‘mam + Ymaz + E) ||Zp+1 —Z (tp+1)||oo . (3-22)

This implies that,

||Zp+1 —Z (tp+1)||oo < z,— 2 (tp) + A10-‘,-1-2- (Amaz + Ymaz +€) ||Zp+1 —Z (tp+1)||oo'

Hence, we conclude that,
1

1-2 ()\max + Ymaz + 6) A

12p41 = 2 ()l < 12 = 2 ()] -

1
4. ()‘ma:c + Ymaz + 6)

with A := max,eqi .. -1} Bpp1 < , by assumption.
Next we want to modify the upper error bound between the time discrete and time

continuous solutions. We state the modified theorem here,

Theorem 3.25 [2] If the assumptions given above are satisfied by the SEIR model,
and including the differences between the actual value and the approximating func-

tions, the difference between the solutions of the continuous problem formulation and
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the time discrete problem formulation satisfies ,

— 1 p
— < LA — . .
|2 (tp+1) — Zpsill o < Cloc - A {(1 N S ——. A) 1} (3.23)

We use Mathematical Induction to prove the theorem. At first we find that,

|22 = 2 (t2)l| o <[22 — 2 (t2)[| o + (|2 (t2) — 2 (2)[]

1
<
T 1-2 (Amax_‘_'ymax—{'e)A

||Z1 _Z(tl)Hoo +010C.A2 = Cloc-A2~

holds for p = 1 , by the assumption that the initial conditions coincide for the time

discrete and time continuous models. For p = 2 , we obtain,

|25 — 2 (1)l < 125 =2 (t3)ll o + (|2 (ts) — 2 (L3)]]

1
< —z(t Cloc - A2
>~ 1—2.()\mag;+'}/max+e)A||Z2 Z(2>||oo+ 1

1
< Cloc-A2+Cloc~A2

1 —2. (Mmaz + Yimaz +€) A

) j=3-2 1 j
= Cloc . A”. .
Cl Z (1 _2-()\max+7max+€)A)

Jj=0

Now we assume that for arbitrary p € {1,--- , M — 2} |

- 1 .
|| —Z(tp)Hoo < Cloc - A% {Z?:é <1 _9 )A) } is valid.

. ()\mam + Tmax + €
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This yields,

1212 = 2 (tp2)l oo < ||Zpr2 = 2 (Eps2) [l + 112 (tpr2) = 2 (tp12)l

1

= —z(t Cloc . A2
1 : (/\maa: +’7max + 6) A ||Zp+1 Z( p+1)||oo + loc

2
p—1 1 J
< A% oc - AA?
B {2(1_2'()‘max+7maw+€)A> }+Ol
p—1 7+1
< COlpe - A% 1+ !
> Uloc - . — 1—9. ()\max + Ymaz + 6) A

) p 1 J+1
= Cloe - A”. :
! {j:ﬂ 1 — 2. (A maz + Ymaz + €) A) }

We now apply the geometric series to the sum to obtain,

2 3 1 "
_ < CAZ
|Zp+1 = 2 (Ep+1)[| o < Cloc : (1 — 2. (Amaz + Ymaz + €) A)

Jj=0

1 p
-1
o A2 (1—2.(Amax+’ymm+e)A)
— Vloc - .

1
—1
(1 - 2 ()\max +’7maa: + €)A>

1

If we assume that A < ,
4. (Amam + Ymaz + 6)
A

we may assume that, < 1 and hence it follows that,

(1 —2. (Mnaz + Ymaz +€) A) — 1

— 1 p
— < LA — . .
12 (tp1) = Zprall g < Cloc - A {(1 N W ET—— A) 1} (3.24)

Thus, our proof is complete.

We can similarly find the errors due to approximation for the time discrete SEIR

model with vaccination.
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3.2 Numerical Examples

3.2.1 Data Preprocessing

We obtain the real world data for a time interval j = 1 to j = M. We preprocess
the real world data and obtain the cumulative confirmed infected, susceptible and
recovered people as follows. For our examples we use the COVID-19 data published by
CDC and State of Tennessee The data of total cases , total death and total recovered
are obtained from [5]. Let {I;}}Z, represent the cumulative number of confirmed
infected individuals, {R;}}Z, the cumulative number of recovered individuals and

{Dj}j]‘il the cumulative number of deaths. Let us represent the preprocessed data

bY7 S;a E;a Ea R]

Table 1: Numerical Algorithm for Data preprocessing
Inputs -Population size N
-Cumulative confirmed cases sequence [ jjj\i 1

-Cumulative recovered individuals sequence Rjj]\i 1

-Cumulative number of deaths sequence Djj]‘/i L

M

-New confirmed cases sequence Cjjm1

-latent period n
Step 1 -Calculate E usmg equatlon 3.25 starting from day n + 1.
Step 1 -Calculate R] ,I and S usmg equatlon 3.26.
Outputs - Sequences {E 3L {R L, (I, L {Sj}jj‘in

To begin with we may assume the disease latency period to be n units of time.
Let ¢; be the number of new confirmed cases at time period 7. We calculate the

cumulative number of individuals in the latent compartment E as follows,

Ei=Y ¢ (3.25)
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Then,
/R; = Rj + D]
I=I,—R; (3.26)

S=N-E-T-R

Ve

The data we obtained is recorded every day. So the units of time in our case is

number of days.
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3.2.2 Calculating the time varying transmission and recovery coefficients

We now proceed to calculate the time varying transmission and recovery coefficients
from the real world data, using the implicit discrete form given by equations 2.70.

Assuming that Sf'j\:l , Ifj\:l # 0, after the data preprocessing.

Sy
A1 = Si+t _ 5= S (3.27)

L1 At Sjtilj1 At

g o= Dl (3.28)
11 Aty
Here the assumption is that the latent period input is converted into the same
units of time as the other sequences input. Also the time sequences are more granular
than the latent period.
We now present a numerical algorithm to calculate the sequences of transmission and
recovery coefficients from the preprocessed real world data.
The figures below show the transmission and recovery coefficients calculated from
real world data for Tennessee state from the data using the above given algorithm.
We have used the mean latent period, 5 days in these calculations. Since we are not

approximating these curves to any time continuous functions, we are using the data

directly in the next step.
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Table 2: Numerical Algorithm for Calculating the Coefficients

Inputs -Population size N
-Cumulative confirmed cases sequence [ jjj\i 1
-Cumulative recovered individuals sequence Rjj]\i 1

-Cumulative number of deaths sequence Djjj‘/i 1

M

-New confirmed cases sequence Cjj=1

-latent period n
Step 1 -Calculate all Aj iy =t;1 —t; for j € {1,---, M}
Step 2 -Use the previous algorithm to calculate the sequences, EVJ , E ,fj and §J
Step 4  -Calculate )T]\:l Yj+1 using equations 3.27 and 3.28 for j € {1,--- , M}

Outputs - Sequences {);}j‘iz AL,
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Tennessee - Transmission Coefficient

+ Tansmission Coefficient Data
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Figure 1: Transmission coefficient - calculated from data
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Tennessee - Recovery Coefficient
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Figure 2: Recovery coefficient - calculated from data




84

3.2.3 Time discrete implicit SEIR form

We have added here plots below are for data from the Tennessee state [5] and from
the Michigan state [6].

We use the sequences of coefficients and the preprocessed data from above sections
in the time discrete implicit SEIR scheme given by equations 2.70. Here we give the

numerical algorithm implement this scheme.

Table 3: Numerical Algorithm for Time discrete implicit SEIR model
Inputs -Population size N
- Initial values S() = Sn, EO = En, [0 = 107 RO = ]n

- The sequences, \; ,7;
- Latency period n

Step 2 - Compute I;;; using the preprocessed data and equations
2.37,2.38 and 2.39 for j € {n,--- , M — 1}
Step 4 - Compute Sj;1 , Ej1 and R;; using equation 2.34

Outputs - Sequences {Sj}j-w:n, {E {1 {Rj}j]\in

j:n’ j:’n,)
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Tennessee - Infected Individuals

== Real world data
== Calculated from model

G000
5000 4
|

4000
3 /
n,
2 /
% 3000 4 1
Vi
g /

2000 /

1000 4

2020-‘03-].5 202 D-I[M—Ol 202D—b4-15 202D-b5-01 2020—‘05-].5 202 D-IDG—OJ
Time

Figure 3: Real world data and time discrete implicit form calculated infected population
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Tennessee - Recoverd Individuals

—»— Real world data
== Calculated from model
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Figure 4: Real world data and time discrete implicit form calculated recovered population
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1e6 Michigan - Infected Individuals
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Figure 5: Real world data and time discrete implicit form calculated infected population for

Michigan
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Alabama - Recoverd Individuals
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Figure 6: Real world data and time discrete implicit form calculated recovered population

for Michigan
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3.2.4 Calculation of basic reproduction number

We can numerically calculate the time discrete basic reproduction number Ry (%)
readily from equation 2.76. Here we plot the time discrete basic reproduction number

versus time.
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Tennessee - Basic Reproduction Number
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Figure 7: Basic reproduction number - calculated from data - Tennessee
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CHAPTER 4

CONCLUSIONS AND FUTURE WORK

In the previous chapters we studied different mathematical models for epidemics. We
arrived at some conclusions about the long time behavior of epidemic diseases. In
this chapter we list the most important biological conclusions and also make further
conclusions about the models and describe how the models are modified to suit various
scenarios. We also list the future work that can be done in this area of discrete models.

The most important concept introduced in this thesis following [2] is that the
time discrete implicit form of the differential equations representing the mathematical
model can be used to understand the behavior of the disease with better accuracy.
We also find the concept of coefficients being time dependent functions from [2]. We
have developed the theory of an SEIR model and an SEIR model with vaccination
introduced.

We have made the following biological conclusions about an epidemic in Chapter
2, based on the long time behavior of the solutions.

1. Some number of susceptibles always escape the infection at the end of the

epidemic.
2. The epidemic ends not because the suseptibles are exhausted.

3. The disease eventually dies out and the infectious population tends to zero after

a long period of time.
4. The epidemic first rises, then declines after reaching the maximum.

We also estimated the basic reproduction number for the disease. From the model
with vaccination, we concluded that, vaccination can reduce the number of suscep-
tibles but not stop the infection as long as there are infectious individuals. We con-
cluded that when more individuals are quarantined than exposed to infection, there

will be no outbreak.
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We developed the numerical algorithms that works on the published data and
plot the curves to compare the actual data to that predicted by the implicit discrete
SEIR model. Thus, using the model we can answer many questions that are usually
expected to be answered from the mathematical models about the time line of the

disease.

4.1 Future Work

It should be noted that we have depended on the actual data of the transmission
and recovery coefficient and have not approximated the data to a mathematical func-
tion. The first important future work is to approximate the coefficients by Parameter
Estimation [2] , [1].

We have also not developed the numerical algorithms for the models with vacci-
nation or quarantine . We could study the conditions for outbreak [3] in detail for
each model in detail. We could also try to answer the questions about the rate of
vaccinations required and effectiveness of quarantine by developing the corresponding
numerical algorithms for the models.

There are also more complex time continuous or piece-wise models involving the
incubation period [8] denoting the asymptomatic infections used for COVID-19. How-
ever in most cases, the change of population is ignored since the change in population
is negligible compared to total population. However we could still develop the theory
of a model with change in population which could be applied when the change of

population is comparable to total population.
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