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The numbers at the left (23, 48, 73, o8) differ in pairs by 25; and so with the
numbers at the top. In each set of factors there is one multiple of 4—48 in first
set, 32 in second set; also, in each set there is anodd multiple of 2—98 (=23 26
82 (= 2 X 41); again, in each set there is one number of the form 40+ 1 (73, 57)
and one number of the form 40—1 (23, 07).

The sixteen numbers, in the body of the table, all belong to a similar series—r11,
36, 61, 86. If either of the factors is a multiple of 4, the product has the ending 36
as shown by the second line, second column; if both are odd multiples of 2 (g8, 82),
the product again ends with 36; if one is an odd multiple of 2 (¢8, 82) and the
other an odd number, the product has the ending 86 (= 36 + 50). Finally, if
both numbers are odd the ending of the products is 36 + 23, i.e., 11 or 61; 61 (a
number of the form 4o + 1), if the numbers multiplied are either both of the form
40 + 1 (73 X 57) or both of the form 40 —1 (23 X 07); 11 (a number of the
form 40 — 1), if one of the factors is of the form 40 + 1 and the other of the form
40— 1 (73 X 07, 23 X 57)

Thus, by applying a few simple rules any one of the 16 products in the table
can be made to depend on the single product, 48 X 32, of the two multiples of 4
in the table. Hence to find the ending of the product of two odd numbers, change
each into a multiple of 4 by adding or subtracting 25, multiply these multiples o
4 together and then add or subtract 25 as the case may require to get the answer.
A similar principle applies to the power series of any odd number; simply find th
required power of the corresponding even number, and then either add or subtrac
25.

Leaving out of account multiples of 5, in a class by themselves and very eas
to multiply, the whole of multiplication so far as the endings are concerned may b
reduced to the 200 possible products of any two of the 20 numbers o4, 08, 12, 16

24, 28, 32, 36, etc., instead of 3200 combinations which would otherwise be required
and the problem of finding the last two figures of any power may be reduced to le

than 4oo0 simple cases.

APPENDIX V

Tae APPLICATION OF THE METHOD OF TwO-FIGURE ENDINGS TO FACTORING.

(Adapted from Mitchell’'s Mathematical Prodigies, Ped. Sem. XVIIL.)

Tf the number to be factored is not already odd and prime to 3 and s, it may
made so by division in order to limit the possible number of two-figure endings i
the number to be factored.

Take the case of an odd number prime to 5. If the last two figures of one of i
divisors are known and the division is exact, the last two figures of the other c
have only one value; a table may be constructed, if desired, showing the differe
pairs of endings in the factors which will produce a given ending in the product.
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The procedure would be as follows: Having rendered the number to be factored
prime to 3 or 5, if not so already, observe the two-figure ending; consult the table
(the table in Appendix IV shows the kind of table indicated, though the actual table
would be more exhaustive of two-figure endings) for the two-figure endings of each
of an initial pair of factors; assume that a certain number with one of these endings
is a factor; carry a division far enough to decide whether the last two figures of the
other factor can result, and as soon as this is seen to be impossible, abandon the
work; try again.

For example, factor the number 487305.

| 487305 + 5 = 97461

Since the two-fizure ending is 61, the two-figure endings of the initial factors are
73 and 57 (table, Appendix IV).
Try 373 as one factor; it is known that the other factor will end in 57.

373) 97461 (26
740

2286

Abandoned, because 6 appears in the quotient instead of 5.
Try 273
273) 97461 (357 ?
819

1556
1365

1911
IQII

Initial factors are 273 and 357
273 =3 X 81

357=17 X 51
The factors of 487305 =35 X 3 X 7 X 51 X oI.

It is thus possible to save much work, especially where the numbers involved
re not very large; a factor may often be rejected almost at a glance which would
therwise have to be divided through to the end.

Note.—I have slightly modified and somewhat changed the wording of Mitchell’s
ccount, in order to make the scheme more workable by the ordinary person. For
he sake of clearness, an example has been worked out.
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APPENDIX VI

GeorcE P. BIDDER, Sr.’S METHOD OF MULTIPLICATION

From Bidder’s own account quoted by Scripture ( 13 ). Bidder, Sr. did not
use cross-multiplication, as his son did, but a “natural” method.

Problem—Multiply 397 by 173

100 X 397 == 39700
70 X 300 == 21000 = 60700

70 X QO 6300 = 67000
7055 7 490 = 67490
3 X 300 goo = 068390
3 X 0o 270 = 68660
0L 21 = 68681

“The last result in each operation being alone registered by the memory, all
the previous results are consecutively obliterated until a total product is obtained.”

—Bidder.

ArpENDIx VII

SEOWING OPERATIONS WITH 3 AND 9

sl a5 R DY reoad Beg

74+ 1=238 6 +2=28 §+3=28 4+ 4=38
1+ 7=8 2+ 6=28 3T 5=8 8—4=4
8—1=7 8 —2=06 8§ —3=35 8=12 X 4
8—rv=1 8 —6=2 8 —5=23 8 +4=2

8=1X7(+1)8=1X6(+12)8=1X5(+3)

8 +7=1(R1) 8+6=1(Rz) 8+ 5=1(R3)

o D 1 il B

8=2X3(+2)8=4X2

8 +3=2(R2) 8+ 2=—4

4 = iy #1 4 ipf e e

" @

8+ 1=0 7+ 2=09 6 +3=09 51T4=09
X o+ S Rt =9 a e 4 8"=p
90— 1=238 p—~2=7 g+13==0 Cand Rl
9.— Sj=r hwd P g-10=3 9—5=4

o=1X8(+1) 0=1X7(+2) 9=1X6(+3) 9=1X5(+4)
9g+8=1(R1) g+7=1(R2) 9+ 6=1(R3) 9+ 5=1(Rg)
PR A & 1 oy defalsl
9=2X4(+1)9=3X3 9=4 X 2(+ 1)

9+ 4=2(R1) 9g+3=3 9 + 2=4 (R1)
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A

Abstraction, %, 11, 67, 147, 220.

Accaracy, s, 11q9; 130, 259, 274, 281,
282, 205.

Addition, 73-81, 94—97.

Aims in teaching arithmetical processes,
38, 89, go.

Almacabala, relation to primitive orien-
tation, ;.

Ampeére, A. M., prodigy, 28, 41.

Animal numbering, 6, 7.

nschauung, 165, 207, 208.

nschauungsmittel, 168, 207, 214.

Appendices, 313-321I.

Apperception, 100, 107, 140.

Application of two-figure endings to fac-
toring, 318, 310.

Apprehension, 7, 50, 60, 61, 62, 152—100,
203-251; not immediate, 50, 54, 55,
§3, 50, 62, 9o, 149, 150, I5I.

ARISTOTLE, 106.

rithmetical ability (see also efficiency),
243, 244, 245, 240.

rithmomania, 38, 142, 144.

RNETT, L. A,, 63, 64, 73, 78, 79, 8o.

rrest»d development, go, 142, 143, 144.

rticulation, in counting, 63; in adding,

03.

ssoclation, in perception and appre-

hension, 50, 54, 55, 58, 50; in addition,

74, 76, 77, in subtraction, 8o, 81; in

multiplication, 84.

ttention, in calculation, 37, 280; as a

factor in apprehension, 159, 213, 221.

ugmentation, 2, 3, s.

ustrian method of subtraction, 83.

utomatisms, 143, 144.
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INDEX

B

BADANES, S., 312.

BAGLEY, W. C., 258.

BAILEY, M. A, 312.

Beginning of mathematics, 6; of arith-
metic, 0.

Begriffe, 208. :

Bidder, G. P., Jr., prodigy, 14, 19, 21,
22, 22 24,20,

Bidder, G. P., Sr., prodigy, 20, 21, 30,

38, 41, 320.

Binary-tenary system,
system.

BINET, A, 18, 3s.

Biographies of prodigies, 15 ff.

BOLTON, T. L., 310.

BONSER, F. G., 107.

Borrowing, copying and carrying, 8s,
120, 250, 280.

see two-three

- BROMFORD, B., 312.

BROWN, W., 310.

BROWN, J. C., 298.

BROWNE, C. E,, 36, 73, 76, 78, 79, 80,
80, 286, 288, 290, 291, 202.

BURNETT, C. J., 55, 56, 57, 58, 140,
240.

BURNHAM, W. H,, 65, 143, 147, 148,
230.

Buxton, Jedidiah, prodigy, 15, 16, 20,
30, 38, 30, 4I.

C

Calculating ability, its isolation, 16, 34;
1ts 1mportance, 40, 41I.

CALKINS, M. W, 43, 4s.

CARPENTER, W. B., 34.

Carrying, see Borrowing and carrying.
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Casting out nines, 0.

CATTELL, J. M., 50, 149, 206.

Coefficients, of correlation, 137, 232,
283; of variability, 260-263, 265, 260,
267, 268.

Colburn, Zerah, prodigy, 17, 20, 30, 41.

Color imagery, in prodigies, 24, 25, 27.

Combination adding, 79, 3o.

Commutation, law of, 98, 99, 100.

CONANT,; L: L., 5, 2, 6,/ 7.

Concepts (see also number sense), 4, 5,
11, 12, I3, 39, 41, 45, 49, 208, 228,
229, 230, 231, 249, 251.

Conclusions, so, 51, 52, 54, 58, 59, 61,
62, 63, 64, 65, 70, 71, 72, 78, 80, 81,
82, 83, 85, 86, 88, 9o, 93, 95, 96, 98,
99, 100, 102, 104, 105, 107, I1I, I13,
114, 115, 116, 118, 119, 120, I2I, 122,
125, 126, 127, 128, 120, 136, 137, 138,
141, 143, 145, 140, 147, 151, 1537192,
193-197, 225, 220, 227, 220, 243, 249~
251, 2605, 260, 267, 268, 209, 272, 277,
279, 281, 282, 285, 289, 292, 295, 290,
303—308.

Concretion of number work, 16, 47, 68.

Consciousness, changes in, and con-
sciousness of change, 9, 10.

Construction of materials for author’s
experiments, 203-200.

Copying, see borrowing, copying and
carrying.

Correlates in division, philosophical, go;
psychological, 100.

Correlations, 114, 115, 119, 120, 137,
243—248, 267, 277-280, 281, 282, 283,
203295

Counting, 6, 7, 11, 12, 13, 15, 10, 20, 22,
20, 30, 34y 37, 44, 4{]: 54, 55+ 50, 62"681
73, 76, 84, 85, 08, 150, I5I, 158, 150~
162, 207, 208, 200, 210, 240; as a psy-
chophysical act, 62-65; its motiva-
tion, 65, 66; its definition, 60, 67.

COURTIS, S. A., 107, 115, 110, 117,
118, 119, 120, 121, 120, 147, 228, 252,
257, 258, 266, 267, 268, 269, 277, 280,
205, 298, 209.

Cross multiplication, 22.

D

Darstellung, 207, 200.
Dase, J. M. Z., prodigy, 19, 20, 30, 38,

39-
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Decimal system among primitive tribes,
I, 4, 5, O. |

Definition, of counting, 66, 67; of num-
ber, 31, 01, 93, 105; of quantity, 93;
of a fraction, 102.

DEWEY, ]J., 7, 10, 39, 41, 07, 01, 04,
08, 99, 101, 103, 249.

Diamandi, P., prodigy, 20, 22, 23, 24,
35, 30, 37, 45, 120.

Diamandi, Uranie, prodigy, 19, 24, 25,
20, 27. -

Didactical studies, 149-105.

DIETZE, G., 6o, 149, 2060.

Distributions, 120, 230, 240, 260—200.

Division, 85, 86, 98—101; classificatio
of mistakes, 290—292.

Divisions, thought to be difficult, 289
2Q0.

Dramatization of numbers, 71, 72.

Drill, 116, 143, 286, 297, 298.

E

Ebbinghaus’s laws of memory, 75, 76
=2, 78, 8o, 81, 82, 286, 288, 289.

ECKHARDT, K., 122, 123, 127.

Economy of learning, 207, 250, 25I.

Efficiency (see experiments to dete
mine ability in fundamental processe
and reasoning); also, 106, 112-121.

Ego, relation to primitive numberin
T e |

Errors, in division, 86.

Experiments (psychological) in perce
tion, 49-62; in counting, 62-65; 1
processes, 73—87; (statistical) in fu
damental processes and reasonin
252—209; in transfer, 129-141; in id
ation, 121-120; (didactical) in appr
hension, by Walsemann, 153-15%
174; by Lay, 155-199; by Knillin
159, 160; by Schneider, 171, 174;
Pfeiffer, 192; by Howell, materia
purpose and procedure, 203-211, fir
series, 211—231, second series, 23
239, distribution, correlations a
conclusions, 239—251.

Exposure time in experiments, 208, 2
222, 233, 233.

¥

Factoring, by the method of two-fig
endings, 318.



Factors of every numerical operation,
91, 02.

Feats in mental calculation, 15, 17, 18,
X0, 2T, 22, 24, 28 28 20 31,

Fingers, for counters, 1, 4, 35, 6, 8.

Formal discipline, 130, 145.

Four-five system among primitive
tribes, 3, 4.

Fractions, 101-105.

FREEMAN, F. N., 2409.

FRIES, THEOPHIL, 12, 149.

Fuller, Tom, prodigy, 13, 20, 39, 4I.

G

GALTON, F., 19, 24, 42, 43, 44, 45.

Gauss, C. F., prodigy, 14, 20, 28, 30, 41.

General intelligence, in prodigies, 15,
18, 19, 21, 24, 28, 38, 30; in persons
having number forms, 45; relation to
mathematical ability, 246; relation to
memory type, 126.

Generalization, 7, 11.

Genetic studies, 1—48.

Genius, in prodigies, 31—34.

Geometrizing instinct, 47.

GODDARD, H. H., 30.

Graphs (apprehension), 199, 213, 217,
219, 220, 221, 223, 233, 234, 237, 238;
fundamental processes and reasoning,
204, 273, 275, 276, 204, 295.

RIRAY, ), L, 217,

Guessing of numbers, 68-71.

H

HALL, G. S., 12, 14, 16, 47, 68, 72, 148.
HARRIS, W. T., 103, 104.

IECK, W. H., 137, 140, 141.

eredity, of number forms, 45; of idea-
tional types, 128.

ORNBROOK, A. R., 47.

ygiene, 142-148.

deation, 121-120.

deational type, see memory type.
lliteracy of prodigies, 13, 18, 10.
mages, relation to concept, 208.

magination, relation of to number
forms, 45.

Index
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Inaudi, Jacques, prodigy, 18, 20, 33, 36,
37, 129.

Inner (subjective) series (see series-
idea).

Interest, of prodigies in their work, 32,

34.
IOTEYKO, 1., 19, 35, 37-

J

JAMES, W., o.
JEGI, JOHN L., 12, 149.
JUDD, C. H., 63.

K

Kindergarten children, 7, 8, 160, 161
139.

KIPIANI, V., 307.

KNILLING, K., 153, 159, 160.

L

LAY, W. A., 7, 62, 121, ¥23, 127, 150,
152, 153, 155, 158, 160, 161, 104, 168,
178, 179, 181, 185, 188, 191, 193, 198,
199, 203, 205, 200, 207, 208, 209, 249,

250.
LEUBA, H., 71.
LOCRE, L. L. 138.
Logic, in problematic work, 106-110;
in process work, 110, III.

M

MAGEE, W. ], 1, 2, 5.

Marking, see Scoring.

MARSDEN, R. E., 307.

Materials, of author’s experiments, 203,
204, 205; of psychological experi-
ments (Burnett) in perception, 31—

5

Mgthematical ability, in calculators,
20, 21, 24, 28, 32, 30; In persons hav-
ing number forms, 45; relation to
general intelligence, 246.

Memory, in calculators, 19, 24, 25, 26,
28, 33, 35, 37, 38, 40; immediate, 121—
120.

Memory type, in calculators, 35, 36; in
written subtraction, 84; in the several
processes, 87; in immediate memory,
121-127; In apprehension, 151, 240.
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Mental defectives and calculation, 38,

39.

MESSENGER, J. F., 7, 50, 56, 57, 58,
149, 200, 249.

Method of converting odd numbers into
even numbers for calculating pur-
poses, 317, 318.

Methods, of prodigies, 16, 17, 21, 22, 23,
30, 31, 318; in addition and subtrac-
tion, 83, 95, 90.

MEUMANN, E., 59, 6o, 128, 150, 152,

240.

MEYERHARDT, M. W., 122.

MITCHELL, EiiE. x4, 15, 10, 17, 20,
22, 28-31, 33, 34, 35, 30, 120.

Mondeux, Henri, prodigy, 18, 20, 41.

Motivation, of counting, 65, 66; of proc-
esses, 9I, 04, 07.

Motor ability, relation to speed tests,
258; to intelligence, 258.

Motorization, its relation to mental
calculation, 36, 46, 47; to counting,
62, 63, 60; to addition, 74, 79; to
subtraction, 8o, 81; to multiplication,
84, 85; in division, 85.

Multiplication, 29, 84, 85, 97, 98.

Multiplication table, 15, 16, 30, 38.

N

NANU, H. A., 61, 1409, 200.
NEWCOMB, S., 312.

Number, as ratio, 89, 91, 03, 94, 97, |

100, 101, 102, 103, 104.

Number consciousness, as spatial, 150,

151, 157, 175, 188, 249; as temporal,
150, 151, 150, 249.

Number, definition of, 39, 91, 93, 105.

Numbers, favorite, 68—71; personifica-
tion, 71, 72.

Number forms, 13, 19, 22, 24, 206, 27,
41—48, 147; as aids to calculation, 13,
19, 22, 24, 26, 27, 47, 48.

Number names, relation to number
sense, 1; paucity, 1, 2, 6; relation to
counting, 8, 10; as motor response to

. an inner series, 11, 40, 47.

Number pictures, 90, 149, 150, I5I,
ISEr ISSF 154! 204, 224, 321'

Number sense, origin and development
in primitive men, 1 ff.; in children,
7 ff., 46; in prodigies, 13 ff.

Number systems, primitive, 2-0.
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O

Objects as symbols for savages, prodi-
gies, children, 1, 2, 5, 6, 10, 11, 13—47,
66; as things to be numbered, 11, 103,
150.

Observations of children of pre-school
age, 12.

Order of relative apprehensibility of the
cardinal numbers, 225, 226, 227, 229,
250.

Overlapping of the grades, 275, 276, 277.

P

Partition, 98, 99.

Pathology, of calculation, 38; of count-
ing, 65.

PATRICK, G. J. W., 43, 44, 147.

Pedagogical applications, of the study
of prodigies, 40, 41; of the study of
perception, 55.

Percept, 149.

Perception, 49—62; tactile, 50, 188-191;
visual, s0-59, 60-62; auditory, 6o, 61;
influence of color, form and bright-
ness, 51, 52, 58, 181-188; influence of
size, relative position, distance apart,
52, 53, 54, 57, 175-181; influence of
homogeneousness, area, 56; influence
of complexity, 51, 50.

Personification of numbers, 71, 72.

PESTALOZZI, 149, 150, 153, 200.

PFEIFFER, L., 153, 192, 193.

PHILLIPS, D. E., 2, 7, 8, 9, 42, 43, 45,
46, 55, 66, 67, 68, 72, 149, 207, 249.

Pie, 103.

Plateaus, 228.

Precocity, in prodigies, 13, 14, 17, 18
19, 21, 25, 27, 28, 33, 34.

Presentation, simultaneous, 7, so fi.
151, 200; successive, 7, 60, OI.

Primitive numbering, 1-7.

Problematic work (see also Reasoning)
106-110, 146, 147, 148, 253, 255, 258
281.

Procedure, in the investigation of trans
fer, 131, 132, 130; in fatigue experi
ments on apprehension, 176, 180; 11
author’s experiments on apprehen
sion, 208—211, 232; In Courtis tests
260; in psychological (Burnett) ex
periments on perception, 313-315; 11



Index

psychological experiments (Browne)
on number processes, 313, 3I5.

Processes, 73—1035, 110.

Prodigies, 13 fi., 47, 120.

Psychology, of prodigies, 31—40; of per-
ception, 49-62; of counting, 62-66;
of processes, 73-105; of reasoning,
100—11.

Psychological studies, 49-111.

Punctuation, of counting by voluntary
movement, 64, 05.

Purpose, of author’s experiments on
apprehension, 206—208, 232; of the
tests of processes and reasoning, 252.

Q

Quadrant, 203, 204, 205.

(Quadratic pictures, 207, 215, 228, 249.

Quantity, defined, o93; elements of
measured, 100, 101.

Quatern-quinary system, see four-five
system.

R

RADOSAVLJEVICH, P. R, 107.
Ratio, see Number as ratio.
Reaction-times of prodigies, 37.
Reasoning (see also Problematic work),
100-111, 140, 141, 253, 255, 258, 250.
echenunterricht, 207.

eckoning machines, 150, 153, 157,
164, 169, 171, 174, 175, 170, 180,

ments, 209, 210.

einstatement of scheme for raising 3
to the 8th power, 317.
elation curves, 294, 295.
Retardation, 128.
hythmical experiences,
counting, o.

1CE, T M., 113, 140,
cUSSELL, B., 312.

relation  to

S

afford, J. H., prodigy, 20, 27, 28, 36, 41.
ANFORD, E. C., 68.
CHNEIDER, G., 153, 171, 174, 178,

i PRI
cores, individual vs. class, 269.
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Scoring, 118, 132, 133, 255, 257, 258,
2060.

SCOTT, W., 311

SCRIPTURE, E. W., 14, 16, 4I1.

Secondary effects, 143, 144.

Senary-septenary system, see six-seven
system.

Series-idea, relation to counting, 8, o,
10; to the concept, 46.

Setzung, 2009, 240.

Seven, a mystical number, 6.

Sex differences, 296, 297.

Short cuts, 14, 40, 78, 84, 288.

Six-seven system among primitive
tribes, 3, 4.

SMEDLEY, F. W., 121I.

SMITH, D. E., 312.

Specific discipline, 130.

SPRINGER, 1., 123, 127, 128.

Standards, of efficiency, 116, 120, 2609,
0 24T,

STARCH, D., 138, 142.

Statistical studies, 112-148.

Stimuli, their selection and organiza-
tion, 88.

S LONE, C. W., 113, 115, 116, 117, 118,
120, 140.

Strichtabelle, 140.

Strokes, in the Lay pictures, 1909, 241,
242, 243.

Subconscious functioning, in prodigies,
33; 1n process work, 33, 37, 38, 74, 70,
84.

Subtraction, 81-84, 04—97.

Subtractions, thought to be difficult,
287, 280.

_ Supplement to Lay’s investigation, 197—

190.
SUZALLO, H., 1009.
Syllogism, 106, 108, 100, 110.

¥

Teachers’ marks, 283—285.

Tests, of Courtis, 117, 118; described,
252—-259; of Starch, 138-140; of
Winch, 131-138; of Springer, 121-120.

Thirteen, a mystical number, 6.

THORNDIKE, E. L., 107, 137.

Toes, for counters, 1, 6, 8.

Transfer, 119, 120-142, 203—205.

Two-figure endings, their use in calcu-
lation, 17, 18, 19, 21, 28, 29, 40, 316.
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Two-three system among primitive
tribes, 4.

Types, mental, 146, 147.

U

Units of work, in the Courtis tests,
255, 250, 257.

\'

Variability of pupils, in apprehension
experiments, 239, 240; in Courtis
tests, 260—263, 205, 206, 267, 208,
280, 297.

Vestiges of primitive numeration, in
Aryan culture, 0, 7.

Vigesimal system among primitive
tribes, 1, 4, 6.

Vorstellung (Zahlvorstellung), 207, 208,
209.
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W

WALSEMANN, H. ]J., 62, 150, 153,
155, 174, 178, 193.

WARREN, H. C., 60, 149, 200.

WHIPPLE, G. M., 204.

WHITING, M. C., 71, 72.

WINCH, W. H., 131, 135, 138, 142.

WUNDT, W., 49, 59.

.4

YOCUM, A. D., 312.
YOUNG, J. W. A, 145.

Z
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