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Abstract
The purpose of this research is to determine the differences between the Standards for Mathematical Practices (SMPs) 7 & 8 (i.e., look for and make use of structure & look for and express regularity in repeated reasoning, respectively). In order to determine the differences between the two, I interviewed and observed three high school mathematics teachers regarding their interpretation of the SMPs. Then, I synthesized what I learned into a lesson plan that focused on engaging the students in SMP 7 and SMP 8. The findings of my research indicate that SMP 7 is a tool the students will use to explore various concepts and make connections between them, while SMP 8 can be described as a tool the students will use to solve problems across a unit. Hence, a lesson focused on SMP 7 would have the students utilizing previous knowledge to simplify and interpret expressions within a context, while a lesson focused on SMP 8 would have the students deepening their understanding of the mathematical content by looking for general solutions or shortcuts in a different context.
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Introduction

Background

	Education has always been a concern in the United States as it is a way to compare ourselves to the global society. There have been many struggles throughout the course of education, including segregation and the progression of science. People have disagreed on the age at which children should start school, whether education should be mandatory, the grade at which students should be introduced to certain subject matter, the necessity of teaching students cursive, etc. The original Department of Education was not founded until 1867 as until then education was a responsibility of the states because it was not listed in the Constitution as being a federal mandate (“Federal Role,” 2012). Since then, numerous reports and educational reforms including A Nation at Risk and Principles and Standards for School Mathematics arose. A Nation at Risk “seeks to generate reform of our educational system in fundamental ways and to renew the Nation's commitment to schools and colleges of high quality throughout the length and breadth of the land” (Gardner, 1983, p. 14). Principles and Standards for School Mathematics “outlines the essential components of a high-quality school mathematics program. It calls for and presents a common foundation of mathematics to be learned by all students. It emphasizes the need for well-prepared and well-supported teachers and administrators” (National Council for Teachers of Mathematics [NCTM], 2000, p. 1). Both of these reforms called the nation’s attention to the importance of education and the need for a new standard of learning.       
One of the most recent educational reforms in the United States is the Common Core State Standards Initiative ([CCSSI], 2010). “The Common Core is a set of high-quality academic standards in mathematics and English language arts/literacy (ELA). These learning goals outline what a student should know and be able to do at the end of each grade” (“About the Standards,” 2010). The Common Core State Standards Initiative (CCSSI) was written in 2009 in order to ensure that no matter where a student lives in the United States, every student will graduate high school prepared for college or the demands of entering the work force (“Development Process,” 2016). Though this initiative began with the concerns of state leaders and other government officials, the initiative was revised and edited using feedback from teachers through two comment sessions and the efforts of organizations such as the National Education Association (NAE) and NCTM. Once the initial draft had been reviewed multiple times, the final draft was released in June 2010 (“Development Process,” 2016).
The purpose of Common Core State Standards (CCSS) is to ensure that students graduating from high school are well equipped to succeed in higher education settings including specialized training for a specific career or are ready to enter the work force. Also, the goal of CCSS is to unify grade level curricula across the country in order to ensure that students in the U.S. are competitive with students across the world (CCSSI, 2010). Though there is much controversy surrounding Common Core, two significant concerns of teachers and parents are that 1) CCSS is a curriculum and that 2) the federal government will take over the CCSS initiative (“Myth vs. Facts,” 2016). Both of these concerns are unfounded. CCSS is not a curriculum, but merely a set of standards to help teachers understand what their students should know as they progress through their education; in short, the CCSS is meant to be guidelines to help unify teachers across the country. Also, the federal government will not be taking control of the CCSS initiative as it is a state-led endeavor. Though it may seem as though the implementation of CCSS is a federal mandate, it is evident that this is not the case because seven states have not implemented CCSS (“Myth vs. Facts,” 2016).
The Common Core State Standards for Mathematics (CCSSM) includes two parts: the Standards for Mathematical Practice (SMPs) and Standards for Mathematical Content (SMCs). The SMPs are eight general practices or areas of expertise that every teacher should strive to help their students develop (see Appendix A). In short, these are general practices that mathematics students in every grade level should employ while engaging in the mathematical content. The SMCs are a “balanced combination of procedure and understanding” (CCSSI, 2010, p. 8). The SMCs are divided by grade level and are meant to clarify and specify the mathematical content that students of that grade level should be learning. Also, CCSSM has arisen out of a need to address the concern of a U.S. mathematics education being “a mile wide and an inch deep” (CCSSI, 2010, p.3); therefore, the SMCs are meant to relate key ideas and processes the students must know in such a way that follows what is known about how students learn.
Though these two parts seem fairly different, they are both important considerations to keep in mind and relate while educating future generations. Though not every student will become a professional mathematician per se, each one will undoubtedly use the concepts and ideas they learn in their future careers. For instance, it is unlikely an artist will need to know the Pythagorean Theorem in order to be a successful artist, but he or she will need to persevere in solving problems, critique the reasoning of others, and communicate his or her ideas precisely. These broad processes are three of the SMPs described in CCSSM (CCSSI, 2010). Thus, the SMPs are not only to be applied in a mathematics classroom. These practices are general skills that all students should be able to engage in and identify. Though they are called the Standards for Mathematical Practice, they are not just standards for mathematics classes; they represent a vital part of all students’ learning.
As a future high school mathematics teacher, it is imperative that I know and understand the content and skills I will be teaching in order to maximize the benefit to my students. Skills I will be assisting my students to learn include the SMPs; thus, it is vital I am able to identify and distinguish between those SMPs. Two of the SMPs, namely SMP 7 and SMP 8, use similar language (i.e., look for and make use of structure & look for and express regularity in repeated reasoning, respectively) and seem to be used interchangeably by some mathematicians and educators (Parker & Novak, 2012). Therefore, for the purposes of my own knowledge, and in order to advance the field’s understanding of these critical practices, I want to identify key differences in SMP 7 and SMP 8 that will help support student engagement in these SMPs.



Literature Review

In this section, I give a brief summary of multiple articles, which have each added to the field of discussion of the use of the Standards for Mathematical Practices and the various interpretations of the eight SMPs. Throughout my summaries of these references, it is clear that there is much to be determined regarding the interpretation of the SMPs and how to engage students effectively in the SMPs. More specifically, there is an ongoing professional discussion regarding the possible interpretations of SMP 7 and SMP 8 and conflicts that arise when distinguishing evidence of student engagement in the SMPs in the classroom. Therefore, I would like to continue to add to and promote the ongoing discussion regarding the overlap in interpretations of SMP 7 and SMP 8 in order better to unify my future colleagues and maximize the learning potential of every student in the U.S.
The first two articles describe the concerns teachers express as they try to implement CCSSM. Then, the subsequent four articles describe interpretations of the eight SMPs and how to implement the SMPs according to their descriptions listed in the CCSSM.
	In “Building on the Common Core” by David Conley (2011), the author gives a succinct list of the purposes and goals of the CCSSI, across both English Language Arts and Mathematics standards. He explains the CCSSI was designed to break through the barrier of a shallow education by incorporating how students learn. The CCSSI first identifies the skills students should possess, orders those skills in a logically progressive and chronological order, and allows opportunities for various levels of cognitive demand to be implemented. The goals of CCSSI include identifying key knowledge, raising the student achievement level in the U.S. to match other higher achieving countries across the globe, creating a national consensus of what students should learn and when, using that consistency to make better use of student learning data and student resources, and preparing students for higher education and career training. Throughout Conley’s research, he has pinpointed five cognitive strategies higher education students must possess to maximize their learning: problem formulation, research, interpretation, communication, and precision and accuracy. This finding is significant because it illustrates how the Common Core is designed to benefit those students continuing their education. Notice, his conclusions support the need for SMPs. Conley ends his article by reminding teachers that simply memorizing the content is not enough anymore and that instruction should engage the students in higher cognitive demand applications of the content knowledge (Conley, 2011). 
	In “Ways of Thinking and Mathematical Practices,” authors Lockwood and Weber (2015) describe one way to interpret the CCSSM for purpose of understanding, implementing, and evaluating aspects of student learning. To better understand why the CCSSM is divided into SMPs and SMCs, Lockwood and Weber turn to Harel’s Duality Principle (Harel, 2008). The Duality Principle asserts that “mathematical knowledge consists of both one's understanding of particular content in mathematics and one's thinking about the practice of doing mathematics” (Lockwood & Weber, 2015). That is, a student’s mathematical knowledge is a combination of the student’s understanding of the content and how the student thinks about doing mathematics. To explain these categories of a student’s mathematical thinking, Lockwood and Weber use Harel’s example of a mental act (i.e., proving, solving, conjecturing, generalizing, analyzing, synthesizing, etc.) to illustrate how ways of thinking and ways of understanding are connected: a way of understanding is a product of a mental act and a way of thinking is a characteristic of a person’s way of understanding. For example, when a student is faced with a problem, he or she must decide how to solve the problem and find an answer. The solution to the problem is a way of understanding, while the method of solving the problem illustrates a way of thinking (Lockwood & Weber, 2015). Hence, this Duality Principle can be seen in the dichotomy of the CCSSM; the SMPs are similar to ways of thinking, while SMCs are similar to ways of understanding. Once teachers understand how ways of thinking and ways of understanding are related to CCSSM, they can focus on engaging their students in various ways of thinking in order to reinforce the SMPs (Lockwood & Weber, 2015). 
	These two above-mentioned articles provide a small glimpse at the reasoning supporting the creation of the CCSSI and how the developers of the CCSSI intend for it to be implemented. The explanation of the duality principle mentioned in “Ways of Thinking and Mathematical Practices” helps teachers better understand why it is important to have the SMPs as well as the SMCs (Lockwood & Weber, 2015). Furthermore, the CCSSI is meant to illustrate a natural progression of student learning, and Conley clearly explains how the CCSSI is applicable to students as they advance through the public educational system into higher education or career training (Conley, 2011). 
	The following articles illustrate a sample of the various interpretations and possible methods of implementing the SMPs. 
In “Implementing the Common Core Mathematical Practices,” authors Parker and Novak (2012) illustrate one way to manage the SMPs and five suggestions for mathematical tasks for students that encourage student engagement in the SMPs. In order to implement the SMPs, it is vital teachers understand what they should be implementing. To clarify misunderstandings regarding the SMPs, Parker and Novak emphasize how the eight SMPs are connected. For instance, 
a) SMPs 1 and 6 are overarching habits that students should employ in every mathematical situation. 
b) SMPs 2 and 3 discuss arguments, including the reasoning, justification, and refutation supporting such arguments. 
c) SMPs 4 and 5 describe using mathematics in situations similar to that of those they will face in their future careers. 
d) SMPs 7 and 8 refer to recognizing and generalizing patterns. 
By categorizing the SMPs as mentioned above (see Appendix B), it is likely that most lessons implementing a specific SMP will also engage students in another related SMP (Parker & Novak, 2012).  For example, if students engage in “reasoning abstractly” (i.e., SMP 2), they will likely have opportunities to “construct viable arguments” (i.e., SMP 3). Thus, engagement in the SMPs is not mutually exclusive. Furthermore, when students are presented with tasks that are of high cognitive demand, they have opportunities to engage in multiple SMPs (Parker & Novak, 2012). In order to ensure students are engaging in higher level cognitive demand tasks, it is sometimes necessary to modify textbook problems to increase their cognitive demand. For example, Dan Meyer proposes ways of modifying textbook problems to be more cognitively demanding in his TED Talks videos (Parker & Novak, 2012). Also, Jennifer Piggott, a professor at the University of Cambridge who works to advance the NRICH project in order to enrich mathematics students’ experiences, advocates for giving students the answer to a problem and asking them to determine the question the answer relates to, requiring students to make up problems with specific criteria, asking “what if” questions (i.e., “What if we changed the 3 in 3 times 5 to 5?”), and challenging students to find all the possible answers to a particular situation and justifying their answers (Parker & Novak, 2012). By rewriting textbook problems in such a way that increases the cognitive demand, teachers can create learning environments in which their students are engaged in the SMPs. 
In “Constructing Meaning: Standards for Mathematical Practice,” authors Bleiler, Baxter, Stephens, and Barlow (2015) addressed an important concern voiced by teachers trying to implement and achieve the goals of Common Core: how are we going to be able to achieve the goals of Common Core if we cannot agree on the meaning of the Standards for Mathematical Practice? In order to address this concern, they focus on four SMPs (i.e. SMP 2, 4, 7, and 8) and describe the various interpretations that were prevalent among teachers in their professional development workshop. They offer several examples to clarify and explain the meanings of the practices. While addressing SMP 2 (i.e., reason abstractly and quantitatively), the authors utilized one problem to illustrate the key ideas supporting the SMP language: contextualize and decontextualize. The problem they consider is finding the whole number side length dimensions of an aquarium that is a rectangular prism with a volume of 240 cubic feet of water. This problem allows the teachers to better understand decontextualizing as they struggle to find possible factors of 240 without worrying about the real-world meaning of the factors and contextualizing as they eliminate dimensions such as 1 foot by 15 feet by 16 feet due to its unlikeliness as a viable real-world solution. Also, SMP 4 (i.e., model with mathematics) is clarified through analyzing the intent of “modeling mathematics” versus “modeling with mathematics.” Modeling mathematics could be interpreted as simply using manipulatives or pictures to illustrate expressions. Modeling with mathematics promotes students using what they know to solve everyday problems, which includes identifying key quantities and simplifying difficult situations into more understandable terms (Bleiler et al., 2015). Lastly, SMPs 7 and 8 (i.e., look for and make use of structure & look for and express regularity in repeated reasoning, respectively) appear to be closely related, so one possible interpretation of distinguishing them is SMP 7 refers to the structure within a problem, while SMP 8 refers to the structure across various problems. That is, SMP 7 would involve looking at one problem as a whole, and SMP 8 would involve looking at a set of problems as a whole (Bleiler et al., 2015). 
	In “Teaching with the Mathematical Practices in Mind,” authors Billings, Coffey, Golden and Wells (2013) describe how a workshop engages teachers in a lesson that is structured to explore the SMPs while also learning mathematics. In the first stage of the workshop, the teachers were presented with a problem describing the number of girls in two classes and asking them to determine which class had more girls in it. As the teachers completed this task, they reflected on the possible additive (i.e., relationship between two quantities found by adding and subtracting) and multiplicative comparison (i.e., relationship between two quantities found by multiplying and dividing) implied by the term “more.” Then, they decided to use the multiplicative comparison and fractional benchmarks (i.e., comparing unknown fractional quantities to known values such as one-half or one-third) to determine which class had more girls. The second stage of the workshop was called the “focus,” which is the mathematical purpose or objective of the lesson. This could be thought of as an exploration phase in which the students are introduced to relevant terminology and are given a brief insight into the concept being taught. Though there are multiple ways to present the focus of the lesson, this workshop utilized the think aloud strategy because it emphasizes discovering of multiple ways of solving a problem. Then, the teachers entered the third stage of the workshop in which they engaged in an activity that allowed them to continue thinking about and redefining their ideas and conjectures from the focus stage of the lesson. Once they had completed the activity, the teachers were given a time of reflection, the fourth and final stage of the workshop. During their reflections, the teachers summarized what they learned mathematically and pedagogically. Furthermore, they reflected on the different practices in which they engaged. Although the lesson described in this article was used for teacher professional development, it provides insight into how a lesson might be adapted so that middle school and high school students can actively and genuinely engage in the Standards for Mathematical Practice (Billings et al., 2013).  
In “An Inside Track: Fostering Mathematical Practices” by Buchheister, Jackson, and Taylor (2015), the game Attribute Trains is used to illustrate a potential fun way of engaging students in SMPs 1, 3, and 7. The game is simple and includes various colored and sized polygons. The game is played by placing a polygon on the left side of the table and a different polygon on the right side. Then, the students must fill in the middle of the train by changing one attribute at a time, but the key of the game is to fill in the train with the fewest polygons possible. The students engaged in SMPs 1, 3, and 7 by making sense of problems, constructing viable arguments such as why a certain polygon must be the next one in the pattern, and looking for and making use of structure in order to determine the fewest possible polygons needed to complete the train. Also, this activity can be easily extended or adapted to fit various cognitive levels (Buchheister et al., 2015).
	These four articles illustrate possible interpretations of and how to implement SMPs 7 and 8. “Implementing the Common Core Mathematical Practices” discusses how the eight SMPs are connected as well as five general tips to increase the cognitive demand of textbook problems in order to promote student engagement with the SMPs (Parker & Novak, 2012). Then, “Constructing Meaning: Standards for Mathematical Practice” gives elementary and middle school mathematics teachers possible interpretations of SMPs 2, 4, 7, and 8, as well as sample activities that can be adapted for use at any grade level (Bleiler et el., 2015). “Teaching with Mathematical Practices in Mind” describes how a lesson about proportions can be structured to maximize the students’ learning and engagement in the SMPs (Billings et al., 2013). Similarly, “An Inside Track” discusses how a fun, simple game can be used to promote higher level thinking and student engagement in SMP 7 (Buchheister et al., 2015).   



Definition of Terms

Common Core State Standards (CCSS)- set of high-quality academic standards in mathematics and English language arts/literacy (ELA). These learning goals outline what a student should know and be able to do at the end of each grade (“About the Standards,” 2016)
Standards for Mathematical Practices (SMP)- eight general ways in which developing student practitioners of the discipline of mathematics increasingly ought to engage with the subject matter as they grow in mathematical maturity and expertise throughout the elementary, middle and high school years (CCSSI, 2010)
Standards for Mathematical Content (SMC)- balanced combination of procedure and understanding (CCSSI, 2010)
Curriculum- the courses offered by an educational institution; a set of courses constituting an area of specialization (“curriculum,” 2016)
Contextualize- to pause as needed during the manipulation process in order to probe into the referents for the symbols involved (CCSSI, 2010)
Decontextualize- to abstract a given situation and represent it symbolically and manipulate the representing symbols as if they have a life of their own, without necessarily attending to their referents (CCSSI, 2010)
Pedagogy- the art or science of teaching; education; instructional methods (“pedagogy,” 2016)




Rationale & Summary

	It is vital to my success as a future teacher to know, understand, and be able to utilize the standards and practices that will guide my instruction and student learning. Thus, it is important that I be able to distinguish between the eight SMPs as stated in the Common Core State Standards. In particular, SMP 7 (i.e., “Look for and make use of structure” (CCSSI, 2010, p. 8), and SMP 8 (i.e., “Look for and express regularity in repeated reasoning” (CCSSI, 2010, p. 8), are similar and can be easily confused (Bleiler et al., 2015). Therefore, I wish to determine the similarities and differences between these two practices and articulate these differences through a lesson designed to engage the students in SMP 7 and SMP 8.  
	This research is important to others in the mathematics education field because it clarifies questions other teachers have about the meaning of each SMP as well as gives the teachers another perspective to consider while implementing the SMPs. My intention is to provide a vision to other teachers of what lessons focused on SMP 7 and SMP 8 would look like in the middle school and high school mathematics classrooms. 
Based on the literature I reviewed above and the definition of the practices as stated in the Common Core State Standards, SMP 7 implies students will generalize an approach or method in order to find a solution, while SMP 8 implies the students will notice patterns in order to find a general solution. Hence, a lesson focused on SMP 7 would have the students utilizing previous knowledge to simplify and interpret expressions, while a lesson focused on SMP 8 would have the students taking it to the next step. In addition to utilizing previous knowledge to simplify and interpret expressions, students participating in a lesson focused on SMP 8 would be deepening their understanding of the mathematical content by looking for general solutions or shortcuts. Another possible distinction between SMP 7 and SMP 8 is that SMP 7 refers to the structure within a specific problem, while SMP 8 refers to the repeated reasoning found across different problems. This difference could also stem from the teacher’s goal of the lesson. For instance, if a teacher wishes the students to explore repeating decimals, he or she can utilize the structure of a specific problem, while encouraging the students to discover that a general formula usually requires them to notice that they are using the same reasoning to solve the problem, which can lead to the derivation of a general formula or shortcut.  My aim is to further explore and clarify the distinctions between these two SMPs, and to understand the key characteristics of lessons that engage students in SMP 7 and SMP 8.


Thesis Statement

The objectives of my research are to (a) distinguish between SMP 7 and SMP 8 by understanding teacher interpretations of these standards and (b) to use what I learn from teacher interpretations to inform the planning of future lessons for my students. I have chosen these two practices (i.e., SMP 7 and 8) to research because they use similar wording and are often linked—sometimes interchangeably—in literature I have read. However, there must be a significant difference between the two practices or the authors of the CCSSM would not have separated them into two distinct practices. Thus, the aim of my research is to distinguish between the SMP 7 and SMP 8. As such, I plan to synthesize the information gleaned from research through journal articles, middle and high school mathematics teacher interviews, and classroom observations to design a lesson focusing on a specific mathematical concept that capitalizes on the use of SMP 7 and SMP 8. To address these objectives, I investigate the following research question: What are the key differences between a lesson focused on implementing the Standard for Mathematical Practice seven (i.e. “look for and make use of structure”) versus a lesson implementing the Standard for Mathematical Practice eight (i.e. “look for and express regularity in reasoning”)?


Methodology

The purpose of my research is to (a) distinguish between SMP 7 and SMP 8 by understanding teacher interpretations of these standards and (b) use those interpretations to inform the planning of future lessons for my students. As such, the main goal of the research is to synthesize the information gleaned from research through journal articles, high school mathematics teacher interviews, and classroom observations to design a lesson focusing on a specific mathematical concept that capitalizes student engagement in SMP 7 and SMP 8.
In order to explore my research question, I researched the meanings of both practices to define them in a clear, concise manner. To research the meaning of SMPs 7 and 8, I read and synthesized numerous journal articles and other relevant mathematical sources such as conference proceedings. Also, I interviewed three teachers from the high school level to gain a better understanding of the teachers’ perspectives that will be implementing these SMPs. Then, I observed these three teachers in their classrooms to gain a more practical, real-world understanding of a lesson that implements SMPs 7 and 8. Subsequently, I synthesized what I learned from research, teacher interviews, and classroom observations to write a lesson plan that emphasizes the implementation of SMP 7 and SMP 8 as dictated by the CCSSM. Though I had originally planned to implement this lesson in one of the classrooms that I observed, due to unforeseen circumstances and time constraints, this was not possible.
For the three high school mathematics teacher interviews, I used previous contacts at high schools in the Rutherford County school system to find high school mathematics teachers willing to participate in my research. In order to reduce bias and error, I found three high school mathematics teachers of various educational backgrounds and years of experience. Then, I met with each of them individually throughout the fall of 2016 to determine their interpretation of SMP 7 and 8, how they are similar and different, and how to engage the students in these SMPs in the classroom (see Appendix C). For each interview, I took note of the teachers’ responses by hand and, with each interviewee’s permission, through audio recording. Then, I observed each teacher’s classroom once to observe a lesson implementing SMP 7 and implementing SMP 8 (see Appendix D). Following the interviews and observations, I met with each of the teachers to discuss the objectives, outcomes, and implications of the lesson (see Appendix E).
Once I collected the classroom observation and interview data, I conducted the following analysis procedures. First, I transcribed the interview data and organized my written observation notes. Then, I conducted an initial open-coding of the data, meaning that I “fracture[d] or split the data into individually coded segments” (Saldaña, 2009, p. 42). Then, based on the individual codes that I created, I looked across the codes and identified more general themes in the data that help me to answer my research questions. For each of the three teachers, I developed a written case that describes the teachers’ implementation and perception of SMP 7 and SMP 8.  Then, I summarized what I learned across the three cases.
In an effort to summarize the key ideas I learned, and put them into practice, I designed a lesson intended to engage high school students in SMP 7 and SMP 8.  This final lesson, and my reflections on its ability to engage students in the respective SMPs, is included in the Creative Project section.


Case Studies
Case Study 1
Ben is a teacher at a public high school in a rural area. Ben teaches Algebra II and Statistics. The students are of varying abilities but most are on the higher achieving end of the spectrum. 
	Ben views the Standards for Mathematical Practices as “perspectives.” That is, the students are “going to perceive a problem in a way that they are trying to find structure.” The teacher had previously defined the eight SMPs as a belief system because “making sense of problems and persevering in solving them is a belief,” but redefined them as perspectives because some of the SMPs are written as actions. For instance, Ben states, “[The students] should perceive mathematics as something where [they’re] doing [the SMPs], [they’re] going to use tools strategically [SMP 5].” Thus, the SMPs are perspectives in this teacher’s opinion. When discussing SMP 7 and 8 specifically, Ben describes SMP 7 to be similar to a “proper subset” of SMP 8. That is, the students can be engaged in SMP 8 without engaging in SMP 7 because the students can be looking for and making use of repeated reasoning without necessarily making use of the structure, but students engaging in SMP 7 must be engaged in SMP 8 because in the process of making use of structure, the students will be engaged in repeated reasoning (see Figure 1). 

Figure 1. Teacher Interpretation of Relationship between SMP 7 and SMP 8

As Ben states, “[SMP 7 and SMP 8] are not mutually exclusive. I think there is some overlap. I think if we’re looking at structure and we’re making use of it, then we’re thinking of it in the same way.” Therefore, in the process of making use of the structure, “[the students] might be going through repeated reasoning (i.e., SMP 8).” Thus, Ben views SMPs 7 and SMP 8 as two broad concepts that are closely related, and Ben believes the relationship between SMP 7 and SMP 8 is similar to that of subsets, specifically that SMP 7 is like a subset of SMP 8.
Furthermore, Ben emphasizes that SMP 7 requires the students to analyze the form or way a problem is written in order to notice a feature the students are familiar with and understand what that features means, even when it is applied in a new context, while SMP 8 describes how the students will think about something in the same way. For instance, the teacher gave his students the problem  and told the students to solve for x. Unfortunately, the teacher reported that the students were baffled by this because they were not comfortable operating on complex numbers and thought of complex numbers as different than real numbers because complex numbers look different. Since the students saw complex numbers as different than real numbers, they didn’t know what to do. Then, the teacher wrote  on the board and told the students to solve for x, and the students easily understood. To help the students make the connection between these two examples, Ben reiterated that “structurally, it’s identical” to the previous one, so he used a strategy of a simpler, more familiar problem in order to help the students develop a deeper understanding. This is a strategy the teacher learned from George Polya. As Ben explains, “[George Polya] has the problem solving strategy of coming up with an easier problem, and I do that all the time, and I encourage [my students] to do it all the time […] because it’s easier to see structure in an easier problem.” Ben used the example  because it is structurally identical to. Thus, he was using a simpler problem to engage the students in looking for and making use of structure (i.e., SMP 7) in order to help them solve a problem.
The teacher also explains how he looks for evidence of student engagement in SMP 7 and 8: “I look for what they say.” Hence, Ben believes that the evidence of student engagement in the SMPs is something that can be assessed through students’ spoken communication.



Case Study 2
	John is a teacher at a magnet high school in an urban area. John teaches Algebra II, Pre-Calculus and Calculus. The students are a diverse group with various backgrounds, though all the students are gifted in an arts field. 
	John views the Standards for Mathematical Practices to be tools. In an interview regarding the SMPs, John stated, “We want [the students] to have these as tools, for the students to have these eight skills mathematically upon exiting the secondary learning environment.” John regards SMP 7 to be a tool the students can use to solve a specific problem, whereas SMP 8 is a tool the students can use to help them use their prior knowledge in a new situation. For instance, during class, the students were learning about rules for taking the derivative of a function, which produces a function that describes the slope of the tangent lines of the original function (see Table 1). 
Table 1. Derivative Rules
	
	Function
	Derivative

	Constant Multiple Rule 
(a is a constant)
	y = ax
	y’= a

	Power Rule
(n is an integer)
	y = axn
	y’ = anxn-1

	Chain Rule
(u is a function)
	y = un
	y’ = nun-1 du



The teacher explained, “[The students] quickly saw the pattern in [using the power rule], and so from there, once I showed them the pattern, I was able to show them new problems in different contexts, and they very quickly saw the structure and made use of it.” 
John believes, “[For SMP] 7, you’re line of questioning would be mid to mid-high, and then 8 would be the top of the triangle [of level of questioning].” John is referring to Bloom’s Taxonomy (see Figure 2). He believes the line of questioning a teacher would employ if the students are engaged in SMP 7 would be in the middle of the triangle and higher. Then, if the students are engaged in SMP 8, the teacher would ask the students questions that require the students to evaluate or create.

[image: ]
Figure 2. Bloom’s Taxonomy (image reproduced from Armstrong, 2016.)
Then according to the teacher, evidence of student engagement in SMP 7 would be a physical representation such as a “list like a t-chart” that distinguishes between relevant and irrelevant information in a word problem (see Figure 3). 


Figure 3. Word Problem with T-Chart Describing Relevant and Irrelevant InformationMary is walking home one day at a speed of 2 miles per hour. Sally, her pet dog, is running ahead of Mary and beats her home by 15 minutes. Mary lives a mile from school. How fast is Sally running?

Relevant Information
Irrelevant Information
Speed child is walking
Child’s name
Pet is walking faster than child
Child’s favorite pet



Evidence of student engagement in SMP 8 would be found in “throwing them into the deep end of something they’ve never seen before and seeing how they react and manage and can they build on what they know with minimal to no direction.”
	John views SMP 7 and SMP 8 as two distinct standards as he explains, “I see them as separate, but they can certainly go together.” That is, it is possible to engage the students in one without engaging them in the other.
During the observed lesson, the students began by going over homework problems from the previous night. They had been asked to find the derivative of some functions using the power rule and chain rule. According to the teacher, the students were engaging in SMP 7 because they “found the pattern that [they] used for differentiation” and by doing that, they were able to see “the structure and made use of it” to apply the appropriate differentiation rule. For instance, one student asked if he or she had to rewrite  to x-5. The teacher asked the student a question about the form, “Do the forms match?”, to highlight the form needed in order to use the power rule. Then, as a class, the students came to the consensus that that step is necessary because the power rule does not apply to rational functions (i.e., functions written in the form of  ), and is in the form of a rational function. Therefore, the students were looking for and making use of the structure of the functions in order to identify what type of function it is and which derivative rule will apply based on that function type. The students also engaged in SMP 8 as they began their discussion of horizontal tangents (i.e., points on the function in which the slope of the tangent line is 0). The teacher had never talked about this topic before, but a problem was listed on the notes handout that asked the students to find the horizontal tangent of a function. John simply passed out the notes and asked the students to work on the first two problems, which asked the students to find the horizontal tangent of a function. According to John, this is where the students engaged in SMP 8 because “when they were told to find the horizontal tangent, they had never been in that context before, so they had to use what they already knew to find the horizontal tangents and were given little to no guidance and were able to discuss what that meant and were able to approach and solve those problems just based on prior knowledge and basic derivative rules and information.”
Also, the teacher asked the students to write the equation of the tangent line to a function at a given point. The teacher “didn’t give them any direction today other than that they need to determine the equation of the tangent line to this curve at this particular point. [The students] were able to tackle that just based on prior knowledge, so they certainly saw the regularity in repeated reasoning, and when thrown into a new context, they were able to find what [I] asked.” Therefore, John claimed that his students engaged in SMP 8 because they had used their previous knowledge about the definition of a derivative and a tangent line to solve a problem that they had never seen before. In his opinion, they were using repeated reasoning because they had already been through the process of finding the derivative of a function; thus, the students were thinking in the same manner as before in a new context. 




Case Study 3
Noah is a teacher at a public high school in a rural area. Noah teaches Geometry and Statistics. The students are ethnically diverse and span all levels of abilities. 
	Noah views the SMPs as a “good tool to help [teachers] make sure that [they] are structuring class and structuring the lesson in a way that will push the students into doing more of that thinking instead of just memorizing things that [teachers] tell them.” Noah goes on to describe SMP 7 and SMP 8 as having an “inverse relationship.” As Noah explains, “For one, you’re looking at the trees for the forest, and for [the other], you’re looking at the forest for the trees.” For instance, Noah wants the students to “see the 14 not as 14, but to see it as all the things that can add to get you 14 or all the things that can multiply to get 14, so you’re trying to get [the students] to see the trees that make up 14. The same thing with multiplication; trying to see that when you get big things that are hard to multiply, break them into small things that are easy to multiply.” Also, Noah believes SMP 7 refers to “how to think about of [a problem] differently,” while SMP 8 refers to “develop[ing] a general rule.” That is, Noah believes SMP 7 is a tool the students can use to “think of another way to solve [a] problem” or “tear [a problem] down.” Furthermore, the teacher believes SMP 8 involves more prior knowledge and using that prior knowledge in a new context, or “building up.” For instance, the teacher uses an example of the students learning about histograms after learning about dot plots and stem plots because a histogram is essentially the same thing as a stem plot except the data is grouped into intervals; thus, the students are using SMP 8 because they are “talk[ing] about what [they] just change[d]” and how it connects to what they learned previously. Consequently, Noah views SMP 7 and SMP 8 as distinct but recognizes that they are closely related.
During the observed lesson, the students were using an applet to explore the correlation coefficient value r, which is a value between -1 and 1 that describes the strength of the linear relationship of data points in a set, where a value of 1 or -1 is assigned to a data set that has a perfect linear relationship. To do this, the students were asked to place points on a scatter plot, and then moving only one point, describe what happens to the correlation coefficient.  
     
Figure 4. Scatter Plot 1
    
Figure 5. Scatter Plot 2

As the students were exploring this concept, they noticed that different data sets could have correlation coefficients that were equivalent. From the scatter plots similar to those reproduced above (Figures 4 and 5), the students noticed that it is possible to have two different scatter plots (i.e., multiple data sets) result in similar correlation coefficients. For instance, in Scatter Plot 1 (Figure 4), students noticed that four of the five data points “lie close to” the line of regression and the correlation coefficient is 0.92057462. In Scatter Plot 2 (Figure 5), the students noticed that the data set seems to have a positive linear relationship, but only five of the nine points in the data set “lie on or close to the line of regression.” However, the correlation coefficient for the line of regression in Scatter Plot 2 is 0.91721505. Though the scatter plots look quite different, the students conjectured, through the use of multiple analyses of scatter plots with similar correlation coefficient values, that it is the “spread of the data” that influences the correlation coefficient. That is, they were using the “picture” created by the data in the scatter plots to analyze the association between the variables and subsequently informally assess the goodness of fit of the line of regression. As they looked at each scatter plot, they noticed that the data in Scatter Plot 1 was “close to” the line of regression, but the data in Scatter Plot 2 was “farther away” from the line of regression. Hence, they defined the “spread of the data” to be “how close the line of regression fits the data”, which would lead the students into a discussion regarding the goodness of fit or appropriateness of using this line of regression to model the data.
According to the teacher, the goal of the lesson was to guide the students into realizing that different data sets may have similar correlation coefficients, and in particular that the correlation coefficient describes the linear relationship of the points in the data set. In this case, the teacher was using this lesson as a scaffolding lesson to begin introducing the concept of the coefficient of determination, which describes the goodness of fit of the model or how well a line of best fit explains and predicts future outcomes. The line of thought the students used in this lesson to reach their conclusions regarding how the spread of the data affects the correlation coefficient illustrates how the students engaged in SMP 8; the students used multiple observations about the correlation coefficient of different scatter plots and their prior knowledge and understanding of the definition of the correlation coefficient to deepen their understanding of the mathematical content in a new context. During this thought process, the students are attending to the details of the problem as well as maintaining an oversight of the process. Then as the lesson progressed, the students continued to create scatter plots with similar correlation coefficients using the same type of reasoning they had used before. 

	
	


Cross Case Analysis
Interpretations of Standards for Mathematical Practices (SMPs)
Ben described the Standards for Mathematical Practices as a belief system or “perspective,” while John and Noah both described the SMPs as “tools.” However, Noah did go on to clarify that the SMPs were a “framework for how to set up a lesson and for how to interact with the students during a lesson,” while John stated, “The students [should have] these eight skills mathematically upon exiting the secondary learning environment.” Therefore, Noah describes the SMPs as a planning tool the teacher will use, but John describes the SMPs as tools the students should have. Thus, each of the teachers has a different conceptual understanding of what the eight SMPs are, but each defined the purpose of the SMPs similarly: to aid instruction. 
Interpretations of SMP 7
	John interprets SMP 7 as a “concrete statement.” To him, SMP 7 refers to when the students “take the structure of the environment or the structure of the problem and use it to their advantage to solve that problem.” Ben says student engagement in SMP 7 occurs when the students are “applying [their previous knowledge] in new situations and knowing more about the calculation or what [they’re] about to do just because [they’ve] seen that before and [they] know what happens.” Noah claims student engagement in SMP 7 occurs when the students “think about the trees instead of the forest. [That is,] students sometimes look at the big picture and then they don’t see the individual details that put the big picture together.” Therefore, when the students notice the factors that multiply together to get 14 and use that to their advantage to solve a problem, they are engaging in SMP 7 because they are seeing complicated things as simple objects. Hence, all three teachers define student engagement in SMP 7 as a moment when they notice the details in the big picture and use it to their advantage. 
Interpretations of SMP 8	
John and Noah both mentioned SMP 8 as the standard that would require the students to use their prior knowledge in a new situation, while Ben commented that the students would be using their prior knowledge as they made use of the structure (i.e., the students engaged in SMP 7). However, Ben did emphasize that the students would be “applying it in new situations and knowing more about the calculation or what [the student] is about to do just because [they’ve] seen that before and [they] know what happens.” Therefore, each teacher is referring to future problems in which the student will be using what they learn, which will be previous knowledge at that point in time. Thus, each of the teachers recognizes that students who are engaged in SMP 8 will be using their previous knowledge in a new context.
How are SMP 7 and SMP 8 related?
	The teachers had various ways in which to describe the relationship between SMP 7 and SMP 8. Ben believed SMP 7 is a “proper subset” of SMP 8. John believed the two standards are “distinct” and it is possible to engage the students in one SMP without engaging them in the other. Noah believed SMP 7 and 8 are “inverses” of one another; that is, “eight is about building [and] seven is about tearing [a problem] down.”
It is interesting to note that each of the teachers used a mathematical term (i.e., subset, distinct, and inverse) to describe the relationship between SMP 7 and SMP 8.



Summary of Findings
	From my review of the literature, I discovered a common theme of interpreting SMP 7 and SMP 8: SMP 7 refers to the structure within problems, while SMP 8 refers to using the same way of thinking across multiple problems. 
From my observations and interviews, I discovered some variance between the definitions of the SMPs by the teachers, but a general theme arose: SMP 7 and SMP 8 are two distinct but related standards. One manner in which to distinguish the two is to describe SMP 7 as a tool the students will use to explore various concepts and make connections between them, while SMP 8 can be described as a tool the students will use to solve problems across a unit. That is, SMP 7 refers to a specific problem solving strategy or way of thinking: making use of structure. Then, SMP 8 refers to how the students can explain repetitions in problem solving using a general formula or shortcut. Thus, SMP 7 and SMP 8 can both be described as ways of thinking (Lockwood & Weber, 2015); however, the end result is not the same. Students engaging in SMP 7 will simply be solving a problem for the correct answer, while students engaging in SMP 8 will be solving a problem for the right answer and will also devise a general rule during that problem-solving process. Hence, a lesson focused on SMP 7 would have the students utilizing previous knowledge to simplify and interpret expressions within a context, while a lesson focused on SMP 8 would have the students deepening their understanding of the mathematical content by looking for general solutions or shortcuts in a different context.
Conclusions 
I conclude that SMP 7 and SMP 8 are two distinct standards; they are not interchangeable. SMP 7 describes the structure within a problem and how it can be used to advance the students’ understanding of the content, and SMP 8 describes the similarity between the processes of thinking across multiple problems. Hence, a lesson focused on SMP 7 would have the students utilizing previous knowledge to their advantage to simplify or interpret various mathematical concepts in a new context, while a lesson focused on SMP 8 would encourage the students to deepen their understanding of the content by devising general rules or shortcuts to use in new situations.


Creative Project
Lesson Plan Summary
	Since I was planning to teach this lesson in Ben’s Statistics class, I designed a lesson that could be taught in his class. The central focus of the lesson is defining and calculating the expected value of a probability distribution. An expected value is the value that an individual would expect to occur if an experiment is performed many times. For instance, if a coin is flipped many times, we would expect that half of the tosses would be heads and half would be tails, so the expected value would be 0.5 if the value of heads occurring is 0 and tails is 1.
	The students will explore this concept by completing two learning tasks in which they are asked to determine the expected value of a probability distribution. Then, using their understanding of the definition of an expected value, the students will formulate a general formula for calculating the expected value of any probability distribution.
	This concept is applicable in real-world situations because it aids the decision-making process people will use to determine if they would like to play the lottery or continue to try their luck at a casino or arcade game. For instance, if the expected value of a probability distribution is -$1 and the cost to play each game is $5, it is not in the person’s best interest to continue playing the game because in the long-term, the person is losing money every time they play.
Relating the Lesson Plan and the Research
	During this lesson, the students will engage in SMP 7 and SMP 8. The students will engage in SMP 7 as they calculate the expected value of the probability distributions in the two learning tasks because they will be looking at the problem to determine a pattern they can use to find the expected value. Also, the students will be noticing the trees in the forest as they perform experiments to determine how the value of an event and the probability of an event occurring relate to calculate the expected value. Moreover, the students will be engaged in SMP 7 as they perform the second learning task. As they perform the second learning task, the students will be using what patterns they discerned in the first learning task to help them better understand the expected value they will calculate in the second learning task.
	Furthermore, the students will be engaged in SMP 8 because they will be using what they notice in the two learning tasks to formulate a general rule for calculating the expected value of any probability distribution. In this instance, the students will be using the trees to describe the forest. That is, the students will be making use of the repeated reasoning they utilized in the two learning tasks in order to devise a general rule.
Lesson Plan

	TEACHER CANDIDATE
	Courtney Wright

	DATE
	October 13, 2016

	GRADE/CLASS
	12th grade/ Statistics

	UNIT
	Probability Distributions

	LESSON TITLE
	How much money will I make?

	DURATION
	55 minutes

	CO-TEACHING MODEL
	NA

	


	LESSON OVERVIEW
	What will be taught, summary of the task, length of the lesson, scope and sequence, central focus

	
	To whom will it be taught, context for learning, class demographics, special circumstances

	The students will be learning about expected values through inquiry. The students will be given a real-world situation in which they need to find the expected value of a probability distribution. Using their definition of expected value, the students will find the expected value of a particular probability distribution and determine the formula for calculating the expected value of any probability distribution. The central focus of the lesson is understanding the definition and how to calculate the expected value of a probability distribution. After this lesson, the students will go on to explore other aspects of probability distributions such as possible outcomes and fair decisions. The lesson will last 1 day.

The class has 25 students, all of whom are seniors. There are no IEPs, ELLs or special accommodations for this class.


	STANDARDS
	State Content Standards, Common Core, Competency Standards (include number and text of the appropriate standard)

	CCSS.Math.Content.HSS.MD.A.2
Calculate the expected value of a random variable; interpret it as the mean of the probability distribution.


	LEARNING TARGETS / OBJECTIVES
	Clear, specific, measurable, aligned to content standards, student-friendly language, “I Can” statements (Not activities)

	I can define expected value.
I can calculate the expected value of a probability distribution.
I can use the general formula for calculating the expected value of a probability distribution.


	ACTIVATING STRATEGY
	Set / Hook / Advance Organizer, Multiple ways to engage students, motivator, essential question, connection to prior knowledge, promotes curiosity

	The students will flip a coin 10 times, heads means the student won 10 dollars and tails means the student lost 10 dollars. Then, the students will calculate how much money they won or lost (5 minutes). Once the students finish this task, they discuss as a class what the average gain of the probability distribution would be if the toss could be completed many times. Students should recognize that the probability of each event affects the average gain, or expected value.


	INSTRUCTION
	Strategies, learning tasks, big ideas, procedures, sequence, higher-order questioning, differentiation, active student participation, guided and independent practice, descriptive academic feedback, academic language, modeling, problem solving, based on data and teacher knowledge of students

	The students will be given a real-world situation in which they must determine the expected value and a general rule for calculating the expected value of any probability distribution. 

The teacher will divide the students into groups of 3 or 4, and then pass out the learning task, How Much Money Will I Win?. 

The students will be given the How Much Money Will I Win? task and be asked to work in their groups to answer the questions regarding calculating the expected values of two real-world situations (25 minutes). As the students complete this inquiry task, they will be using what they know about expected values to calculate the expected value of the two probability distributions described in the learning task. As they work to find the expected values of both probability distributions, they will be looking for and making use of structure to create a general formula to calculate the expected value of any probability distribution. Each group will write their expected values for the two real-world situations and their general formula for calculating the expected value on chart paper to display around the classroom. This will give the students a visual representation of their thinking to reference during the class discussion. Once the students have completed the learning task, the teacher will lead a whole class discussion in which the students share their solutions and methodology (20 minutes).

As the students are working, the teacher will monitor the students’ progress and ask probing questions to foster the students’ critical thinking.

How can we define the expected value of a probability distribution? (An expected value is the average value that will occur if the experiment is repeated many times.)

What is the expected value of the first probability distribution? The second? (The first expected value is 4.85 tickets and the second expected value is -$1.)

Did you lose money in the second scene? How do you know? (Yes, we know we lost money because the expected value is negative. That means, in the long run, we are averaging a loss of 1 dollar every time we play.)

How did you calculate those values? Justify your reasoning. (We calculated those expected values by thinking about what would happen if we did the experiment. So, on the first one, we would most likely get just 1 ticket, and we would least likely get 100 tickets. Then, we just multiplied the probability that each event would occur and added them all together. This makes sense because that is what would happen if we performed an experiment.)

How can we calculate the expected value of any probability distribution? Justify your reasoning. (We can calculate the expected value of any probability distributing by summing the products of the probabilities of each event and the value of the events. We could also write this as 
E(x) = x1p1 + x2p2+ x3p3 + … + xnpn where xn is the value of event n and pn is the probability that n occurs.)

Why is being able to calculate the expected value of a probability distribution important? (In this case, the expected value tells us the average amount of money we will get if we keep repeating these games, so it is important to be able to calculate the expected value to tell us if we should keep playing the game or not.)

What are some real-world applications of this skill? (Gambling, arcade games, etc.)

To close the lesson, the teacher will administer an exit slip that will assess the students’ abilities to define expected value and use the general formula for calculating the expected value.



	MODIFICATION / GROUPING
	Accommodations, modifications, support for diverse student learning needs, interventions, extensions, ELL, IEP, 504, differentiation, teacher knowledge of students

	There are no accommodations for this class.

The students will be placed in heterogeneous groups of 3 or 4 students. 


	MATERIALS / RESOURCES / TECHNOLOGY
	Key instructional resources and materials to engage students in learning, aligned with lesson objectives and standards, how materials will support differentiation

	The students will use the How Much Money Will I Win? worksheet to guide the students’ explorations of expected values. The students will also use chart paper to display their general formula for calculating the expected value to promote the students’ critical thinking.


	ASSESSMENT / EVALUATION / CLOSURE
	Aligned with lesson objectives and standard, formative / summative, performance-based, formal / informal, used to monitor student learning, evaluation criteria, periodic check for understanding, how will data be collected and recorded, plans for reteaching (including type of assessment and what is being assessed)

	
	Review, final check for understanding, renaming objectives and learning targets, student reflection, students assess their own performance

	The teacher will assess the students as she monitors them during their group work time in order to check for understanding of the definition of an expected value and a general formula for calculating the expected value. The student work on the chart paper will be evidence of the students’ abilities to identify and calculate the expected value of a probability distribution. The students will be given an exit slip in which they will define expected value and use the expected value formula to find the probability of an event given the expected value of the probability distribution.





NAME______________________  
How Much Money Will I Win?
1. A famous arcade in a seaside resort town consists of many different games of skill and chance. In order to play a popular “spinning wheel” game at Fred's Fun Factory Arcade, a player is required to pay a small, fixed amount of 25 cents each time he/she wants to make the wheel spin. When the wheel stops, the player is awarded tickets based on where the wheel stops -- and these tickets are then redeemable for prizes at a redemption center within the arcade. The wheel awards tickets with the following probabilities: 
	Tickets
	Probability

	1
	35%

	2
	20%

	3
	20%

	5
	10%

	10
	10%

	25
	4%

	100
	1%


If you were to play this game many, many times, what is the expected number of tickets that the player would win from each spin?



2. A friend of yours, Justin, writes to you asking about a new scratch-off lottery game. It costs $10 to play this game. There are two outcomes for the game (win, lose) and the probability that a player wins a game is 60%. A win results in $15, for a net win of $5. The probability distribution for X= the amount of money a player wins (or loses) in a single game is as follows:
	X
	Probability of X

	$5
	60%

	-$10
	40%


If Justin was to play the lottery, what is the expected value of his return?




3. Using the two real-world situations above, create a general formula for calculating the expected value.

NAME__SOLUTIONS___________  
How Much Money Will I Win?
1. A famous arcade in a seaside resort town consists of many different games of skill and chance. In order to play a popular “spinning wheel” game at Fred's Fun Factory Arcade, a player is required to pay a small, fixed amount of 25 cents each time he/she wants to make the wheel spin. When the wheel stops, the player is awarded tickets based on where the wheel stops -- and these tickets are then redeemable for prizes at a redemption center within the arcade. The wheel awards tickets with the following probabilities: 
	Tickets
	Probability

	1
	35%

	2
	20%

	3
	20%

	5
	10%

	10
	10%

	25
	4%

	100
	1%


If you were to play this game many, many times, what is the expected number of tickets that the player would win from each spin?

E(x) = 1(.35) + 2(.2) + 3(.2) + 5(.1) + 10(.1) + 25(.04) + 100(.01) = 4.85 tickets

2. A friend of yours, Justin, writes to you asking about a new scratch-off lottery game. It costs $10 to play this game. There are two outcomes for the game (win, lose) and the probability that a player wins a game is 60%. A win results in $15, for a net win of $5. The probability distribution for X= the amount of money a player wins (or loses) in a single game is as follows:
	X
	Probability of X

	$5
	60%

	-$10
	40%


If Justin was to play the lottery, what is the expected value of his return?

E(x) = 5(.6) + -10(.4) = -$1

3. Using the two real-world situations above, create a general formula for calculating the expected value.
E(x) = x1p1 + x2p2+ x3p3 + … + xnpn where xn is the value of event n and pn is the probability that n occurs
NAME___________________
Exit Slip
1. Define expected value. 




2. Using the following probability distribution, determine the value of X.
	Event
	Probability

	1
	50%

	5
	25%

	25
	20%

	75
	4%

	150
	1%





NAME__SOLUTIONS________
Exit Slip
1. Define expected value. 
The expected value of a probability distribution is the average value that will occur if an experiment is repeated many times.



2. Using the following probability distribution, determine the value of X.
	Event
	Probability

	1
	50%

	5
	25%

	X
	20%

	75
	4%

	150
	1%

	Expected value = 11.25



E(x) = 1(.5) + 5(.25) + X(.2) + 75(.04) + 150(.01) = 11.25
X = 25 
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Appendix A
Standards for Mathematical Practice

CCSS.Math.Practice.MP1 Make sense of problems and persevere in solving them.
Mathematically proficient students start by explaining to themselves the meaning of a problem and looking for entry points to its solution. They analyze givens, constraints, relationships, and goals. They make conjectures about the form and meaning of the solution and plan a solution pathway rather than simply jumping into a solution attempt. They consider analogous problems, and try special cases and simpler forms of the original problem in order to gain insight into its solution. They monitor and evaluate their progress and change course if necessary. Older students might, depending on the context of the problem, transform algebraic expressions or change the viewing window on their graphing calculator to get the information they need. Mathematically proficient students can explain correspondences between equations, verbal descriptions, tables, and graphs or draw diagrams of important features and relationships, graph data, and search for regularity or trends. Younger students might rely on using concrete objects or pictures to help conceptualize and solve a problem. Mathematically proficient students check their answers to problems using a different method, and they continually ask themselves, "Does this make sense?" They can understand the approaches of others to solving complex problems and identify correspondences between different approaches.

CCSS.Math.Practice.MP2 Reason abstractly and quantitatively.
Mathematically proficient students make sense of quantities and their relationships in problem situations. They bring two complementary abilities to bear on problems involving quantitative relationships: the ability to decontextualize—to abstract a given situation and represent it symbolically and manipulate the representing symbols as if they have a life of their own, without necessarily attending to their referents—and the ability to contextualize, to pause as needed during the manipulation process in order to probe into the referents for the symbols involved. Quantitative reasoning entails habits of creating a coherent representation of the problem at hand; considering the units involved; attending to the meaning of quantities, not just how to compute them; and knowing and flexibly using different properties of operations and objects.

CCSS.Math.Practice.MP3 Construct viable arguments and critique the reasoning of others.
Mathematically proficient students understand and use stated assumptions, definitions, and previously established results in constructing arguments. They make conjectures and build a logical progression of statements to explore the truth of their conjectures. They are able to analyze situations by breaking them into cases, and can recognize and use counterexamples. They justify their conclusions, communicate them to others, and respond to the arguments of others. They reason inductively about data, making plausible arguments that take into account the context from which the data arose. Mathematically proficient students are also able to compare the effectiveness of two plausible arguments, distinguish correct logic or reasoning from that which is flawed, and—if there is a flaw in an argument—explain what it is. Elementary students can construct arguments using concrete referents such as objects, drawings, diagrams, and actions. Such arguments can make sense and be correct, even though they are not generalized or made formal until later grades. Later, students learn to determine domains to which an argument applies. Students at all grades can listen or read the arguments of others, decide whether they make sense, and ask useful questions to clarify or improve the arguments.

CCSS.Math.Practice.MP4 Model with mathematics.
Mathematically proficient students can apply the mathematics they know to solve problems arising in everyday life, society, and the workplace. In early grades, this might be as simple as writing an addition equation to describe a situation. In middle grades, a student might apply proportional reasoning to plan a school event or analyze a problem in the community. By high school, a student might use geometry to solve a design problem or use a function to describe how one quantity of interest depends on another. Mathematically proficient students who can apply what they know are comfortable making assumptions and approximations to simplify a complicated situation, realizing that these may need revision later. They are able to identify important quantities in a practical situation and map their relationships using such tools as diagrams, two-way tables, graphs, flowcharts and formulas. They can analyze those relationships mathematically to draw conclusions. They routinely interpret their mathematical results in the context of the situation and reflect on whether the results make sense, possibly improving the model if it has not served its purpose.

CCSS.Math.Practice.MP5 Use appropriate tools strategically.
Mathematically proficient students consider the available tools when solving a mathematical problem. These tools might include pencil and paper, concrete models, a ruler, a protractor, a calculator, a spreadsheet, a computer algebra system, a statistical package, or dynamic geometry software. Proficient students are sufficiently familiar with tools appropriate for their grade or course to make sound decisions about when each of these tools might be helpful, recognizing both the insight to be gained and their limitations. For example, mathematically proficient high school students analyze graphs of functions and solutions generated using a graphing calculator. They detect possible errors by strategically using estimation and other mathematical knowledge. When making mathematical models, they know that technology can enable them to visualize the results of varying assumptions, explore consequences, and compare predictions with data. Mathematically proficient students at various grade levels are able to identify relevant external mathematical resources, such as digital content located on a website, and use them to pose or solve problems. They are able to use technological tools to explore and deepen their understanding of concepts.

CCSS.Math.Practice.MP6 Attend to precision.
Mathematically proficient students try to communicate precisely to others. They try to use clear definitions in discussion with others and in their own reasoning. They state the meaning of the symbols they choose, including using the equal sign consistently and appropriately. They are careful about specifying units of measure, and labeling axes to clarify the correspondence with quantities in a problem. They calculate accurately and efficiently, express numerical answers with a degree of precision appropriate for the problem context. In the elementary grades, students give carefully formulated explanations to each other. By the time they reach high school they have learned to examine claims and make explicit use of definitions.

CCSS.Math.Practice.MP7 Look for and make use of structure.
Mathematically proficient students look closely to discern a pattern or structure. Young students, for example, might notice that three and seven more is the same amount as seven and three more, or they may sort a collection of shapes according to how many sides the shapes have. Later, students will see 7 × 8 equals the well-remembered 7 × 5 + 7 × 3, in preparation for learning about the distributive property. In the expression x2 + 9x + 14, older students can see the 14 as 2 × 7 and the 9 as 2 + 7. They recognize the significance of an existing line in a geometric figure and can use the strategy of drawing an auxiliary line for solving problems. They also can step back for an overview and shift perspective. They can see complicated things, such as some algebraic expressions, as single objects or as being composed of several objects. For example, they can see 5 - 3(x - y)2 as 5 minus a positive number times a square and use that to realize that its value cannot be more than 5 for any real numbers x and y.

CCSS.Math.Practice.MP8 Look for and express regularity in repeated reasoning.
Mathematically proficient students notice if calculations are repeated, and look both for general methods and for shortcuts. Upper elementary students might notice when dividing 25 by 11 that they are repeating the same calculations over and over again, and conclude they have a repeating decimal. By paying attention to the calculation of slope as they repeatedly check whether points are on the line through (1, 2) with slope 3, middle school students might abstract the equation (y - 2)/(x - 1) = 3. Noticing the regularity in the way terms cancel when expanding (x - 1)(x + 1), (x - 1)(x2 + x + 1), and (x - 1)(x3 + x2 + x + 1) might lead them to the general formula for the sum of a geometric series. As they work to solve a problem, mathematically proficient students maintain oversight of the process, while attending to the details. They continually evaluate the reasonableness of their intermediate results.


Appendix B 
Illustration from “Implementing the Common Core Mathematical Practices” (Parker & Novak, 2012) highlighting the ways in which the eight SMPs are connected.
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Appendix C
High School Mathematics Teacher Interview Questions (Pre-Observation)

1. What is the Common Core State Standards?
2. What are the Standards for Mathematical Practices? (not a definition of the 8 SMPs, but a general description)
3. How do you interpret SMP 7 (i.e. “look for and make use of structure”)?
4. How do you interpret SMP 8 (i.e. “look for and express regularity in reasoning”)?
5. Describe lessons in which you have implemented these SMPs.
6. Were there any tools you used each time you implemented these SMPs, such as class discussion, individual think time, use of technology, home projects, manipulatives, outside research, etc.? If so, what were they?
7. What do you think would be different about a lesson focused on SMP 7 versus SMP 8?
8. Do you have any additional questions for me?




Appendix D
High School Classroom Observation Worksheet

1. What evidence exists to support student engagement in SMP 7 and SMP8?
2. Describe the tasks the students engage in that resulted in the use of SMP 7 and SMP 8.
3. Are there any other SMPs being reinforced throughout the lesson? If so, what are they and how are they being supported?

*Note: I will develop more specific notes and observations based upon the students’ activities.
4. 

Appendix E 
High School Mathematics Teacher Interview Questions (Post-Observation)

1. How did students engage in SMP 7 today, if at all?
2. How did students engage in SMP 8 today, if at all? 
3. What challenges did you face in terms of engaging students in SMP 7/SMP 8 today?
4. What modifications would you make to this lesson with respect to SMP7/SMP 8, if any?
5.  How do you distinguish between students engaged in SMP 7 vs. SMP 8?
6. What evidence did you notice that supported student engagement in SMP 7/SMP 8, if any?
7. Do you have any additional questions for me?

*Note: I will develop more questions specific to the content and/or activities the students engage in on the day of the observation.
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